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Preface to the second edition

Two new chapters are included in the second edition: structured reactors and modelling
of transient states in chemical reactors. In recent 20 years, chemical reactor technology
has undergone a revolution inspired by the concept of process intensification, which
aims at more efficient, selective and clean production. Structured reactors and reactor
elements such as solid foams, fibres, monoliths and 3D printed structures enable to com-
bine the benefits of classical reactors and new technologies. Transient operation of chem-
ical reactors has many dimensions, from fundamental studies of reaction mechanisms to
plant operation. Combination of mobile and immobile species in transient operation
makes the modelling problem challenging. Therefore, a new chapter devoted to transient
operation has been included.

The main trend in the numerical simulation and optimization of reactor systems has
been the shift to the user-friendly software instead of doing the programming from the
very beginning. Software such as Python, Matlab, Julia and gPROMS have established
their positions as strong tools in the hands of chemical engineers. However, understand-
ing the mathematical models – algebraic and differential equations – are the basis of real
professionalism and it is necessary to understand how the numerical methods work in
computer implementation. Therefore a discussion of the model implementation and se-
lection of numerical strategies is included in each chapter.

We are very grateful to the publisher for giving us the opportunity to provide a
second edition of the book. We hope that this extended edition finds the readers in
academia and industry.

In Turku/Åbo, December 2022,
The Authors
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Preface to the first edition

Chemical reactors form the core of any chemical process: 100% of industrially applied
chemical processes take place in chemical reactors. The products of chemical processes
are numerous: fuels, fertilizers, lubricants, plastics, glass and ceramics, components for
electronics, detergents, perfumes, drugs, bioproducts. . .. The list is endless. Modern pro-
duction technology must be sustainable and clean, which implies that selective routes
for chemical synthesis are preferred. The chemical production equipment, the reactor,
should operate in a predictable and optimized way.

The big issue in predicting the behaviour of existing reactor systems and designing
new ones is mathematical modelling based on mass, energy and momentum balances.
However, models alone can produce imaginary reactors only. The models need their pa-
rameters, such as rate and equilibrium constants, mass and heat transfer coefficients
etc. Models appearing in connection with chemical reactors are typically highly nonlin-
ear in their nature. This fact emphasizes the role of numerical computing: analytical sol-
utions to balance equations are limited to simple – mostly isothermal – cases. Analytical
solutions to classical, mainly linear problems in chemical reaction engineering are
treated in detail in many excellent textbooks of the field.

The aim of this book is not to compete with existing textbooks in chemical reaction
engineering, but to illustrate how models of chemical reactors are built up in a systematic
manner, step by step, how the numerical solution algorithms for the models are selected
and finally, how computer codes are written for numerical performance. Nowadays, the
programming language selected for use in reactor modelling is almost a matter of
taste. Among the many options, we have stuck with two of them: Matlab and Fortran.
Examples solved with Matlab demonstrate how various reactor problems can easily be
simulated with a high-level programming language. This approach has the advantage
that the engineer can focus all his efforts on the physical and chemical problem itself.
Simulation examples performed in Fortran are included, because the scientific commu-
nity has access to an enormous amount of elegant numerical software written in Fortran.
Most problems can be solved by merging the appropriate program components together.
To solve advanced reactor problems, a fundamental programming language, such as
Fortran or C++, is still needed.

Chemical engineers working with chemical reactors in the industry and in acade-
mia recognize the current reality: chemical reaction engineering is a rapidly develop-
ing area; more and more complex systems are involved in new sophisticated reactors
such as monoliths, reactors with structural packings, multiphase fluidized beds and
microreactors. Simultaneously, sophisticated modelling concepts are applied to well-
established reactor systems, such as tank reactors and fixed beds. The existing com-
mercial process simulation software can help us to some extent, but particularly in
developing new process concepts and improving the present ones, tailored reactor
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modelling and numerical simulation are inevitable steps. Thus, a professional of chemical
reaction engineering should know the basic principles of reactor modelling, including ki-
netics, thermodynamics, transport phenomena and flow modelling and the solution of
models by numerical techniques. In this book, we provide the physical-chemical funda-
mentals of reactor modelling and mathematical models for some standard designs of
chemical reactors. In our opinion, this basic knowledge and way of thinking is needed for
the modelling of new, avant-garde reactors.

Many excellent books have been published to describe existing chemical processes
along with reactor and separation equipment. For this reason, the qualitative description
of various chemical reactors is kept to a minimum, at a level necessary for understanding
the basis of mathematical modelling. Similarly, the multitude of correlation equations ap-
pearing in chemical reaction engineering and transport theory is not reviewed in detail.
Instead, some simple, classical correlations are presented in order to demonstrate how
correlation equations are integrated in the modelling of chemical reactors.

Recently, highly exact flow modelling achieved by solving Navier-Stokes equations
has become fashionable. The concept called Computational Flow Dynamics (CFD) pro-
vides a detailed idea of the fluid velocity field in the vessel. Coupling flow modelling
with chemical reactions is a very demanding task and thus worthy of a separate treat-
ment. Therefore, the CFD approach to reactor modelling is not discussed in this book.
Furthermore, the authors believe that a major share of chemical reactor modelling will
also follow the classical pathway in future: description of reaction kinetics and thermo-
dynamics, mass and heat transfer effects coupled with models for a priori determined
flow patterns.

We hope that this book will attract readers both from academia and the industry,
e.g. postgraduate students and researchers who wish to initiate a reactor modelling
project of their own as well as engineers dealing with reactor modelling and design in
their everyday work.

This interdisciplinary book is the result of long-term fruitful collaboration be-
tween chemical engineers, numerical mathematicians and computer experts. The ma-
terial has been gradually developed and presented on international postgraduate
courses in chemical reaction engineering at Åbo Akademi University.

The authors are grateful to numerous members of the team at the Laboratory of
Industrial Chemistry and Reaction Engineering, Åbo Akademi, who have contributed to
the concept of computer-aided chemical reaction engineering: Dr Jari Romanainen, Dr
Sami Toppinen, Dr Juha Lehtonen, Dr Esko Tirronen, Dr J.-P. Mikkola, Dr Mats Rönnholm,
Dr Matias Kangas, Dr Henrik Grénman and Dr Teuvo Kilpiö. Without their enthusiasm
and devotion and the experience and scientific results they contributed, this book would
never have seen the light of day. Mr Daniel Wärnå made a valuable contribution to the
final word processing of the text. Last but not least, Professor Heikki Haario from
Lappeenranta University of Technology has made an enormous contribution to the
development of parameter estimation procedures for chemical engineering – he is
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behind the implementation of many exercises presented in this book. We are grateful
to our families for steady support during this long task.

In Kuressaare/Saaremaa, Estonia, at Bishop’s castle, March 2016,
The Authors
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Nomenclature

a shape factor
a area-to-volume ratio
A frequency factor
A area, particularly area accessible to mass and heat transfer
A,B, . . . general coefficients
c concentration
cp mass-based heat capacity
cmP mole-based heat capacity
d diameter
D diffusion or dispersion coefficient
De effective diffusion coefficient
E density function
Ea activation energy
f function
F frequency function
ΔH reaction enthalpy
g function in regression analysis
ΔG Gibbs free energy
G mass flow per cross-section
h heat transfer coefficient
j factor for heat and mass transfer
k rate constant
kF , kL, kG mass transfer coefficients
K equilibrium constant
K mass transfer coefficient in Kunii-Levenspiel model
L reactor length
m mass
M molar mass
M heat flux
n amount of substance
n′ flow of amount of substance
N diffusion flux
p parameter
P pressure
Q objective function in regression
r generation rate
r radial coordinate
R reaction rate
R gas constant 8.3143 J= mol · Kð Þ
Rc particle radius, particle characteristic dimension
s shape factor for a particle; s= a− 1
S surface
t time
T temperature
V volume
Vm molar volume
V ′ volumetric flow rate
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w fluid velocity
w weight factor
x mole fraction
x independent variable
y dependent variable
z length coordinate
α, β general coefficients and exponents
γ activity coefficient
δ thickness
ε porosity
η effectiveness factor
θ dimensionless time
λ heat conductivity
μ dynamic viscosity
νij stoichiometric coefficient for component i in reaction j
ν kinematic viscosity
ξ dimensionless radial coordinate
ξ extent of reaction
ρ density
τ space time, residence time
τ tortuosity, labyrinth factor
Φ association factor
ω weight factor in direct integral method

Dimensionless numbers

Bo Bodenstein number
Da Damköhler number
Ha Hatta number
Nu Nusselt number
Pe Péclet number
Pr Prandtl number
Re Reynolds number
Sc Schmidt number
Sh Sherwood number
φ,Φ Thiele modulus

Subscripts and superscripts

A,B . . . general index for components
b bulk
bc bubble cloud
B bed or bulk (ρB = catalyst bulk density)
BET Brunauer-Emmett-Teller equation
ce cloud emulsion
eq equilibrium
exp experimental
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G gas
i component index
j reaction index
L liquid
m molar property
mf minimum fluidization
p constant pressure
P particle
R radial or reactor
s surface
T tube
v constant volume
* active site on catalyst surface
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1 Introduction

A chemical reactor is a piece of equipment in which the chemical transformation of
raw material, the reactants, into products takes place. The chemical reactor is only one
part of the entire chemical process, and typically it is preceded in the process by separa-
tion units where the raw material is purified. Similarly, the chemical reactor is seldom
able to produce pure products from the raw material, as some raw material remains
unreacted and by-products are formed. Therefore, the desired products are separated
from the undesired ones in a separation unit after the chemical reactor, as illustrated
in the principal flow sheet presented in Fig. 1.1.

The unreacted reactant molecules are recirculated back into the chemical reactor to
maintain a good economy in the utilization of raw material. Thus the process stages
described above represent key steps in any chemical process: preparation of the
raw material for the chemical transformation, the chemical transformation itself
and the separation of valuable reaction products from unreacted raw material and
by-products. Several sophisticated separation techniques are at our disposal. The
dominating one is distillation, but extraction, absorption, adsorption and crystalliza-
tion are also commonly used. Development, description and modelling of separation
processes are large subfields of chemical engineering, but they are not included in
this book.

Our discussion shows that the performance of a chemical reactor is of crucial im-
portance: the better – i.e. more efficiently and selectively – the chemical reactor is
operated, the higher the output of the overall process. A major part of the total cost of
a chemical process is usually caused by the separation operations; therefore, the gen-
eral goal is to perform the reaction as well as possible in the chemical reactors to min-
imize the costs of separation operations and to achieve a global optimization of the
process.

This book deals with the modelling and simulation of chemical reactors, which is at
the core of any industrial process designed for chemical transformations. The basis of
understanding it lies in the physical-chemical fundamentals, i.e. reaction stoichiometry,
kinetics and thermodynamics (Chapter 2). The book covers homogeneous reactors where
only one phase – gas or liquid – is present (Chapter 3), heterogeneously catalysed systems
(catalytic two and three-phase reactors, Chapters 4–5) as well as gas-liquid systems

Raw material Chemical reactor Products

Recycle

Physical
separation or
purification

Physical
separation or
purification

Figure 1.1: Principal flow sheet of a chemical process.
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(Chapter 6). Finally, the chemical engineer cannot limit himself to well-known systems
where all the kinetic, thermodynamic and transport parameters are known a priori. In
most cases, experiments in laboratory as well as bench and pilot scales are needed.
Therefore, the last chapters (7–8) are devoted to experiments on laboratory scale and to
estimation of parameters from experimental data. The crucial steps of modelling and sim-
ulation are illustrated in Fig. 1.2.

Dynamic reactor model generetion

–    Stoichiometry

Model data bank

User model platform

Kinetics and equilibrium moduels

Kinetic constants and data bank

Balance module

Physical properties data bank and
property estimation module

Mass and heat transfer correlations
module

Pressure drop correlation module

Experimental design module

Numerical recipes module

Optimization module

Control design module

Relief system module

Reactor configuration module
–    Equipment data bank

–    Fluid dynamics

Computatioal fluid dynamics
(CFD) module

–    Reaction kinetics

–    Shotcut models
–    Rigorous models

–    Kinetics
–    Thermodynamics (equilibria)
–    Catalyst
–    Multiphase system
–    Mass and heat transfer for phase
       boundaries and catalyst particles
–    Mass, heat and momentum
       balance
–    Flow modelling
–    Control

–    Identifiability of parameters
–    Errors of parameters
–    Sensitivity of parameters
–    Correlation between parameters

Model validation and model
discrimination

Design of experiments

Data generation with experiments

Parameter estimation

–    Objective function
–    Temperature profiles
–    Feed profiles
–    Costs, etc.

Optimization

Figure 1.2: Steps of modelling and simulation work (after Tirronen and Salmi (2003)).
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Efficient and robust numerical algorithms and computer software play a central
role in the successful solution of reactor models. The enormous development of
computing speed during the last decades has made the dreams of yesterday a real-
ity: what theoreticians scribbled on paper in the past can be computed exactly
today. Real numerical computing of processes enables a more precise, economical
and environmentally sustainable process design. We try to provide the reader with
a systematic approach and a guided journey from reactor modelling through numer-
ical methods and computer implementation to the final calculation of the reactor
performance. Have a nice trip!
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2 Kinetics in reaction engineering

Modelling of chemical processes in general and chemical reactors in particular is
based on stoichiometry, thermodynamics and kinetics. Reaction stoichiometry tells
us the relative amounts of molecules interacting in a chemical process, the quanti-
ties of reactants needed for a chemical reaction and the number of product molecules
formed. Thermodynamics determines the ultimate conversion limit of a reactant in a
chemical reaction; de facto thermodynamic calculations provide the equilibrium com-
position of a reacting mixture. Chemical kinetics qualitatively and quantitatively ex-
plains the velocities, rates of chemical processes, i.e. how fast the equilibrium
composition is approached in a real chemical reactor.

2.1 Stoichiometry of multiple reactions

The basic concepts of reaction stoichiometry and reaction kinetics are briefly described
in this chapter. The definition of reaction stoichiometry is based on the following con-
cepts. The number of components is denoted by N and the number of independent
chemical reactions by S. Consequently, the stoichiometry of each reaction ( j) is obtained
in the equation

XN
i

νij ai =0, j= 1, . . . , S (2:1)

where νij is the stoichiometric coefficient of component i in reaction j and ai is the
chemical symbol. All of this can be written with arrays in the following very concise
manner:

vTa=0 (2:2)

In order to clarify the use of the equations presented above, an example will be
considered.

Example: The industrial synthesis of methanol is carried out over a solid catalyst. The reaction of impor-
tance is

−CO− 2H2 +CH3OH =0

which takes place as a main reaction. Besides the main reaction, the following side reaction occurs, since
the feed to the reactor usually contains some CO2,

−CO2 −H2 + CO+H2O=0
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The vector for chemical symbols can now be fixed as

a= CO H2 CH3OH CO2 H2O½ �T

resulting in the stoichiometric matrix

νT =
− 1

+ 1

− 2

− 1

+ 1

0

0

− 1

0

+ 1

" #

Equation (2.2) gives

νT a=0

which can be confirmed by looking at this particular example:

− 1

+ 1

− 2

− 1

+ 1

0

0

− 1

0

+ 1

" # CO
H2

CH3OH
CO2
H2O

2
666664

3
777775=0

The stoichiometric matrix is highly useful in formulating the mass balances for chemical reactors, as will
be demonstrated in the subsequent sections.

2.2 Reaction kinetics in chemical reaction engineering

2.2.1 General concepts

Basically, the mathematical laws of reaction kinetics arise from molecular reaction
mechanisms. We will not focus on the derivation of rate equations starting from reac-
tion mechanisms here, since this subject is treated in detail in numerous textbooks
devoted to chemical kinetics (e.g. Laidler (1987), Murzin and Salmi 2005). The reaction
engineering consequences of the rate equations will be discussed below, and we will
present a systematic formulation of rate laws and generation rates. The concept can
be easily implemented in computer codes and linked to the mass balances of chemical
reactors.

The rate of reaction step j is related to the generation rate of an individual com-
ponent (ri) by

ri =
XS
ja1

νijRj (2:3)

where νij denotes an element of the stoichiometric matrix. In matrix formulation, eq.
(2.3) implies that

r = νR (2:4)

2.2 Reaction kinetics in chemical reaction engineering 5



Chemical kinetics gives the expressions for R. Some features are important to remem-
ber in the use of the rate expressions. These are listed below:
– When the system is in equilibrium, R=0 for all reactions.
– For elementary reactions, R is obtained directly from the reaction stoichiometry;

Kc = k+ =k− ; i.e. the equilibrium constant is related to the forward and backward
rate constants of the reaction.

– Many reactions are non-elementary; R can be obtained in an exact form, pro-
vided that the reaction mechanism is known, otherwise an empirical expression
has to be used.

– For typical kinetic laws, R can be created automatically by the computer. An ex-
ample of using a computer to obtain R is given below.

Example: Automatic computation of reaction rates in case of elementary reactions:

Input: A+ 2B ⇄ C
C +D ⇄ 2F

Output: aT = A B C D F½ �

Stoichiometric matrix: ν=

− 1
− 2
1
0
0

0
0

− 1
− 1
2

2
6664

3
7775

2.2.2 Examples of rate equations

Rate equations for chemical processes can be obtained by considering molecular reac-
tion mechanisms, or in an empirical way, by measuring the reaction rates and fitting
an empirical model to the data. The first approach is preferable, since rate equations
based on real mechanisms allow an extrapolation beyond the experimental domain.
Some general equations for reaction kinetics are useful, and they are collected in
Table 2.1. As we can see in this table, some general tendencies of the rate expressions
are visible, for instance, the appearance of the law of mass action in the nominator of
the rate expressions. The rate expressions in Table 2.1 are given with concentrations (c).
For gas-phase reactions, partial pressures (p) are frequently used. For non-ideal liquid
mixtures, activities are applied. The activity of a component (ai) is obtained from the
concentration or the mole fraction (xi) by using the activity coefficient (γi): ai = γici. The
theory of activity coefficients is extensive and beyond the scope of this book. The reader
is referred to literature dedicated to this topic (Reid et al. 1988). Whatever approach is
used for reaction kinetics, it is important that the rate equation is in harmony with the
thermodynamics, so that the rate equation always gives the correct equilibrium compo-
sition as R is set to zero in the rate expression.
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Table 2.1: Typical rate expressions used in chemical engineering kinetics.

Reaction kinetics Kinetic equation

Elementary kinetics R= k caAc
b
B � � � − cpPc

r
R � � � =K

� �
vAj jA+ vBj jB+ � � � $ vPj jP+ vRj jR+ � � � a,b, . . . = vAj j, vBj j. . . for reactants

p, r, . . . = vPj j, vRj j . . . for products
k= k+ , K= k+=k−

Exponent law R = k′ cαA c
β
B cγP c

δ
R

vAj jA+ vBj jB+ � � � $ vPj jP+ vRj jR+ � � � α, β, γ, . . . = empirical exponents
often α ≠ vAj j, β ≠ vBj j, . . .

Langmuir–Hinshelwood kinetics
(heterogeneous catalytic reactions) R= k caAc

b
B � � � − cpPc

r
R � � � =K

� �
1+ P Kic

si
i

� �γ
vAj jA+ vBj jB+ � � � $ vPj jP+ vRj jR+ � � � Ki = adsorption parameter

for component i
Si =  for non-dissociative adsorption
Si = / for dissociative adsorption
Note: Many other types of Langmuir–Hinshelwood
expressions exist

Polymerization kinetics
R= kp

ffiffiffiffiffiffi
fkd
kT

s
caAc

b
B

kp = rate constant for chain propagation
kT = rate constant for termination
fkd = constant for chain initiation
The rate expression for the polymerization is valid for chain
polymerization

Enzyme kinetics
R= k2k−1 cS − cP=Kð Þc0

k−1KM 1+ cS=KMð Þ+ k2cP=K

S+ E!k1 X!k2 E+ P
S = substrate
E = enzyme
P = product
X = active complex

K= k1
k−1

· k2
k−2

, KM = k2 + k−1

k1
c0 = total enzyme concentration
KM = Michaelis–Menten constant
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3 Modelling of homogeneous systems

The characteristic feature of homogeneous systems is the presence of a single phase,
gas or liquid. The chemical process itself can be enhanced by a soluble component, a
homogeneous catalyst, or it can progress spontaneously by itself or without any cata-
lyst. Typical homogeneous catalysts are acids, bases, metal complexes and enzymes. A
classic example is the esterification of a carboxylic acid with an alcohol. This reaction
can be described as RCOOH +R′OH =RCOOR′+H2O. The non-catalytic reaction is slow,
but it can be considerably accelerated by addition of a soluble catalyst, such as a min-
eral acid, for instance sulphuric acid or hydrochloric acid. In any case, the system is a
homogeneous one, consisting of a single liquid phase only. Another example can be
taken from gas-phase processes, such as thermal cracking of hydrocarbons. As the hy-
drocarbon mixture is heated, the chemical bonds start to break and smaller molecules
are obtained. Furthermore, a number of radical reactions take place in atmosphere and
in the combustion of fuels.

Homogeneous reactors are used in batch, continuous and semi-continuous (semi-
batch) modes in the industry, both for gas- and liquid-phase processes. The reaction
time can vary from milliseconds to hours, depending on the chemical system. The pro-
duction scale and spectrum can vary from fine chemicals and pharmaceuticals to fuel
components. In any case, the same basic theory can be applied to the modelling of ho-
mogeneous reactors. Furthermore, the theory of homogeneous reactors is the basis for
understanding the behaviour of heterogeneous reactors, too. Mathematical models of
homogeneous reactors are solved with similar algorithms to those applied to heteroge-
neous systems. The discussion shows that an extensive treatment of homogeneous pro-
cesses is justified, even though they are in a minority among chemical reactions applied
industrially.

3.1 Mass balances for completely backmixed tank
reactors: batch, semi-batch and continuous operation

In this section, the mass and energy balances of homogeneous reactors are considered.
The characteristic feature for a homogeneous reactor is that one phase only – gas or
liquid – is present. This implies that interfacial mass transfer effects are absent, and the
mass transfer effects which might be of importance are caused by incomplete mixing.
Two main categories of homogeneous reactors are treated in detail here: tank reactors
and tube reactors. Typical reactor configurations are illustrated in Figure 3.1. For tank
reactors, we assume complete backmixing inside the reactor vessel, whereas plug flow,
laminar flow and axial dispersion models are considered for tubular reactors. The con-
tinuous, backmixed reactor is often called a continuous stirred tank reactor (CSTR).
Complete backmixing is easy to achieve on laboratory scale, since a small vessel can be

https://doi.org/10.1515/9783110797985-003
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subjected to a major mixing effect (typically, the size is from few mL to 1 L), but it is
much more difficult to achieve perfect mixing on production scale: the use of energy
input through mixing is limited by process economics.

The general mass balance of an arbitrary component i in a tank reactor with complete
backmixing is based on the following principle (Figure 3.2):

incoming 0i0 + generated 0i0 = outgoing 0i0 + accumulated 0i0

Quantitatively, the mass balance becomes

_n0i + riV = _ni +
dni
dt

(3:1)

where _n0i and _ni denote the inlet and outlet molar flows (Figure 3.2) and dni=dt de-
scribes the accumulation of component “i”. The balance eq. (3.1) can be rearranged to

dni
dt

= _n0i − _ni + riV (3:2)

that is, we obtain a system of ordinary differential equations (ODEs).
For a batch reactor, the inlet and outlet flows are zero and balance eq. (3.2) is re-

duced to

dni
dt

= riV (3:3)

The initial condition for ordinary differential eqs. (3.2) and (3.3) is

Heat transfer
fluid

Heat transfer
fluid

Reactants

Products

Drain pipe

4 baffles (at 90°)

Manhole

Seal

Motor Motor
reduction gear

Discharge

Feed

Figure 3.1: Typical tank reactor and tubular reactor configuration (after Trambouze et al. (1988)).
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ni = n0i, t =0 (3:4)

Below, we will consider different special cases of the general balance eq. (3.2).
A continuous stirred tank reactor (CSTR) frequently operates in a steady-state,

which implies that dni=dt =0 in eq. (3.2). The balance equation becomes

_ni − _n0i = riV (3:5)

Equation (3.5) is written for each reactive component, which implies that we get a sys-
tem of linear or nonlinear equations (NLE). In most cases, the system is nonlinear,
since the generation rate terms (ri) are typically nonlinear, for example, for higher
order kinetics (second-, third-order kinetics as well as complex kinetics as shown in
Table 2.1).

In reactor simulations, it is often useful to express the balance equations with ar-
rays. Equations (3.6) and (3.7) present the balances for continuous stirred tank reac-
tors (CSTR), semi-batch reactors (SBR) and batch reactors (BR) with the aid of arrays:

dn
dt

= _n0 − _n+ rV, CSTR, SBR n=0ð Þ (3:6)

dn
dt

= rV, BR (3:7)

where the generation rate is obtained from (Chapter 2)

Exit
stream

Feed
stream

Reaction
volume

n•0i

n•i

VR

r(ci)

Figure 3.2: Modelling principle of a tank reactor with complete backmixing.

10 3 Modelling of homogeneous systems



r = vR cð Þ (3:8)

For a semi-batch reactor (SBR), either the outlet or the inlet flow is zero; in most
cases, some of the reactants are fed into the SBR and the outlet flow is zero.

The balance equations contain several variables, namely the amount of substance
(ni), the flow of the amount of substance ( _ni) as well as the concentration (ci). Only one
of these variables is needed in practical calculations, while the others are obtained
from fundamental relationships, such as relations between concentrations, volumes/
volumetric flow rates and amounts of substance (or flow of amount of substance):

ni = ciV (3:9)

_ni = ci _V (3:10)

The selection of the dependent variable depends on the system as such (gas or liquid
phase) as well as its state (transient or steady-state conditions.)

The following rules of thumb can be given for the selection of the dependent variable:
– The use of the molar flow ( _ni) is straightforward for all kinds of steady state mod-

els both in gas and liquid-phase systems.
– The use of the molar amount (ni) is good for dynamic models, because it makes it

possible to keep the ordinary differential equation system (3.2) explicit.
– Concentrations (ci) are typically used for liquid-phase reactions, in which the

change of density, that is, the reaction volume, is often negligible.

Let us consider an isothermal CSTR. The change in density and volume is ignored, that is,
ρ= ρ0 and V=V0. This enables us to approximate the derivative dni=dt =dci=dt ·V
which is inserted in eq. (3.6). The balance equation becomes

dc
dt

= c0 − c
τ

+ r (3:11)

where τ =V= _V has the time unit and is called space time. For a system with a constant
density, the space time coincides with the average residence time (�t) of the fluid. In a
steady state, the time derivative becomes zero in eq. (3.11).

The characteristic features for a batch reactor is a constant reaction volume: gas-
phase batch reactors are closed autoclaves and for a liquid-phase system, the change
of density is often minimal. Thus, the simplified relation dni=dt =dci=dt ·V is applied
to the balance eq. (3.7), which is reduced to

dc
dt

= r (3:12)

Semi-batch reactors are used for liquid-phase processes, particularly for manufacturing
fine and speciality chemicals. Because one or more of the reacting components are
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typically fed into the reactor, the volume change has to be included in the model.
Provided that the density change is negligible, a simple updating expression for the liq-
uid volume can be used:

V =V0 +
ðt
0

_Vdt (3:13)

Differentiation of the amount of substance in this case gives

dn
dt

= dc
dt

V + c
dV
dt

(3:14)

After inserting this relationship in the original balance equation, and some rearrange-
ment we obtain

dc
dt

= c0 − c
τ

+ r, τ = V
_V

(3:15)

which is formally equal to the balance equation of a CSTR. It should be noted, how-
ever, that the reactor volume (V) included in the space time (τ) should be updated
according to eq. (3.13).

For a gas-phase CSTR operated in a steady state, the natural choice for the depen-
dent variable is the molar flow. From eq. (3.6), we can derive the special case

_n0 − _n+ rV =0 (3:16)

Concentrations needed for the calculations of reaction rates are obtained from the
trivial relations

c0 =
_n0
_V0

, c=
_n
_V

(3:17)

The volumetric flow rate is updated from an equation of state, for example, PV =ZnRT,
where the compressibility factor (Z) is a function of temperature, pressure and gas com-
position (Reid et al. 1988).

For a gas-phase CSTR operating under dynamic conditions, simplifying assump-
tions cannot be made, and we are left with the original form of the balance eq. (3.6). It
is, however, necessary to express two of the three variables (n, _n, c) with the aid of a
single variable. The concentration is in this case the natural selection. Provided that
the gas volume (V) is constant, which is valid in most cases, the accumulation term
becomes

dn
dt

= d c ·Vð Þ
dt

=V
dc
dt

(3:18)

and we can rewrite eq. (3.6) as
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dc
dt

= c0
τ0

−
c
τ
+ r (3:19)

Addition of the balances of all – even non-reactive – components gives the change of
the total concentration (c) with respect to time

dc
dt

= c0
τ0

−
c
τ
+
X

ri, c=
X

ci, c0 =
X

c0i (3:20)

A dimensionless quantity τ0=τ = _V= _V0 = δ is introduced,

δ= c0
c

+ τ0
c

X
i

ri −
dc
dt

� �
(3:21)

De facto, the derivative of the total concentration (dc=dt) is coupled to the energy bal-
ance, since for an ideal gas (Z = 1) we can write

c= P
RT

(3:22)

Several simplifications of the system are possible. Let us assume that the ideal gas
flow can be applied with a reasonable accuracy. For isothermal reactors operated
under a constant pressure, dc=dt =0 according to eq. (3.22). Consequently, dc=dt =0
always in a steady state. Thus, the update of the volumetric flow rate is easily ob-
tained for these cases,

δ= c0
c

+ τ0
c

X
i

ri (3:23)

If the reactor is isothermal and operates in a steady state, c= c0 and the update be-
comes even simpler,

δ= 1+ τ0
c

X
i

ri (3:24)

3.2 Mass balances for tubular reactors

A tubular reactor with plug flow and axial dispersion is schematically illustrated in
Figure 3.3. In order to maintain the general nature of the treatment, a completely dy-
namic model is developed here. According to a dynamic axial dispersion model (DADM),
the mass balance of an arbitrary component (i) in an infinitesimally small volume ele-
ment is written as
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_ni, in + −D
dci
dl

A
� �

in
+ riΔV = _ni,out + −D

dci
dl

A
� �

out
+ dni

dt
, DADM (3:25)

where D denotes the axial dispersion coefficient. It should be noted that axial disper-
sion is described by a law which is formally similar to Fick’s equation for molecular
diffusion in dilute solutions. However, the numerical value of the dispersion coeffi-
cient might differ greatly from that of the molecular diffusion coefficients, since the
axial dispersion coefficient is de facto a merged parameter combining the effects of
diffusion and turbulence: turbulent eddies cause a backmixing effect in the reactor
vessel. Furthermore, a global value of the axial dispersion coefficient is typically used
in the axial dispersion model; not individual coefficients for different compounds.
The numerical value of the axial dispersion coefficient can vary from zero (plug flow)
to infinity (complete backmixing, CSTR). Correlation equations for the calculation of
axial dispersion coefficients will be discussed in Section 3.4.3.

By denoting the differences as

Δ _ni = _ni,out − _ni,in, Δ D
dci
dl

A
� �

= −D
dci
dl

A
� �

out
− −D

dci
dl

A
� �

in
(3:26)

we obtain

Δ D
dci
dl

A
� �

+ riΔV = Δ _ni +
dni
dt

(3:27)

The accumulation term can be rewritten, since the volume of the volume-element
(ΔV) remains constant:

dni
dt

= d ciΔVð Þ
dt

= ΔV
dci
dt

(3:28)

The volume element is expressed by the reactor cross-section and the length coordinate:

ΔV =AΔl (3:29)

l = 0 l = L

dl

dci
dx

–D

n•outn•in n•i

WoutWin

Figure 3.3: Tubular reactor with plug flow and axial dispersion.
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A rearrangement gives

D
Δ dci=dlð Þ

Δl
+ ri =

1
A
Δ _ni
Δl

+ dci
dt

(3:30)

By letting the volume element to diminish (Δl ! 0), a partial differential equation
(PDE) is obtained,

dci
dt

= −
1
A
d _ni
dl

+D
d2ci
dl2

+ ri, ADM (3:31)

where the molar flow is given by

_ni = ci _V (3:32)

The general axial dispersion model, eq. (3.31), is a parabolic partial differential equa-
tion (PDE). In case of negligible axial dispersion, the plug flow is obtained as a special
case (D=0),

dci
dt

= −
d _ni
dV

+ ri, PFR (3:33)

In steady-state conditions, the time derivative of the concentration vanishes, and
we obtain

d _ni
dV

=D
d2ci
dl2

+ ri, ADM (3:34)

for the axial dispersion model, and

d _ni
dV

= ri, PFR (3:35)

for the plug flow model.
For liquid-phase reactions, the density of the reaction mixture usually remains

virtually constant ρ= ρ0ð Þ, which also implies that _V = _V0. For such cases, the deriva-
tive of molar flow can be simplified to

d _ni
dl

= d ci _V0
� �
dl

= _V0
dci
dl

=w0A
dci
dl

(3:36)

where w0 is the superficial velocity, that is, the velocity calculated with respect to the
entire cross-section of the reactor tube.

The mass balance for the axial dispersion and plug flow models thus becomes

dci
dt

= −w0
dci
dl

+D
d2ci
dl2

+ ri, ADM (3:37)

where D=0 for plug flow.
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The complete axial dispersion model is a boundary value problem (BVP), the
solution of which requires knowledge of boundary conditions. A classical way of obtain-
ing the boundary conditions is to assume that axial dispersion is initiated at the reactor
inlet, where plug flow is instantaneously transformed to plug flow and axial dispersion,

_n0i = _ni + −D
dci
dl

A
� �

(3:38)

At the reactor inlet, the change of the volumetric flow rate is negligible, and the molar
flow can be expressed as _n0i = c0i _V0 and ni = ci _V0. The boundary condition can be re-
written as

c0i = ci −
D
w
dci
dl

, l=0 (3:39)

At the reactor outlet, the boundary condition of Danckwerts (Danckwerts P. V., 1953)
is normally used:

dci
dl

=0, l= L (3:40)

This boundary condition is thermodynamically consistent and it de facto states that
axial dispersion declines at the reactor outlet.

The drawback of Danckwerts’ closed boundary condition is that it somewhat artifi-
cially forces the concentration gradients to vanish at the reactor outlet, which can cause
problems in the numerical solution in cases where conversion is low (i.e. considerable
concentration gradients of reactants prevail) and particularly in cases where the reac-
tion rate is increased with increasing conversion (autocatalytic kinetics) (Romanainen
and Salmi 1992). Salmi and Romanainen (1995) have proposed an alternative boundary
condition for the axial dispersion model, a boundary condition which interpolates be-
tween plug flow and complete backmixing as the axial dispersion coefficient increases.
Sometimes the problem is circumvented by using open boundary conditions, that is, the
boundary conditions are valid at infinity or require that the second derivative of the
concentration – instead of the first derivative – is zero at the reactor outlet.

In connection with the axial dispersion model, the degree of axial dispersion is
characterized by a dimensionless quantity called the Péclet number (referred to as
the Bodenstein number in German-speaking countries), Pe=wL=D. The quantity ap-
pears spontaneously in the model, for example, in eq. (3.37).

For steady-state gas-phase systems, in which the change in volumetric flow rate is
accounted for, the general balance eq. (3.34) is rewritten as

d ciwð Þ
dl

=D
d2ci
dl2

+ ri (3:41)
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The derivative on the left-hand side of eq. (3.41) cannot be simplified, since the su-
perficial velocity (w) varies because of changes in the total molar flow and/or tem-
perature. It is thus better to approximate the dispersion term by

D
d2ci
dl2

= D
w
d2 ciwð Þ
dl2

(3:42)

The model can now be rewritten in an explicit form with respect to the product ciw,
or − alternatively − the molar flow:

d _ni
dl

= D
w
d2 _ni
dl2

+Ari (3:43)

With respect to the volume coordinate, we obtain

d _ni
dV

= DA
w

d2 _ni
dV2 + ri (3:44)

The concept of the Péclet number is best illustrated by the steady-state axial disper-
sion model for the liquid phase, eq. (3.34). Provided that the superficial velocity does
not change considerably inside the reactor, the mass balance eq. (3.41) can be rewrit-
ten as

dci
dl

= D
w
d2ci
dl2

+ 1
w
ri (3:45)

After introducing a dimensionless length coordinate, = l=L, dl= Ldz, we get

dci
dz

= D
wL

d2ci
dz2

+ τ0ri (3:46)

where τ0 = L=w. The dimensionless parameter D= wLð Þ is called the degree of disper-
sion and its reciprocal value is the Péclet number for axial dispersion,

Pe= wL
D

(3:47)

The Péclet number can be estimated based on reactor characteristics, which is very
helpful in evaluating the role of axial dispersion (Section 3.4.3).

The steady-state axial dispersion model is typically used for calculating the reactor
performance in the presence of chemical reactions, while the non-steady-state axial dis-
persion model is used in the absence of chemical reactions, in order to characterize the
residence time distributions of tubular reactors. In the absence of chemical reactions
(ri =0), the partial differential eq. (3.37) is linear with respect to the concentration and an
analytical solution can be obtained for pulse-wise and stepwise introduction of an inert
trace component. These are highly valuable techniques for the characterization of resi-
dence time distributions (Figure 3.4).
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The impulse and step responses can be normalized, giving the residence time dis-
tribution functions E θð Þ and F θð Þ for the axial dispersion model (θ= t=τ):

θð Þ= 1− 4pep
X∞
i=1

−1ð Þi+1α2i
α2i + p2
� �

α2i + p2 + 2p
� � e− θ

α2i + p2ð Þ
2p

� �
(3:48)

E θð Þ= 2ep
X∞
i=0

−1ð Þi+1α2i
α2i + p2 + 2p
� � e− θ

α2i + p2ð Þ
2p

� �
(3:49)

where p=Pe=2 and αi are the roots of transcendental functions (Salmi et al. (2011)).
It should be noted that the residence time distribution functions listed above are

valid for the closed boundary conditions. For open boundary conditions, we get an-
other solution which, in practice, does not differ very much from the solution ob-
tained for closed boundary conditions (Hill (1977)).

The residence time distribution functions obtained for different values of Péclet
numbers are presented in Figure 3.5.
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Figure 3.4: Pulse and step change experiments.
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3.3 Energy balances of homogeneous systems

Energy balances are needed for reactors where essential temperature gradients ap-
pear; for instance, when the values of reaction enthalpies deviate much from zero.
For exothermic reactions, the reaction enthalpies are negative and the temperature
tends to increase in the reactor, and cooling is often necessary to keep the system
under control, that is, to prevent the vaporization of the reaction mixture, to suppress
undesired side reactions and to prevent damage to the catalyst and reactor equipment.
Thus, simulating the reactor temperature becomes crucially important to predict the
system performance in a reliable way and to guarantee safe operating conditions. For
endothermic systems, the reactor temperature tends to decrease, and it is important
to predict in advance how much heat must be transferred to the reactor vessel to keep
the process running.

The energy balances of ideal homogeneous reactors can be derived by consider-
ing the flow conditions of an infinitesimal volume element. The aim of this section is
to illustrate the fact that the typical form of energy balance for a chemical reactor,
where the reaction rates and reaction enthalpies are included, can be obtained from
a very general form of the energy balance, including the flows of enthalpy, the inter-
nal energy and the heat exchange between the reactor and its surroundings. The gen-
eral energy balance of a reactor volume element is illustrated in Figure 3.6.

We will start our consideration with an infinitely small volume element in an ar-
bitrary homogeneous reactor, after which specific reactor configurations will be con-
sidered. A general energy balance of a volume element can be written as
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Figure 3.5: Residence time distribution functions E θð Þ and F θð Þ obtained for the axial dispersion model.
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_H0 = _H + Δ _Q+ dU
dt

(3:50)

where _H0 and _H denote the inlet and outlet flow enthalpies, Δ _Q the amount of heat
transferred away from the volume element for a time unit, and dU=dt the accumula-
tion of internal energy. By using molar enthalpies, the enthalpy flows can be ex-
pressed with the molar flows. The mixing enthalpies are ignored below.

The use of molar enthalpies:

_H − _H0 =
X
i

Hmi _ni −
X
i

Hmi0 _ni0 = Δ _H = Δ
X
i

Hmi _ni (3:51)

The term Δ
P

i Hmi _ni is expressed with the heat capacity (cpmi), because the partial de-
rivative dHmi=dT = cpmi. Thus, we get

Δ
X
i

Hmi _ni =
X
i

ΔHmi _ni +
X
i

HmiΔ _ni (3:52)

The question of what Δ
P

i Hmi _ni arises. The issue becomes clear as the molar heat ca-
pacity is introduced: X

i

ΔHmi _ni =
X
i

_nicpmiΔT (3:53)

is valid, provided that the pressure effect is ignored.
For the second term in eq. (3.52),

P
i HmiΔ _ni, the mass balance gives

Δ _ni = riΔV −
dni
dt

(3:54)

T T + ΔT

Δl

Ll l + Δl0
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Tout
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Figure 3.6: Energy balance for a reactor volume element.
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The generation rate is related to the stoichiometric coefficients and the reaction rates
by

ri =
X
j

υijRj (3:55)

and the molar amount being present in the volume element is

ni = ciΔV (3:56)

Because the volume of the volume element is constant, the time derivatives are re-
lated by

dni
dt

= ΔV
dci
dt

(3:57)

Thus, the term
P

i HmiΔ _ni becomes

X
i

HmiΔ _ni =
X
i

Hmi

X
j

υijRjΔV −
dci
dt

ΔV

 !
=
X
i

X
j

υijHmi

 !
RjΔV −

X
Hmi

dci
dt

ΔV

(3:58)

where the sum
P

j υijHmi de facto represents reaction enthalpy, ΔHrj.
The term dU=dt can be elaborated further in an analogous manner:

dU
dt

=
X
i

dUi

dt
=
X
i

d Uminið Þ
dt

=
X
i

dUmi

dt
ni +

X
i

dni
dt

Umi

=
X
i

dUmi

dt
ci +

X
i

dci
dt

Umi

� �
ΔV

(3:59)

The developed expressions (3.58) and (3.59) are inserted in the original balance eq. (3.50)
giving

X
i

_ni cpmiΔT +
X
j

ΔHrjRjΔV −
X
i

Hmi
dci
dt

ΔV +
X
i

dUmi

dt
ciΔV

+
X
i

Umi
dci
dt

ΔV + Δ _Q=0

(3:60)

Thermodynamics gives us the well-known relations of heat capacities at a constant
pressure (cpmi) and constant volume (cvmi):

dHmi

dT
= cpmi (3:61)

dUmi

dT
= cvmi (3:62)

and the reactor temperature is included:
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dUmi

dt
= dUmi

dT
· dT
dt

(3:63)

Combination of (3.62) and (3.63) gives

dUmi

dt
= cvmi

dT
dt

(3:64)

Furthermore, the molar enthalpy and the molar internal energy are related by the
basic thermodynamic relationship,

Hmi =Umi + PVmi (3:65)

where Vmi is the molar volume. Equation (3.65) implies that

Hmi −Umið Þ dci
dt

ΔV =PVmi
dci
dt

ΔV (3:66)

The energy balance eq. (3.60) becomes:
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By allowing the volume element to diminish, ΔV ! 0, the differential equation is
obtained:
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Equation (3.68) represents a very general form of energy balance and it can be applied
to completely backmixed tank reactors and tube reactors with plug flow reactor
(PFR). For tank reactors, a considerable simplification is possible, because the whole
tank has a homogeneous content. This will be demonstrated in the following section.
In most cases in practice, it is possible to ignore or simplify some of the terms in the
general balance equation.

3.3.1 Tank reactor

Because of its homogeneous contents, the integration of eq. (3.68) over the entire tank
volume can be carried out in a straightforward way,
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After division by the reactor volume, we obtain
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in which the time derivative of the temperature is easily solved:
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In a steady state, the time derivatives become zero,

dT
dt

=0, dci
dt

=0 (3:72)

and we get the algebraic equation
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Provided that if
P

i _nicpmi is constant, eq. (3.73) can be rewritten as
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Generally, the molar-based heat capacities and molar flows can be related to the cor-
responding mass-based quantities by the well-known relation.X

i

_nicpmi = _micp (3:75)

After introducing eq. (3.75) into eq. (3.74), we get
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We should keep in mind that eqs. (3.74) and (3.76) are not general: if
P

i _nicpmi changes
considerably, the integration from the inlet to the outlet temperature is carried out as
in eq. (3.73). In addition, the term P

P
Vmi dci=dt in eq. (3.71) is often ignored for liq-

uid-phase reactions.
The heat transfer term ( _Q) is expressed through the temperature difference be-

tween the reactor (T) and the surroundings (Tc). S is the heat transfer surface area
and U denotes the overall heat transfer coefficient, including heat transfer resistances
in the fluid film inside the reactor, the reactor wall as well as resistance on the outer
surface of the reactor wall.

_Q=U · S · T −Tcð Þ (3:77)

3.3.2 Tubular plug flow reactor

For tubular plug flow reactors, the general energy balance eq. (3.68) is directly valid:
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For reactors operating in a steady state, the time derivatives are zero: dT=dt =0,
dci=dt =0 giving
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The use of mass-based heat capacity
P

i _nicpmi = _micp leads to
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For cylindrical tubular reactors, d _Q=dV can be regarded as a constant because of
geometry:

d _Q
dV

=U T −Tj
� � dS

dV
=U

S
VR

T −Tj
� �

(3:81)

where S is the total heat transfer area. For cylindrical tubes, the ratio is obtained
from the basic geometry:

S
VR

= 2πRTLT
πRT

2LT
= 4
DT

(3:82)
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where RT , DT and LT denote the radius, the diameter and the length of the tube. The
temperature outside the reactor is denoted by

Tj =Tc (3:83)

3.3.3 Batch reactor

For the ideal completely back-mixed batch reactor, the energy balance is written as

_Q+ dU
dt

=0 (3:84)

Furthermore, for the mass, balance is valid
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=V
X
j

υijRj (3:85)

Introduction of molar quantities in eq. (3.84) gives
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=0 (3:86)

Provided that the reactor volume is constant, differentiation of eq. (3.86) leads to,
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where the concentration derivative is obtained from eq. (3.85),
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The derivative of internal energy is obtained from the molar heat capacity as follows,

dUmi
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= dUmi

dT
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(3:89)

Equations (3.88) and (3.89) are inserted in the balance eq. (3.87). The result becomes
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After rearrangements, we get eq. (3.91), in which the temperature derivative is solved
explicitly:
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If the change in internal energy is approximated by the change in reaction enthalpy,
we obtain
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Batch reactors are quite frequently used for liquid-phase processes, in which the dif-
ference between internal energy change (ΔUrj) and enthalpy change (ΔHrj) is negligi-
ble, ΔUrj ≈ ΔHrj.

We can thus simplify
X
i

cvmici =
X
i

cvmini
VR

= mco
VR

= ρ0cv ≈ ρ0cp (3:93)

where the product ρ0cp is the heat capacity of the reacting liquid. The energy balance
(3.92) becomes
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Even here, the heat flux ( _Q) is given by the well-known equation,

_Q=U · S · T −Tcð Þ (3:95)

Equation (3.94) is a very practical form of batch reactor energy balance, applicable to
numerous liquid-phase processes.

3.3.4 Semi-batch reactors

For semi-batch reactors , different ways of operation exist, but the most typical one is
feeding some of the components into a reacting liquid. An operational form for the en-
ergy balance of a liquid-phase semi-batch reactor is obtained from the general balance
eq. (3.71) valid for a tank reactor. Typically, mass-based heat capacities are used and
cvmi, cpmi. In addition, the term P

P
Vmi dci=dt is ignored. The following form of the en-

ergy balance equation is in most cases useful for liquid-phase semi-batch reactors:
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where _Q is given by eq. (3.95).
For correlations of heat transfer coefficient U, the reader is referred to literature

dedicated to this topic (e.g. Froment et al. (2011)). In case of more sophisticated arrange-
ments for heat transfer, for example, where internal cooling coils are used, additional
heat transfer terms are included in the energy balance. In the discussion above, heat
transfer from the reactor towards its surroundings was considered (cooling of the reac-
tor). The treatment is general, however, in case of heating of the reactor vessel: T0 > T
and _Q is negative. The balance equations presented are valid in this case, too. The en-
ergy balance is seldom used in its most general cases, but simplifications are introduced
or some special cases are considered.

3.4 Physical properties and correlations of homogeneous
systems

The most essential physical properties of homogeneous systems and correlation equa-
tions for homogeneous reactors are discussed briefly in this section. For predictive
models, the reader is referred, for example, to the book by Reid et al. (1988), which
also includes an extensive data bank of physical properties.

3.4.1 Heat capacity and reaction enthalpy

Molar heat capacities at constant pressure (cpmi) are related to the overall mass-based
heat capacity (cp) of the system by eqs. (3.97) and (3.98) valid for continuous and dis-
continuous systems,

cpm=
X
i

cpmini (3:97)

cp _m=
X
i

cpmi _ni (3:98)

Completely analogous relations are valid for heat capacities at constant volume (cvmi and
cv), but they are not discussed in detail here.

After recalling the relation ni = xi · n; M =m=n average molar mass, and n is the
total amount of substance, we get

cp �M =
X
i

xi cpmi = cpm (3:99)

where �M =
P

xiMi. For ideal gases the heat capacities are related by

cpmi − cvmi =R (3:100)
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where R is the universal gas constant. For liquid-phase systems, the difference be-
tween cpmi and cvmi is typically negligible.

The reaction enthalpies are updated with the formula

ΔHrj Tð Þ= ΔHrj Tref
� �

+
ðT

Tref

XN
i=1

υij cpmi dT (3:101)

It should be noted that eq. (3.101) does not account for phase transitions between tem-
peratures Tref and T. The reaction enthalpy at the reference temperature (Tref ) is ob-
tained from the enthalpies of formation (Hf

i ) as expressed in eq. (3.102). Enthalpies of
formation at reference temperatures are listed, for example, by Reid et al. (1988). For
liquid-phase systems, a simplified treatment is often applied, ΔHr ≈ constant, where ΔHr

is obtained from calorimetric measurements.

ΔHrj Tref
� �

=
XN
i=1

υij H
f
i (3:102)

3.4.2 Pressure drop in tubular reactors

Pressure drop in homogeneous tube reactors is typically small compared to the pres-
sure drop in other equipment, that is, pipelines for transporting gases and liquids to
and from the factory, as well as pipelines connecting the reactors to separation equip-
ment. Fanning equation (Froment et al. (2011)) is adequate for pressure drop calcula-
tions in tube reactors,

−
dP
dl

= 2f
ρw2

dT
+ ρw

dw
dl

(3:103)

where w is the superficial velocity (w= _V=A) and f is the friction factor. For a laminar
flow, the friction factor is obtained from a theoretical relationship

f = 16
Re

(3:104)

whereas an empirical relation

f =0.046Re−0.2 (3:105)

has been proposed for a turbulent flow, that is, for Reynolds numbers exceeding 2500
(Froment et al. (2011)).

The pressure drop is in principle coupled to mass and energy balances, especially
to the energy balance. In fact, this connection is rather loose, because the factor ρw is
constant throughout the reactor. The superficial velocity of ideal gases is expressed
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by w=GRT= �MP
� �

, where G= _m=A and �M is the average molar mass. Thus, the main
connection is with the energy balance, since the superficial velocity is proportional to
temperature (T).

3.4.3 Dispersion coefficient

The best way to obtain the numerical value of the axial dispersion coefficient is to
carry out pulse or step change experiments with an inert tracer. From experimentally
recorded E Θð Þ and F Θð Þ curves, the variance of the signal can be calculated as follows
(Figure 3.5):

σ2
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ð∞
0

Θ− 1ð Þ2E Θð ÞdΘ=
ð∞
0

Θ2E Θð ÞdΘ− 1 (3:106)

where Θ= t=�t. For the axial dispersion model, the following relationship is valid be-
tween the variance and the Péclet number

σ2
Θ =

2
Pe2

Pe− 1+ e−Pe� �
(3:107)

Thus, after obtaining the variance, the Péclet number can be calculated iteratively
from eq. (3.107).

In case of tubular reactors operated on an industrial scale and design projects,
tracer experiments are usually not possible, but the Péclet number can be estimated
from the available correlations in literature. Laminar and turbulent flow patterns are
treated separately.

For laminar flow (Re< 2000), the following equation has been derived theoretically:

D=Dm + w2d2

192Dm
, 1<Re< 2000 (3:108)

where Dm is the molecular diffusion coefficient, and w and d denote superficial veloc-
ity and tube diameter, respectively. Equation (3.108) can be rewritten using two di-
mensionless quantities, namely the Reynolds (Re) and Schmidt (Sc) numbers,

Re= wd
υ

and Sc= υ
Dm

(3:109)

The correlation now becomes

1
PeR

= 1
Re Sc

+ Re Sc
192

(3:110)

where PeR is the radial Péclet number defined as
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PeR =
wd
D

(3:111)

where d is the tube diameter. For turbulent flows (Re> 2000), the following empirical
correlation has been proposed:

1
PeR

= a
Reα

+ b
Reβ

, Re> 2000 (3:112)

where a= 3 · 107, b= 1.35, α= 2.1 and β= 1=8.
Equation (3.110) predicts that the Péclet number for a laminar flow has a maxi-

mum at ReSc= 1921=2, while the model for a turbulent flow gives a monotonously in-
creasing Péclet number as a function of the Reynolds number.

The longitudinal Péclet number (Pe) needed in the axial dispersion model is ob-
tained from the simple relationship

Pe= PeR
L
d

(3:113)

where L is the reactor length.

3.5 Numerical solution of homogeneous reactor models

Analytical solution of homogeneous reactor models is possible in simple cases, for in-
stance when the system is isothermal and all of the rate equations are linear with
respect to component concentrations. Furthermore, in isothermal systems where sin-
gle reactions only take place, analytical and semi-analytical solutions can sometimes
be obtained. The classical approach based on analytical solutions is presented in nu-
merous textbooks (e.g. Levenspiel (1999), Froment et al. (2011), Salmi et al. (2011)). For
non-isothermal systems, numerical solution is the only way, since the rate constants
have an exponential coupling to the temperature according to the law of Arrhenius.
We will here consider the general methodology for solving reactor models through
numerical treatment.

3.5.1 Model structures and algorithms

The mathematical structures of the homogeneous reactor models presented in this
Chapter are summarized in Table 3.1. Most of the models are ordinary differential
equations (ODEs) of the initial value type (IVP). Even the non-steady-state (dynamic)
model for the plug flow reactor can easily be converted into an ODE, by applying dis-
cretization with respect to the space derivative dy=dz = dc=dz dT=dz½ �. Backward dif-
ferences are used to approximate the derivative. The approach is called the method of
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lines (Schiesser (1991)). It is important to use backward differences for the derivatives
dy=dz originating from plug flow; a wrong numerically oscillating solution is obtained
if central differences are applied. Backward differences of different orders are obtained
from Newton’s backward interpolation polynomial. The weights of backward difference
formulae of various orders are summarized in Romanainen and Salmi (1994). The sim-
plest two-point backward difference formula is

dy
dz

� �
y=y0

= 1
Δz

y0 − y1ð Þ (3:114)

and the three-point formula is written in the form

dy
dz

� �
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= 1
Δz

3
2
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4
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yi−1 +

1
2
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� �
(3:115)

The use of a higher order difference formula is analogous. The accuracy of the ap-
proximation improves as the order of the difference formula increases.

Some backward difference formulae for first derivatives originating from plug
flow are presented as follows

Table 3.1: Mathematical structures of homogeneous reactor models.

Model Mathematical problem structure

Steady-state CSTR f yð Þ=0 NLE

Dynamic CSTR dy
dx

= f yð Þ ODE IVPð Þ

Steady-state PFR dy
dz

= f yð Þ ODEðIVPÞ

Dynamic PFR ∂y
∂t

= − A · ∂y
∂z

+ f yð Þ PDE IVPð Þ

Batch reactor BRð Þ
Semi-batch reactor SBR

dy
dt

= f yð Þ ODE IVPð Þ

Steady-state axial dispersion model (ADM) d2y
dz2

+B
dy
dz

+ f yð Þ=0
ODE BVPð Þ

Dynamic axial dispersion model (ADM) ∂y
∂t

= A
∂2y
∂z2

+ B
∂y
∂z

+ f yð Þ PDE

IVP= initial value problem NDE= nonlinear differential equation

BVP= boundary value problem ODE= ordinary differential equation

PDE= partial differential equation
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� �
y=yi

= 1
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25yi − 48yi−1 + 36yi−2 − 16yi−3 + 34yi−4ð Þ (3:116)
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= 1
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137yi − 300yi−1 + 300yi−2 − 200yi−3 + 75yi−4 + 12yi−5ð Þ (3:117)

where h= Δz. For terms originating from dispersion or diffusion, central differences
should be used. Some central difference formulae are listed below.
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(3:119)

An important phenomenon which should be kept in mind is the solution of the dy-
namic plug flow reactor model with the method of lines: the derivatives in the numer-
ical solution tend to smoothen the concentration fronts progressing inside the reactor.
The observed effect is similar to real axial dispersion, but in fact it is an artefact only.
This problem is known as numerical diffusion and it is worst for slow reactions, for
which the reactant step response is close to a step function. The effect is illustrated in
Figure 3.7. If the problem is more severe, more sophisticated techniques, such as
adaptive grid methods, should be applied.

Figure 3.7: Illustration of numerical diffusion in the solution of the dynamic plug flow model.
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For initial value problem ODEs, a number of numerical algorithms have been de-
veloped. Some of them work very well for reaction engineering problems, while others
should be avoided. A characteristic feature of problems in chemical kinetics and reac-
tors is the risk of stiffness of the system. Stiffness is a concept used by mathematicians
to characterize the time constants of systems of ODEs, and an exact definition of stiff-
ness is based on the eigenvalues of the system. In practice, a detailed analysis of stiff-
ness is not carried out, but the parameters of the system can give a feel of it. For
instance, let us assume that we have a chemical system in which some of the rate con-
stants have very low values, while others are very high. This implies that some of the
reaction steps might be close to their equilibria, while other steps progress very slowly.
This kind of a system is stiff with a high probability. Furthermore, discretization of the
spatial coordinate (in solution of the dynamic PFR model) increases the stiffness of the
system. This is easy to understand intuitively, since different reactions are active in dif-
ferent parts of the reactor tube.

The well-known explicit methods, such as the explicit Euler’s method and explicit
Runge-Kutta methods of different orders are highly inefficient in the solution of stiff
ODEs. They suffer from serious stability problems, and an impractically small step
length should be used to achieve a stable solution. Implicit methods, on the other hand,
show good stability properties and are to be preferred in computations in reaction engi-
neering. Two kinds of methods for stiff ODEs have been developed extensively in recent
decades, namely linear multistep methods, semi-implicit Runge-Kutta methods and pub-
lic domain computer codes have been devised (Hindmarsh (1983), Kaps and Wanner
(1981)). The algorithms are even available in high-level programming languages, such as
Matlab and Mathematica.

The simplest method showing a good stability for stiff ODEs is the implicit Euler
method. The algorithm can be described as follows for the solution of dy=dx= f yð Þ,

yn = yn−1 + Δx · f ynð Þ (3:120)

where Δx is the discretization interval. The method is illustrated in Figure 3.8. Observe
that the algorithm normally leads to the solution of nonlinear equations, since f ynð Þ is
typically a nonlinear function of yn. The linear multistep methods and semi-implicit
Runge-Kutta methods are treated in detail in Appendix B, where more advanced algo-
rithms are presented.

The steady-state CSTR model represents nonlinear algebraic equations (NLEs).
Linear equations are obtained only for isothermal first-order reactions. For nonlinear
equations, the classical method of numerical solution is the algorithm of Newton and
Raphson, which for a system of a single nonlinear equation f(y) = 0 is given as

yk+1 = yk −
f ykð Þ
f ′ ykð Þ (3:121)
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where k is the iteration index. The method is extended to systems of several
unknowns in a straightforward manner: the derivative f ′ ykð Þ is replaced by the
Jacobian containing all of the partial derivatives ∂fi=∂yj. The details are explained in
Appendix A.

The advantage of the Newton-Raphson method is that it is rapid – typically a qua-
dratic convergence is achieved, provided that the initial guess of the solution is close
to the actual solution. How to obtain a reasonable initial guess? Real experimental
data may help in some cases, but this approach is not a general one. Usually, the prin-
ciple of continuity is very efficient: if the solution is known for one parameter value,
the solution for another parameter value (x) can be obtained by proceeding towards
the new parameter value stepwise and by using the solution obtained for the previous
parameter value as an initial guess:

y0 x+ Δxð Þ= y xð Þ (3:122)

A natural selection for the continuity parameter is the reactor volume or space time.
For instance, for isothermal CSTRs, we have the mass balance equations

ci − c0i
τ

= ri, τ = V
_V0

(3:123)

f cið Þ= ci − c0i − riτ =0 (3:124)

If the solution for a fixed value of τ is known, we can calculate the solution for τ + Δτ
by using the solution at τ as an initial estimate. Such a calculation provides very use-
ful information from the reaction engineering viewpoint: we obtain information
about to what extent the reactor performance changes with respect to space time (or
reactor volume). The calculation provides information similar to what is obtained
from the solution of the plug flow model,

Yn

Yn–1

ΔX
Calculates Y′ at

Yn not a Yn–1

Y 
(f(

x)
)

x

Figure 3.8: The principle of the implicit Euler method.
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dci
dτ

= ri (3:125)

for which the solution of the ODEs gives ci as a function of space time. The perform-
ances of ideal reactors can be compared as illustrated in Figure 3.9 for first-order
kinetics.

In the worst case, if the convergence of the Newton-Raphson model for a steady-state
CSTR is not achieved, it is always possible to switch to the dynamic CSTR model and
solve it by the algorithms designed for stiff ODEs. The numerical solution is continued
until a steady state is attained, in practice, that is, until the criterion dy=dtj j< εi (εi close
to 0) (y is concentration or molar amount) is fulfilled for each component concentration
(or molar flow) and reactor temperature.

3.5.2 Software build-up

In the build-up of numerical simulation software for reactor models, several possibili-
ties and options exist. How to do it in practice is very much a matter of taste and de-
pendent on the character of the research and development project. You can always
say, “I did it my way,” but some ways produce more enduring value than others. A
good principle is to separate the different tasks in simulation. The following tasks typi-
cally exist in each case:
– input of chemical engineering data (initial concentrations, temperatures, reactor di-

mensions and kinetic, thermodynamic as well as mass and heat transfer parameters)
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Figure 3.9: Comparison of the performances of ideal reactors (plug flow, laminar and CSTR).
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– input of data for steering the numerical solution (numerical methods, step-length
selection, convergence criteria, etc.)

– definition of kinetic and thermodynamic models (reaction rates, calculation of
rate and equilibrium constants)

– definition of mass and heat transfer models (e.g. correlations for diffusion and
dispersion coefficients, heat and mass transfer coefficients and areas)

– definition of mass and energy balances along with equations for pressure drop
– definition of partial derivatives needed for the model solution
– numerical solver for the differential and/or algebraic equations involved in the

model
– output routines, which not only reveal the results (e.g. concentration, tempera-

ture and pressure profiles) but also give information about the success or failure
of the numerical solution process

A typical simulation program structure is illustrated schematically in Figure 3.10. For
many cases of homogeneous reactions, a simplified program structure is sufficient as
shown in Figure 3.11.

CORRE
routine for

calculation of
correlations for

mass and
heat transfer

THERMO
routine for the
calculation of

thermodynamic
properties

RATE
routine for the
calculation of
reaction rates

SOLVER
mathematical

library routine for
NLEs or ODEs

MODEL (FCN)
routine for the

model eqs., e.g.

MODEL DERIVATIVES (FCNJ)
Jacobian routine J, contains Ә fi/Әy

Main program
Output

c, T
Input
c0, T0

dy = f (y)dt

Figure 3.10: Simulation program structure.
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The key issue is to avoid mixing up the different tasks. For instance, the ideal gas
law should preferably not be inbuilt in the model subroutine but assigned a separate
routine: this way, the door is kept open for replacing the ideal gas law by more sophis-
ticated gas laws in future applications.

Calculation of reaction rates is a well-defined subtask which should be carried
out separately and not mixed with the mass balance equations of components in the
reactor. This way, kinetic models can be transferred to other reactor models, even if
completely different simulators are used. Perhaps the most important thing is to keep
the numerical solution algorithm strictly separated from chemical engineering sub-
routines. Algorithms, such as semi-implicit Runge-Kutta methods, are completely inde-
pendent in this sense from the actual chemical engineering application. As numerical
mathematics makes new progress, an old ODE solver can easily be replaced by a new,
improved one, provided that the numerical subroutines in the software have not
been mixed up with the chemical engineering ones.

The crucial issue is, of course, who should write the numerical solver – the chem-
ical engineer or the numerical mathematician. Nowadays the answer is rather un-
equivocal; namely the latter. Several excellent numerical codes for solving NLEs and
ODEs exist as summarized in Appendices A-B. These should be tried first and applied
in a straightforward manner to routine problems. Only for extremely difficult cases,
or in cases where a completely new idea has been invented for numerical solution,
a specific numerical effort should be made by the chemical engineer! The situation
was different in the past, but nowadays, very few of us assemble our own cars by
ourselves!

SOLVER
mathematical

library routine for
NLEs or ODEs

Main program

MODEL (FCN)
routine for the

model eqs., e.g.

RATE
routine for the
calculation of
reaction rates

Input
c0, T0

Output
c, T

dy = f (y)dt

Figure 3.11: Simplified simulation program structure.
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4 Modelling of fixed beds and fluidized beds

Catalysts are chemical compounds which are able to accelerate chemical processes
without being consumed in them. A catalyst has a profound enhancing function in a
chemical process. Since the discovery of the catalytic effect by the world-famous
Swedish chemist J.J. Berzelius in 1835, catalysis has had an enormous breakthrough in
the chemical industry: about 90% of chemicals of today are produced with the aid of
catalysis. If the catalyst is soluble in the reaction medium, we talk about homogeneous
catalysis. If the catalyst forms a separate phase, typically a separate solid phase, the
process is called heterogeneous catalysis. It is hard to imagine modern chemical indus-
try and consumer society without catalysis. Catalysis contributes to the production of
fuels, ammonia and sulphuric acid, fertilizers, polymers, plastics as well as many phar-
maceuticals and fine chemicals. A short overview of contemporary catalytic processes
is provided in Table 4.1. The discussion shows the central role of catalytic processes
and reactors in chemical reaction engineering.

This Chapter is devoted to catalytic two-phase reactors where solid catalyst particles
and a gas or liquid phase are present. The physical configurations of catalytic reactors
are numerous and under continuous development. However, two main categories are
dominant: catalytic fixed beds and fluidized beds. In general, fixed beds are character-
ized by stagnant, relatively large catalyst particles (in mm-cm scale), while fluidized
beds operate with moving, very small catalyst particles (diameters in micrometre scale)
(Figure 4.1).

In any catalytic systems, chemical reactions interact with mass and heat transfer ef-
fects. For example, mass and heat transfer effects are present inside porous catalyst par-
ticles (Figure 4.2) as well as in the surrounding fluid films. In addition, heat transfer from
and to the catalytic reactor makes an essential contribution to the energy balance. At the
core of modelling a two-phase catalytic reactor is the catalyst particle, namely simulta-
neous reaction and diffusion in the pores of the particle. These effects are completely

Table 4.1: Some catalytic processes applied on an industrial scale.

Chemical bulk industry Oil refining Petrochemical industry

Steam reforming Reforming
Carbon monoxide conversion Isomerization

Ethene oxide

Carbon monoxide methanization
Ethene dichloride

Methanol synthesis
Dehydrogenation Vinyl acetate

Oxo-synthesis
Desulphurization Butadiene
Hydrocracking Maleic acid anhydride

Phtalic acid anhydride
Cyclohexane

https://doi.org/10.1515/9783110797985-004

https://doi.org/10.1515/9783110797985-004


analogous with the reaction-diffusion effects in liquid films appearing in gas-liquid sys-
tems. Thus, the formulae presented in the next section are not only valid for catalytic
reactions but also for gas-liquid processes (Chapter 6).

4.1 Simultaneous reaction and diffusion in fluid films
and porous media

A general continuity equation (mass balance) for a component in a layer where the
transport proceeds through diffusion and chemical reactions take place simulta-
neously is written for an infinitesimal volume element,

NiAð Þin + riαΔV = NiAð Þout +
dni
dt

(4:1)

where Ni and ri denote the flux and the generation rate, respectively. A is the cross-
section area of the flux, ΔV is the volume element and ni is the amount of substance

Figure 4.1: A catalytic fixed bed and fluidized bed.

Figure 4.2: Industrial catalyst particles.
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in the volume element. The factor α= 1 for homogeneous kinetics, but equals the cata-
lyst density (α= ρp) for catalytic systems. The amount of substance in the volume ele-
ment, ni, is expressed through the concentration (ci) and volume of the fluid phase in
the volume element (εΔV). The factor (ε) is 1 for homogeneous systems but < 1 for
porous catalysts, for which it denotes the catalyst porosity.

By denoting the difference

Δ NiAð Þ= NiAð Þout − NiAð Þin (4:2)

we get

− Δ NiAð Þ+ riαΔV = εΔV
dci
dt

(4:3)

Division by the volume element ΔV and allowing ΔV ! 0 gives

ε
dci
dt

= −
d NiAð Þ
dV

+ riα (4:4)

This is a very general form of the transport equation, and it can be applied to any
stagnant layer in which the overall fluid velocity is zero. Further treatment depends
on the models for geometry and diffusion used. The most common and simple geome-
try is a slab (solid or liquid films and catalyst particles in the form of corn flakes):
dV =Adr, where dr is the thickness element of the catalyst.

In this special case we obtain

ε
dci
dt

= −
d Nið Þ
dr

+ riα (4:5)

For a spherical geometry, on the other hand, A= 4πr2 and dV = 4πr2dr giving the
relationship

ε
dci
dt

= −
d Nir2ð Þ
r2dr

+ riα (4:6)

that is,

ε
dci
dt

= −
dNi

dr
−
2
r
Ni + riα (4:7)

Analogously it can be shown for the third ideal geometry, an infinitely long cylinder,
that the balance equation becomes

ε
dci
dt

= −
d Nirð Þ
rdr

+ riα (4:8)

Suggesting that a general formulation for the reaction-diffusion equation is
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ε
dci
dt

= −
d Nirsð Þ
rsdr

+ riα (4:9)

i.e.

ε
dci
dt

= −
dNi

dr
−
s
r
Ni + riα (4:10)

where s=0 for slabs, s= 1 for infinitely long cylinders and s= 2 for spheres. All real
systems can be placed within the interval 0, 2½ � as will be shown in the treatment of
porous catalysts (Chapters 4–5) and gas-liquid systems (Chapter 6). It should be em-
phasized that non-integer numbers are possible, too. They are used to describe real
catalyst shapes. The boundary conditions of the differential equation for simultaneous
reaction and diffusion depend on the details of the system (see this Chapter and
Chapter 6).

The diffusion flux of a component, Ni, is related to the local concentration gra-
dients of the compounds. Depending on the mathematical model used for diffusion,
different expressions are obtained.

The pioneering work in diffusion was carried out by Stefan and Maxwell in the
nineteenth century. According to the general law of Stefan and Maxwell, the diffusion
flux of each component (xi) is related to the concentration gradients (dci=dr):

N = F
dc
dr

(4:11)

where F is the coefficient matrix, the structure of which depends on the system. For
molecular diffusion, the theory of Stefan and Maxwell give complicated relationships
between the fluxes and concentration gradients (Aris (1975), Fott and Schneider
(1984), Salmi and Wärnå (1991)). For porous catalysts, additional effects appear:
Knudsen diffusion originated with the molecular collisions with pore walls and sur-
face diffusion. Thus, the vector F has additional elements in this case.

A commonly used approach to simplify the mathematical description of diffusion
is to introduce some kind of effective diffusion coefficients (Dei), which are formally
related to the corresponding concentration gradient only, i.e.

Ni = −Dei
dci
dr

(4:12)

This concept essentially simplifies the mathematical treatment of diffusion; for in-
stance, for the simplest geometry (the slab or fluid film), we obtain:

ε
dci
dt

=Dei
d2ci
dr2

+ riα (4:13)

However, the validity of the simplification should be investigated case by case.
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The concepts of diffusion and reaction will be used as a basis for the treatment of
catalytic processes (Chapters 4–5) as well as gas-liquid reactions (Chapter 6).

4.2 Catalytic fixed bed reactors

Catalytic fixed beds are called the work horse of the chemical industry. Most industri-
ally applied chemical reactions are catalytic, and most catalytic reactions are carried
out in fixed beds. A fixed bed consists of stagnant catalyst layers organized in such a
way that the reacting gas and liquid can easily come into contact with the particles.
The basic design of a catalytic fixed bed reactor along with some special constructions
is illustrated in Figure 4.3.

Chemical reactions take place mainly on the internal surfaces, in the pores of catalyst
particles. The smaller the particle, the more efficient the process is, since diffusion, resis-
tance in the pores is minimized by decreasing the particle size. The ultimate optimum, a
microscopic particle size, is not tractable in fixed beds, however, since this would lead to
an infinite pressure drop in the bed. Thus, a practical optimum needs to be found with
small enough particles to suppress the diffusion limitation, however still keeping the pres-
sure drop within reasonable limits. A reliable model for a fixed bed reactor thus has to

Inert beads

Feed

Catalyst

Heat exchanger

Cooling/heating
fluid

Cooling/heating
fluid

Product

(a)

(b)

Fixed bed Fixed bed
Heat exchanger Fixed bed

Heat exchanger

Figure 4.3: Some catalytic fixed bed reactors (Salmi et al. (2011)).
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take into account the catalyst particle, the catalyst-fluid interface, the bulk of the fluid
phase as well as the interaction of the reactor with its surroundings. In this section, vari-
ous models for catalytic fixed bed reactors will be considered.

4.2.1 Models for fixed beds

The crucially important issue in the modelling of a fixed bed reactor is to judge whether
the diffusion resistance inside the catalyst particles is important or not. If the reaction is
slow but diffusion is rapid, no concentration gradients appear in the catalyst particle,
the reactor operates in a kinetic regime and it can be described by a so-called pseudo-
homogeneous model. Diffusion effects are not visible in a pseudo-homogeneous model,
and the reactor can be described with a very similar formalism to that used for homoge-
neous tube reactors (Chapter 3). If the reaction is rapid but the component diffusion is
slow, profound concentration gradients appear in the catalyst particles. This phenome-
non has to be described by a reaction-diffusion model for catalyst particles. The model
of the particles is coupled to the mass and energy balances of the bulk phases, that is,
gas or liquid flowing through the interstitial space between the particles. This descrip-
tion is called a heterogeneous model. A further refinement of homogeneous and hetero-
geneous models is possible based on radial effects appearing in the catalyst bed. If the
reaction is highly exothermic or endothermic, large temperature gradients are found in
the axial direction as illustrated in Figure 4.4. Temperature gradients imply that chemi-
cal reactions progress at different speeds in different radial locations. This inevitably re-
sults in radial concentration gradients. To describe these effects, a two-dimensional
model is needed, which comprises not only axial but also radial temperature and con-
centration gradients.

615 K

600 K

Figure 4.4: Temperature profile in a fixed bed (exothermic reaction with cooling, P. Lundén 1991).
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Table 4.2 summarizes the modelling concepts of fixed beds. Below, we will discuss
the one and two-dimensional homogeneous models and the one-dimensional heteroge-
neous model in detail. Based on these concepts, any other model can easily be derived.

4.2.2 Pseudo-homogeneous models for fixed beds

Two and one-dimensional pseudo-homogeneous models are considered in this section.
Because the model is pseudo-homogeneous, mass and heat transfer effects inside catalyst
particles are ignored. The treatment starts with a two-dimensional model; the one-
dimensional model can easily be obtained as a special case of the two-dimensional model
by ignoring the radial concentration and temperature gradients.

The reactor volume element used for the derivation of mass and energy balances
for the pseudo-homogeneous model is illustrated in Figure 4.5.

The void fraction for the catalyst bed is defined as

ε= VF

VR
(4:14)

where VF denotes the volume of the fluid in the interstitial volume between the cata-
lyst particles.

Plug flow in axial direction and radial dispersion of heat and mass is presumed.
For the sake of simplicity, only steady-state models will be considered below. The
basis of the modelling is the cylindrical volume element in the bed (Figure 4.5).

Table 4.2: Characterization of models for catalytic fixed bed reactors.

Model Characteritic features

Pseudo−homogeneous model:
diffusion limitations inside the catalyst neglected

one− dimensional Plug flow or axial dispersion; neither radial concentration nor temperature gradients
in the reactor

two− dimensional Plug flow or axial dispersion; radial concentration and temperature gradients in the
reactor

Heterogeneous model:
diffusion resistance in the catalyst notable

one− dimensional Plug flow or axial dispersion; neither radial concentration nor temperature gradients
in the reactor; concentration and temperature gradients inside the catalyst particles

two− dimensional Plug flow or axial dispersion; radial concentration and temperature gradients in the
reactor; concentration and temperature gradients inside the catalyst particle
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The mass balance of a component can be written in the following form,

_ni,in + −ε2πrΔl
d Dcið Þ
dr

	 

in
+ ρBri2πΔrΔl= _ni,out + −ε2πrΔl

d Dcið Þ
dr

	 

out

(4:15)

where D is the radial dispersion coefficient that presumably has the same value for
all components and ρB is the bulk density of the catalyst, ρB =mcat=VR. We denote dif-
ferences in molar flows as

Δ _ni = Δ _ni,out − Δ _ni,in = 2πrΔrΔ ciwð Þ (4:16)

Differences between the radial dispersion terms can be expressed through

ε2πrΔl
d Dcið Þ
dr

	 

out

− ε2πrΔl
d Dcið Þ
dr

	 

in
= Δ ε2πrΔl

d Dcið Þ
dr

	 

(4:17)

After inserting relations (4.16) and (4.17) in the original mass balance eq. (4.15),
we get:

Δ ε2πrΔl
d Dcið Þ
dr

	 

+ ρBri2πΔrΔl= Δ _ni = 2πrΔrΔ ciwð Þ (4:18)

Division of eq. (4.18) by 2πΔrΔl gives

Δ εrd Dcið Þ=drð Þ
rΔr

+ ρBri =
Δ ciwð Þ
Δl

(4:19)

We assume that the dispersion coefficient does not change in the radial direction, D ≈

constant and that the void fraction, ε ≈ constant. By allowing Δl ! 0 and Δr ! 0, the
differential equation is obtained,

εD
r

d
dr

r
dci
dr

� �
+ ρBri =

d ciwð Þ
dl

(4:20)

After carrying out the differentiation of the left-hand side, we obtain

D

dl

w

dr

Figure 4.5: Volume element in fixed bed modelling.
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εD
d2ci
dr2

+ 1
r
dci
dr

� �
+ ρBri =

d ciwð Þ
dl

(4:21)

which represents a rather general form of a two-dimensional pseudo-homogeneous
model for a fixed bed.

In the solution of the steady-state model, it is conventional to define variable _ni:

_ni = ciwπR 2 (4:22)

where _ni is an artificial molar flow. We denote the volumetric flow rate _V =wπR2, and
by recalling the definition

ci =
_ni
_V

(4:23)

and approximating the radial derivatives of the concentrations as follows:

dci
dr

≈
1
_V

d _ni
dr

(4:24)

d 2ci
dr 2

= 1
_V

d 2 _ni
dr 2

(4:25)

The steady-state model eq. (4.21) now becomes

d _ni
dl

= εDπR 2

_V

d 2 _ni
dr 2

+ 1
r
d _ni
dr

� �
+ ρBriπR

2 (4:26)

Dimensionless coordinates are introduced accordingly,

l= z · L, r = ξ ·R (4:27)

and the mass balance can be rewritten as

d _ni
dz

= εDVR

_VR 2

d 2 _ni
dξ 2 + 1

ξ
d _ni
dξ

� �
+ ρBVRri (4:28)

The benefit of eq. (4.28) is that only one dependent variable ( _ni) exists. The concentra-
tions can always be obtained from eq. (4.23), and the volumetric flow rate is updated
from a gas law; e.g. the ideal gas flow gives _V =

P
_niRT=P.

The initial and boundary conditions of eq. (4.28) are:

_n= _ni0 at z =0 (4:29)
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d _ni
dξ

=0 at ξ =0 (4:30)

d _ni
dξ

=0 at ξ = 1 (4:31)

The boundary condition (4.30) is due to symmetry reasons and the boundary condi-
tion (4.31) is due to the fact that no dispersion from the reactor can take place through
the reactor wall.

Under plug flow conditions, the radial dispersion coefficient is zero, D=0, and we
obtain the simple plug flow model,

d _ni
dz

= ρBVRri (4:32)

for which the initial condition (4.29) is valid.
It should be observed that the catalyst bulk density is directly related to the mass

of the catalyst:

ρBVR =mcat (4:33)

A numerical solution of eq. (4.28) provides the molar flow (and concentration) pro-
files. However, we are primarily interested in _niout, the molar flow at the reactor out-
let, which is obtained from

_ni,out =
ðR
0

ciw2πrdr (4:34)

i.e. by numerical integration of the outlet concentration profiles. Equation (4.34) can
be expressed as

_ni,out =
ð1
0

_ni
πR2 2πR

2ξdξ (4:35)

finally giving the average flow at the outlet:

_ni,out = 2
ð1
0

_niξdξ (4:36)

The procedure is straightforward: _ni ξð Þ is obtained by numerically solving the funda-
mental balance eq. (4.28) with the initial and boundary conditions (4.29–4.31), after
which the average molar flow is calculated from eq. (4.36) by numerical integration.

For plug flow conditions, _ni is constant in the radial direction and _ni,out = _ni.
The overall conversion of an arbitrary component (i) is defined as
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Xi =
_ni, in − _ni, out

_ni, in
(4:37)

To derive the energy balance, an analogous procedure is applied. The heat conduc-
tance in the radial direction is described by the effective heat conductivity (λ) of the
bed following the law of Fourier. The axial heat conductance of the bed is ignored.

The steady-state energy balance becomes

− λ
dT
dr

2πrΔl
� �

in
+ ρB

X
j

Rj −ΔHrj
� �

2πrΔrΔl= −λ
dT
dr

2πrΔl
� �

out
+ Δ _mcpΔT (4:38)

The element of the mass flow is

Δ _m= ρ0w02πrΔr (4:39)

and the difference between the heat conductivity terms is denoted by

λ
dT
dr

2πrΔl
� �

out
− λ

dT
dr

2πrΔl
� �

in
= Δ λ

dT
dr

2πrΔl
� �

(4:40)

Division of the energy balance eq. (4.38) by 2πrΔlΔr gives

Δ λ dT
dr r

� �
rΔr

+ ρB
X
j

Rj −ΔHrj
� �

= cpρ0w0
ΔT
Δl

(4:41)

By assuming constant radial heat conductivity (λ) and allowing Δr ! 0 Δl ! 0, the
following differential equation is obtained:

λ
r
d
dr

r
dT
dr

� �
+ ρB

X
j

Rj −ΔHrj
� �

= cpρ0w0
dT
dl

(4:42)

After carrying out the differentiation, the energy balance becomes

dT
dl

= 1
cpρ0w0

λ
d2T
dr2

+ 1
r
dT
dr

� �
+ ρB

X
j

Rj −ΔHrj
� �" #

(4:43)

The use of the dimensionless coordinates z and ξ finally gives

dT
dz

= τ
cpρ0

λ
R2

d2T

dξ2
+ 1
ξ
dT
dξ

� �
+ ρB

X
j

Rj −ΔHrj
� �" #

(4:44)

where the space time is defined as follows

τ = L
w0

(4:45)

The initial condition of the energy balance eq. (4.44) is
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T =T0 at z =0 (4:46)

Separate boundary conditions are defined for the centreline and the wall of the reac-
tor tube. At the centreline,

dT
dξ

=0 at ξ =0 (4:47)

is valid for symmetry reasons.
At the reactor wall (ξ = 1), the heat transferred out of the reactor or into the re-

actor is

−λ
dT
dr

� �
r=R

2πRΔl=Uw2πRΔl T −Tcð Þ (4:48)

where Uw is the overall heat transfer coefficient of the reactor wall and Tc is the tem-
perature of the reactor surroundings. After introducing the dimensionless coordinate
ξ = r=Rð Þ, the boundary condition is rewritten as (dr =Rdξ)

−
λ
R

dT
dξ

� �
ξ=1

=Uw T −Tcð Þ at ξ = 1 (4:49)

where R=dT=2, dT is the diameter of the reactor tube.
The reactor model consists of mass and energy balance eqs. (4.28) and (4.44),

which are solved together with a correlation for the pressure drop in fixed beds (see
Section 4.2.6). The model basically consists of coupled parabolic partial differential
equations (PDEs). An example simulation is described in Figure 4.6 with the gas-phase
hydrogenation of toluene to methyl cyclohexane.

4.2.3 Heterogeneous model for fixed beds

We consider the porous catalyst particle with simultaneous reaction and diffusion
based on the theory presented in Section 4.1. Because of diffusion resistance, concentra-
tion and temperature gradients spontaneously appear in the particle (Figure 4.7). A par-
ticle with a perfect spherical geometry is considered here, after which a generalization
will be made.

The general mass balance equation, eq (4.10), is used with the following inser-
tions: α= ρp, Ni = −Dei dci=drð Þ and s= 2. The balance equation becomes
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1
r2

d
dr

Deir 2
dci
dr

� �
+ riρp = εp

dci
dt

(4:50)

If Dei can be assumed approximately constant inside the particle, the differential eq.
(4.50) is simplified to

d 2ci
dr2

+ 2
r
dci
dr

+ ri ρP
Dei

= εp
Dei

dci
dt

(4:51)

Provided that Rc is the characteristic length, we may introduce the dimensionless co-
ordinate x= r=Rc. Subsequently, r = x ·Rc gives the final form of the mass balance,

d 2ci
dx 2 + 2

x
dci
dx

+ riρPR
2
c

Dei
= εpR 2

c

Dei

dci
dt

(4:52)

The equations presented above are valid for spherical geometry. It can easily be
shown that for a general geometry, eq. (4.52) can be written in the form

1
ra−1

d
dr

Deira−1
dci
dr

� �
+ riρP = εp

dci
dt

(4:53)

which in a straightforward way gives, for the steady state:

d2ci
dx2

+ a−1ð Þ
x

dci
dx

+ riρPR
2
c

Dei
=0 (4:54)

where a= s+ 1 and s is the shape factor of the catalyst; a is generally defined by
a= AP=VPð Þ ·RC, where Ap is the outer surface area of the catalyst and Vp is the vol-
ume of the catalyst particle. The values of the shape factors are listed in Table 4.3 and
illustrated in Figure 4.8.

For non-ideal geometries, a non-integer value of the shape factor is selected. The
diffusion term can be written in a general form by using the Nabla operator (∇):

Fluid flim
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d 
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Ts
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c(y)
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Figure 4.7: Reaction and diffusion in an ideal porous catalyst.
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1
r s

d
dr

r s
dci
dr

� �
=∇ 2ci (4:55)

In a steady state, the concentrations in eq. (4.54) are constant with respect to time:

dci
dt

=0 (4:56)

The energy balance for an isotropic and spherical catalyst particle can be obtained in a
completely analogous manner. Effective heat conductivity is assumed. Consequently, the
energy balance for a spherical element is obtained as
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Provided that the temperatures of the fluid and the solid material are equal, the accu-
mulation of internal energy (dU=dt) can be expressed by

dU
dt

=
X
i

nicvmi

� �
dT
dt

+ cvsms
dT
dt

(4:58)

where cvs is the heat capacity of the solid material, and ms is the mass of the solid mate-
rial. For the amount of substance (ni) and the mass of the catalyst (ms), we have:

ni = ciεP4πr 2Δr (4:59)

Table 4.3: Shape factors for various particle diameters.

Geometry Rc a s

Sphere radius 3 2
Long cylinder radius 2 1
Cylinder with h= 2R radius 3 2
Cylinder with h= nR, n> 1 radius 2 n+ 1ð Þ=n a ‒ 

Slab half thickness 1 0

Figure 4.8: Ideal and non-deal particle geometries.
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ms = ρs 1− εPð Þ4πr 2Δr (4:60)

where ρs denotes the skeletal density of the solid material. The difference between
heat conduction terms is denoted by
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(4:61)

and the energy balance (4.57) becomes
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(4:62)

Diving by 4πr 2Δr and allowing the volume element to diminish, Δr ! 0, the very gen-
eral form is obtained
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Assuming constant heat conductivity (λ) and carrying out the differentiation leads to
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The use of the dimensionless coordinate finally gives
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For an arbitrary geometry, the energy balance can be generalized as
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where a is explained in Table 4.3.
The accumulation term R2c

λ εP
P

i cicvmi + ρs 1− εPð Þcvs
� �

dT
dt in the above equations is

a rather complex one, involving several physical parameters, but the heat capacity in
the accumulation term is often approximated by

εP
X
i

cicvmi + 1− εPð Þρscvs ≈ cpρP (4:67)

giving for an arbitrary geometry
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In steady-state conditions, the time derivative vanishes, i.e. dT=dt, and we obtain
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=0 (4:69)

In a mathematical sense, the energy balance equation is completely analogous with
the mass balance equation for a porous layer, eq. (4.54).

Below, we will consider the boundary conditions of the mass and energy balan-
ces. On the outer surface of the particle, mass transfer through the fluid film and the
particle are equal (Figure 4.9), giving the important equation,

kGi c0i − cið Þ4πR2
c =Dei

dci
dr

� �
r=Rc

4πR2
c (4:70)

which leads to

dci
dr

= kGi c0i − cið Þ
Dei

at r =Rc (4:71)

where kGi denotes the mass transfer coefficient for the fluid phase, and c0i is the concen-
tration of the component (i) in the bulk phase. The introduction of the dimensionless co-
ordinate gives

dci
dx

= kGiRc

Dei
c0i − cið Þ at x= 1 (4:72)

In the centre of the particle, the boundary condition is

dci
dx

=0 at x=0 (4:73)

for symmetry reasons.
For heat transfer, we analogously have on the outer surface of the particle the

boundary condition

h T −T0ð Þ4πR2
c = −λ

dT
dr

� �
4πR2

c (4:74)

where h denotes the heat transfer coefficient of the fluid film surrounding the pellet
and T0 is the bulk phase temperature (Figure 4.9).
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Equation (4.74) gives

dT
dx

= hRc

λ
T0 −Tð Þ at x= 1 (4:75)

In the centre of the particle, the boundary condition again is because of symmetry
reasons:

dT
dx

=0 at x=0 (4:76)

4.2.3.1 Special case
For example, for linear kinetics, i.e. zero-order ri = vik and first-order ri = vikci rate
equations, under isothermal conditions, it is possible to solve the steady-state form of
the second-order differential eq. (4.54) analytically for slab and spherical geometries.
The solutions, i.e. the concentration profiles, are illustrated in Figure 4.8. For details
of the treatment, as well as semi-analytical solutions of the diffusion equation, the
reader is referred to the monumental work of Aris (1975).

Analytical solutions of concentration profiles (Figure 4.10) for first-order kinetics
in porous particles are presented below.

s= 0 slabð Þ ci = csi
cosh ϕxð Þ
cosh ϕð Þ (4:77)

s= 2 sphereð Þ ci = csi
sinh ϕxð Þ
x · sinh ϕð Þ (4:78)

ϕ=Rc

ffiffiffiffiffiffiffiffiffiffi
k · ρP
Dei

s
(4:79)

where ϕ is the famous Thiele Modulus.
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Figure 4.9: Illustration of the boundary conditions for a
porous particle.
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Two important dimensionless quantities appeared spontaneously in the deriva-
tion of the mass and energy balances, namely,

BiM = kGiRc

Dei
, Biot number of mass transfer (4:80)

and

Bi= hRc

λ
, Biot number of heat transfer (4:81)

These numbers have a clear physical significance: they tell us to what extent the film
(the nominator) and the particle itself (the denominator) contribute to mass and heat
transfer resistances. Typically, the value of BiM is high (> 100), emphasizing the role
of mass transfer resistance inside the particle, not in the film. The opposite is true for
Bi: heat conductivity of the particle (λ) is high compared to the product of the heat
transfer coefficient (h) of the film and the particle radius (Rc). Thus, the main heat
transfer resistance is typically located in the film surrounding the catalyst particle.
The situation is illustrated in Figure 4.11.
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Figure 4.10: Concentration profiles inside a porous catalyst for first-order reactions.
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Figure 4.11: Mass and heat transfer resistances in
catalyst particles.
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4.2.4 Model equations for the bulk phase

In the interest of simplicity, a one-dimensional heterogeneous model for a fixed bed
is discussed in this section. In order to keep the model simple and illustrative, the
following basic assumptions are introduced: the reactor tube is presumed to be in a
steady state and plug flow conditions are assumed to prevail for the bulk phase of
the fluid. Based on these assumptions, the mass balance of an arbitrary component
(i) is written as

_ni, in =NiΔA+ _ni, out (4:82)

where Ni denotes diffusion flux at r =Rc. The flux, Ni, is defined as

Ni =Dei
dci
dr

� �
r =Rc

at r =Rc (4:83)

As usual, we define the difference between outlet and inlet molar flows:

_ni, out − _ni, in = Δ _ni (4:84)

The balance thus becomes

Δ _ni = −NiΔA (4:85)

Furthermore, the ratio between the mass/heat transfer area and the reactor volume is
defined as

ap =
ΔA
ΔV

(4:86)

i.e. the mass transfer area/reactor volume is denoted a0.
Allowing the volume element to shrink, ΔV ! 0, the mass balance becomes

d _ni
dV

= −Niap (4:87)

The introduction of a dimensionless coordinate, z =V=VR gives

d _ni
dz

= −NiapVR (4:88)

where the interfacial flux is given by

Ni =
Dei

Rc

dci
dx

� �
x=1

(4:89)

The initial condition of the bulk phase balance is
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_ni = _n0i at z =0 (4:90)

The energy balance is obtained in an analogous way by considering the volume ele-
ment again as illustrated in Figure 4.12.

The heat flux (M) is defined by

M = −λ
dT
dr

� �
r=Rc

(4:91)

The energy balance becomes

MΔA=
X
i

cpmi _ni

� �
ΔT + Δ _Q (4:92)

We introduce ΔA= a0ΔV and allow ΔV ! 0. The differential equation

dT
dV

= 1P
i cpmi _ni

Ma0 −
d _Q
dV

 !
(4:93)

is obtained. For the heat transfer term d _Q=dV
� �

, a typically applied expression is

d _Q
dV

=U T − Tcð Þ dS
dV

(4:94)

where U is the overall heat transfer coefficient and Tc denotes the temperature of the
surroundings.

For tubular reactors with a constant diameter, the following relationship is valid:

dS
dV

≈
S
VR

= a= 4
dT

(4:95)

where dT is the diameter of the reactor tube.

Figure 4.12: Volume element for a one-dimensional heterogeneous model.

58 4 Modelling of fixed beds and fluidized beds



After inserting the dimensionless coordinate, z =V=VR, the energy balance becomes

dT
dz

= VRP
i cpmi _ni

Ma0 −U T −Tcð Það Þ (4:96)

where

M = −
λ
Rc

dT
dx

at x= 1 (4:97)

The initial condition is

T =T0 at z =0 (4:98)

The one-dimensional, heterogeneous, steady-state model for fixed beds consists of the
mass and energy balances (4.88–4.96) for the bulk phase, and the corresponding bal-
ances (4.54) and (4.69) for the catalyst particles. The mutual coupling of the balances
is discussed in detail in the next section. Coupling of the particle and the bulk-phase
balance equations

The derivatives, dT=dxð Þx=1 and dci=dxð Þx=1, on the outer surface of the particle
are obtained by solving the mass and energy balances of the catalyst particle. A spe-
cial technique that is useful in obtaining an accurate numerical solution will be intro-
duced in this section.

The mass balance of an arbitrary component in the particle can be written as
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which can be formally integrated,
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At x=0, dci=dx=0, we obtain

y= −
ρpR

2
c

Dei

ð1
0

rixa−1dx (4:101)

where the variable y de facto is

y= dci
dx

� �
x=1

(4:102)
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The concentration gradients at location x= 1 are thus obtained from the remarkably
simple equation,

dci
dx

� �
x=1

= −
ρpR

2
c

Dei

ð1
0

rixa−1dx (4:103)

i.e. from an integrated average of the generation rate. The flux which is defined as

Ni =
Dei

Rc

dci
dx

� �
x=1

(4:104)

is now calculated from

Ni x= 1ð Þ= − ρpRc

ð1
0

rixa−1dx (4:105)

An analogous approach is applied to the energy balance:
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Integration gives the temperature gradient in a straightforward way,
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The heat flux thus becomes

M x= 1ð Þ= ρpRc

ð1
0

X
j

Rj −ΔHrj
� �

xa−1dx (4:108)

The derivations presented above demonstrate that the molar and heat fluxes on the
surface of the catalyst particle can be obtained as integrated averages of the genera-
tion rates and products of reaction rates and reaction enthalpies, respectively. The ap-
proach is not only interesting from a theoretical point of view but extremely useful
for numerical computations: the evaluation of concentration and temperature gra-
dients is based on the computation of integrals involving information from the entire
particle. Integration of the concentration and temperature profiles suppresses errors
in the numerical solution of balance equations, whereas a numerical differentiation
of the solutions dci=dr, dT=drð Þ accentuates them. Therefore, the use of eqs (4.105)
and (4.108) is strongly preferred. The fluxes are obtained with a higher precision from
the integrals than from the derivatives.
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4.2.5 Pressure drop in fixed beds

Pressure drop plays an important role in all kinds of fixed beds, even in fixed beds
used on the laboratory scale for obtaining kinetic data. For large-scale fixed reactors,
the catalyst particle sizes can reach values of up to 1 cm or more. In laboratory-scale
fixed beds, considerably smaller catalyst particles are used (even ≪ 1 mm), which
means that – even though laboratory reactors are small – the pressure drop might be
considerable, since the particles are small. A general form of the pressure drop equa-
tion can be written as

dP
dl

= − f
ρw2

φ′dp
(4:109)

where dp is the particle diameter and φ′ accounts for the sphericity of the particle (φ′= 1 for
perfect spheres). The factor ρw is constant throughout the reactor ( ρw= _m=A=G) and
the pressure gradient thus is de facto proportional to the superficial velocity in the first
power (w). Various expressions have been proposed in literature for the friction factor
(f ). A few of them are collected below. The pressure drop equation is coupled to the
mass and energy balances and can be solved numerically together with them.

f = 1− εð Þ2
ε3

150
Re

Ergun (4:110)

f = 1.75 Burke and Plummer (4:111)

f = 1− εð Þ2
ε3

· a

φ′ ·Re
� � + 1− εð Þb

ε3
Ergun, improved

a= 150, b= 1.75, Re= dpG=μ (4:112)

4.3 Numerical solution of fixed bed models

In this Chapter, numerical solution strategies and suitable algorithms are reviewed.
Pseudo-homogeneous models and heterogeneous models are very different in their
character; therefore they are treated separately below.

4.3.1 Solution of pseudo-homogeneous models

The pseudo-homogeneous model consists of parabolic partial differential equations
(PDEs) which describe the mass and energy balances and ordinary differential equa-
tions (ODEs) describing the pressured drop in the bed. The bottom line is that the
pseudo-homogeneous two-dimensional model is an extension – or a correction – of the
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pseudo-homogeneous one-dimensional model, the longitudinal effects being in any case
the dominant ones. Very good numerical methods exist for solving ODEs, initial value
problems, as discussed in connection with homogeneous reactors (Chapter 3).

Thus a natural approach to the coupled PDE-ODE system describing the fixed bed
reactor is to transform the PDEs to ODEs by discretization of the radial coordinate.
The derivatives dc=dr, dT=dr, d2c=dr2, dT2=dr2 can be approximated either with fi-
nite differences or by approximation functions, and an extensive system of ODEs is
the result.

The finite difference method was introduced in Chapter 3, where useful finite dif-
ferences relations were discussed in section 3.5.1. It is important to emphasize the fact
that central difference formulae should be used to approximate the first and second
derivatives. For instance, the simplest central difference formulae for first and second
derivatives are listed below:

dyi
dx

= 1
2Δx

yi+1 − yi−1ð Þ (4:113)

d2yi
dx2

= 1

Δxð Þ2 yi−1 − 2yi + yi+1ð Þ (4:114)

The accuracy of the calculation can be improved by using higher order central differ-
ence formulae (Table 6.7).

An alternative to finite differences is to use an approximation function. A particu-
larly simple and popular approximation function is a polynomial. This method is called
collocation. The accuracy of the approximation can in principle be improved by using
higher degree polynomials. However, the risk for oscillations increases as the degree of
the polynomial is increased. This is the case when equidistant approximation polyno-
mials are used. Therefore, a special form of collocation has been developed. The re-
quirement is that the polynomial fulfils the differential equation exactly at certain, non-
equidistant collocation points (collocation abscissae). The collocation points are the
zeros of orthogonal polynomials, typically Legendre and Laguerre polynomials.

This method is called orthogonal collocation, and it was developed into a useful
form for chemical engineering particularly by the Wisconsin (W. Stewart) and Lyngby
(J. Villadsen and M.L. Michelsen) schools. The approximation polynomial is described in
the form of a Legendre polynomial, which implies that the collocation ordinates (the y-
values, e.g. concentrations or temperatures) appear in the polynomial, but not the ‘nor-
mal’ coefficients (such as f xð Þ= a0 + a1x + a2x2). This is a much more feasible ap-
proach, because one has some idea of the order of magnitude of the y values, based on
physical and chemical knowledge of the system. The values of the first and second de-
rivatives can be calculated with automatic routines originally published by Villadsen
and Michelsen (1978).
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4.3.2 Solution strategy of heterogeneous models

The heterogeneous model for a catalytic fixed bed consists of two kinds of equations: the
balance equations for the catalyst pellet and the balances for the bulk phases of gas or
liquid. The former ones give a boundary value problem (BVP), while the latter one results
in an initial value problem (IVP). For the bulk phase, the mass balances are of the type
dy=dz = f yÞð , where y= C,T½ � and they can be integrated forwards with the aid of the
robust algorithms for stiff ordinary differential equations (ODEs) (Appendix B). However,
the fluxes of the components (Ni) from the catalyst particles are included in the bulk-
phase balances. They are obtained from a numerical solution of the particle equations,
eq. (4.54). Thus, a robust algorithm alternates between the particle balances and the bulk-
phase balances. The component fluxes which are needed for the bulk phase balances are
updated with the pellet balances. The algorithm is sketched in Figure 4.13.

For the solution of the particle balances, spline collocation (orthogonal collocation on
finite elements) might be the most powerful method, while the solution of the bulk
phase balances is efficiently carried out by the backward difference method suitable
for stiff differential equations (Appendix B).

The methodology is illustrated with a case study, production of methanol through
a gas-phase reaction between carbon monoxide and hydrogen. Besides the main reac-
tion, a reverse water-gas shift reaction takes place in the system, since CO2 is always
present in the feed (Salmi and Wärnå (1991)). The numerically computed concentration
(molar flow) and temperature profiles are presented in Figure 4.14. As the computed

At length coordinate z=0

1. Solve the pellet balances (BVP)

2. Call an ODE-solver to get n(z) and T(z) in the
     bulk phase, at the actual length coordinate

Increase the length coordinate
z + Δ z and return to point 1

-  Obtain the ci(x) & T (x) concentrations and
temperature profiles

-  Obtain Ni & M from the integrals given by eqs.
(4.105) and (4.108)

Figure 4.13: Solution of a heterogeneous fixed bed model.
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Figure 4.14: Heterogeneous one-dimensional model: methanol synthesis in a fixed bed (Salmi and Wärnå
(1991)). Concentration profiles in the catalyst particle (a,b) and molar amounts (c,d).
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concentration profiles inside the particle reveal, strong diffusion limitation prevails in
the catalyst particles. Thus, it is necessary to use a heterogeneous model for the system.
A pseudo-homogeneous model would overestimate the catalyst performance by far.

4.4 Catalytic fluidized beds

Catalytic fixed beds act as the work horses of the chemical industry. However, for pro-
cesses where the catalyst deactivation plays a prominent role, a fixed bed is not the
best choice for a reactor. As the catalyst deactivates in the bed, it should be removed
and replaced by a fresh, active one. This implies that the bed is taken out of operation.
Either the process is halted for catalyst replacement or two fixed beds are operated in
parallel. For a slow deactivation process, this kind of alternating operating mode is
still feasible and applied industrially, but for catalysts which deactivate within a few
seconds, for instance in catalytic cracking of hydrocarbons, a completely new innova-
tion is needed, namely process equipment where the catalytic reaction and catalyst
regeneration are intimately coupled.

If the catalyst particle size in a fixed bed keeps being diminished, finally the par-
ticles become mobile in the bed. The gravitational force and the drag force caused by
the upflow velocity of the gas compensate each other, and the particles become fluid-
ized in the bed. This can be recorded visually, but more precisely by measuring the
pressure drop along the bed as a function of the superficial velocity as illustrated in
Figure 4.15. As the pressure drop remains constant with an increasing velocity, the
state of fluidization is attained.

Fluidized beds made their first breakthrough in catalytic cracking, where the cata-
lyst lifetime is typically limited to seconds. The fluidized bed is coupled to a regenera-
tion unit as illustrated principally in Figure 4.16. Later on, the fluidized bed technology
has evolved into processes where large hot spots appear (Rase (1977)). This section is
devoted to mathematical modelling of fluidized beds.

4.4.1 Modelling approaches to fluidized beds

For fluidized beds, several mathematical models have been proposed in the past:
ideal flow models such as backmixing and plug flow models, axial dispersion models
as well as models based on residence time distributions. Generally speaking, these
attempts have not been very successful, since they do not account for the real hydro-
dynamics of the system and the uneven catalyst distribution in fluidized beds. The
effect of fluidization is easily recognized by measuring the pressure drop over the
catalyst bed: as long as the catalyst particles remain stagnant, the pressure drop is
proportional to the square of one superficial velocity, as suggested by eq. (4.109). At
the moment of fluidization, the catalyst particles become mobile, and the increase
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Figure 4.15: Pressure drop in a fixed bed – the state of fluidization.

Figure 4.16: Principal construction of a fluidized bed reactor-catalyst regenerator system
(Salmi et al. (2011)).
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in superficial velocity no longer increases the pressure drop (Figure 4.15). The super-
ficial velocity and the bed void fraction valid under those conditions are called wf

and εp.
Intuitively, one might assume that the gas and the catalyst particles would form a

pseudo-homogeneous dispersion on a macroscopic scale, but this is not the case. In
reality, a fluidized bed resembles a boiling liquid: bubbles which have less of catalyst
particles are formed and transported through the bed as illustrated in Figure 4.17. The
bulk phase prevailing in the reactor is called an emulsion. With the bubbles, some
catalyst is transported; these sections are called cloud and wake phases (Figure 4.17).
Particularly the wake phase is enriched with respect to the catalyst.

The discussion presented above clearly reveals that a realistic description of fluidized
beds should be based on a true hydrodynamic model which accounts for the existence of
different regions in the fluidized bed with different catalyst bulk densities as well as an
appropriate description of the interfacial mass transfer between the regions. A pioneer-
ing effort in the modelling of fluidized beds was carried out by Kunii and Levenspiel,
who were the first to propose a realistic hydrodynamic model for fluidized beds. After
their pioneering publication, several extensions of the model have been proposed: a
summary is provided by Levenspiel (1999). Here we stay with the basic features of the
model – extensions can easily be made and they are not essential for the understanding
of the fundamental principles.

4.4.2 Kunii-Levenspiel model of fluidized beds

In this section, the basic principles of the Kunii-Levenspiel model for fluidized beds
are introduced. Different variations of the original model have been published, but
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Figure 4.17: Hydrodynamics and phases of a fluidized bed.
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here we will keep to a simple and illustrative one. The basic assumptions of the Kunii-
Levenspiel model are shortly stated below.
1) The bubbles are assumed to have a uniform size distribution, i.e. only one bubble

size is considered. This assumption is not of crucial importance, since a bubble
size distribution can be easily implemented in the model.

2) Each bubble has a cloud and wake phase with it, moving together with the
bubble.

3) For the emulsion phase, minimum fluidization conditions prevail.
4) Chemical reactions proceed in all phases (bubbles, cloud & wake, emulsion), but

the catalyst bulk densities of the phases are different.
5) Clouds and wakes are considered as a single phase in the simplified version of

the Kunii-Levenspiel model.
6) The mass transfer rates between the phases are directly proportional to the con-

centration differences.

Based on the hypotheses presented above, the mass balances for an arbitrary compo-
nent in different phases will be derived in the following sections.

Bubble phase
The Kunii-Levenspiel model is illustrated in Figure 4.17. The mass balances of each
phase will be derived below. A general volume element in the bed is defined as

ΔV = ΔVb + ΔVc + ΔVe (4:115)

where b, c and e denote bubble, cloud & wake and emulsion phases, respectively.
For the bubble phase, the mass balance of component (i) is

_nbi,in + rbiρBbΔVb = _nbi,out +Kbci cbi − ccið ÞΔVb (4:116)

Equation (4.116) states that a mass transfer between the bubble and cloud & wake
phases takes place. By allowing the volume element ΔV ! 0, we get

_nbi,out − _nbi,in = Δ _nbi (4:117)

The balance equation is transformed into an ODE

d _nbi
dVb

= rbiρBb −Kbci cbi − ccið Þ (4:118)

where the catalyst bulk density is defined by

ρBb =
mcat

Vb
(4:119)
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Cloud and wake phases
The cloud & wake phase remains inside the bed; thus only mass transfer is consid-
ered. The mass balance of component (i) becomes

Kbci cbi − ccið ÞΔVb + rciρBbΔVc =Kcei cci − ceið ÞΔVb (4:120)

Equation (4.120) reflects, for instance, the mass transfer of a reacting component from
bubble to cloud and from cloud to emulsion. After rearrangement we get,

Kbci cbi − ccið Þ+ rciρBb
Vc

Vb
=Kcei cci − ceið Þ (4:121)

provided that the condition

ΔVc

ΔVb
= Vc

Vb
, where ρBb =

mcat

Vc
(4:122)

is valid. Equation (4.122) implies that the same conditions prevail everywhere in the
bed.

Emulsion phase
The emulsion phase is assumed to remain inside the bed, too. Consequently, the mass
balance of an arbitrary component (i) is given by

Kcei cci − ceið ÞΔVb + reiρBeΔVe =0 (4:123)

By letting the volume element to decrease, ΔVb ! 0, ΔVe ! 0 and ΔVb=ΔVe = Vb=Ve,
we obtain

Kcei cci − ceið Þ+ reiρBe
Ve

Vb
=0 (4:124)

The volume ratios, such as Ve=Vb, are obtained from the corresponding void fractions
(εb, εc).

Summarizing the Kunii-Levenspiel model for fluidized beds, we can conclude that
3N unknowns exist, namely the component concentrations for all of the three phases
(cbi, cci, cei). The use of the model, eqs. (4.118), (4.121) and (4.124), will be illustrated
later on.

For linear kinetics, ri= vikci, the Kunii-Levenspiel model can be solved analytically.

Energy balances
Energy balances are less commonly presented for fluidized beds, since the internal
recirculation of small particles guarantees rather isothermal conditions inside the
bed. However, in order to be able to evaluate the accumulated energy effects of the
chemical reactions present, an energy balance is inevitable. A uniform temperature
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everywhere inside the reaction is assumed below. Thus, the phases can be treated to-
gether and we get a primary form of the energy balance:X

j

RjbΔVb +RjcΔVc +RjeΔVe
� �

−ΔHrj
� �

= _mbcpΔT + Δ _Q (4:125)

By allowing ΔVb ! 0, ΔT ! 0 and Δ _Q ! 0, we obtain

X
j

Rjb +Rjc
Vc

Vb
+Rje

Ve

Vb

� �
−ΔHrj
� �

dVb = _mbcpdT +d _Q (4:126)

Integration of eq. (4.126) formally gives

ðVb
0

X
j

Rjb +Rjc
Vc

Vb
+Rje

Ve

Vb

� �" #
−ΔHrj
� �

dVb = _mb

ðT
T0

cpdT + _Q (4:127)

The form of heat transfer term ( _Q) depends on the actual reactor configuration. The
energy balance eq. (4.127) is de facto coupled to the balances of the bubble, cloud &
wake and emulsion phases. Alternatively, eq. (4.126) can be presented in the form of
an ordinary differential equation and solved together with the other balances for the
fluidized bed.

Parameters in Kunii-Levenspiel model
Several parameters appear in the derivation of the Kunii-Levenspiel model. They are
summarized here. For the catalyst bulk densities in different phases, the following re-
lations are applied:

ρBb =
Vsbρp
Vb

= mcatb

Vb
(4:128)

ρBc =
Vscρp
Vb

= mcatc

Vb
(4:129)

ρBe =
Vseρp
Vb

= mcate

Vb
(4:130)

Traditionally, the volume of solid material in bubbles (Vsb), clouds (Vsc) and emulsion
(Vse) are defined as:

γb =
Vsb

Vb
(4:131)

γc =
Vsc

Vb
(4:132)
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γe =
Vse

Vb
(4:133)

For the mass transfer coefficients Kbci and Kcei, correlations are presented in Section 4.6.

4.5 Numerical solution of fluidized bed models

The fluidized bed model consists of the mass balance of the components in the bubble,
cloud & wake and emulsion phases. If the heat effects are considerable, the energy
balance equation is included, too. The mass balance for the bubble phase and the en-
ergy balance are ordinary differential equations of the type

dy
dx

= f yð Þ (4:134)

whereas the balances of the cloud & wake and emulsion phases are of the type

g yð Þ=0 (4:135)

h yð Þ=0 (4:136)

i.e. nonlinear algebraic equations. The total number of differential equations is N in the
isothermal case and N + 1 in the non-isothermal case. The number of algebraic equa-
tions is 2N, corresponding to the cloud & wake and emulsion phases. The total dimen-
sion of the problem is thus 3N or 3N + 1. Principally, we are dealing with an initial
value problem, which can be treated by solving the bubble phase mass balance for-
wards with respect to the bubble phase volume (Vb) or space time (τb). However, the
ODEs describing the bubble phase are coupled to the NLEs of the cloud & wake and
emulsion phases.

Two principal numerical strategies are possible. The ODE system is considered as
the main problem, and the NLEs are treated as a subproblem in the solution of the
ODEs. Another alternative is that the ODEs and NLEs are treated simultaneously as a
single mixed NLE-ODE problem (Figure 4.18).

Let us consider the sequential strategy first. The bubble phase concentrations
are assumed to be known at the reactor inlet. The emulsion, cloud & wake phase con-
centrations can now be solved iteratively from the nonlinear eqs. (4.121–4.124). The
bubble phase balance eq. (4.118) is integrated a small step (ΔVb) forwards, after
which the NLEs of the cloud & wake and emulsion phases are solved iteratively etc.

It is also possible to put a nonlinear equation solver to work under the function
subroutine of the ODE solver. This method is in principle more accurate than the se-
quential approach, but the cloud & wake and emulsion phase equations are solved a
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great number of times, and the function subroutine is visited each time by the ODE
solver, which might unnecessarily prolong the running time. Furthermore, error con-
trol is taken over by the ODE solver focusing on the bubble phase balances only. The
fact that all the balance equations are not solved with the same accuracy can be a
disadvantage.

A remedy to the above-mentioned problem is to treat the whole system as a system
of coupled differential-algebraic equations often abbreviated as DAE. From the numeri-
cal solution of differential equations (Appendix B), the backward difference method de
facto transforms the system of ODEs into a system of NLEs, since the derivatives dy=dx
are described with backward differences. For instance, we take the bubble phase bal-
ance equation and use the simplest backward difference method, namely the implicit
Euler method (the two-point formula), which gives

yn − yn−1
Δx

= f ynð Þ (4:137)

where n is the index of the point. For the cloud & wake and the emulsion phase, we
write

0= g ynð Þ (4:138)

0= h ynð Þ (4:139)

Equations (4.137–4.139) form a nonlinear algebraic system originating from the ODE-
NLEs, which can be solved with the aid of existing software designed for DAEs. One of
the well-known software programs is DASSL designed by L. Petzold (1982). The benefit
of this integrated approach is that all the equations are treated in a similar manner,
under the same accuracy control. The disadvantage of the integrated approach is that
starting the solution can be a problem and lead to divergence already in the begin-
ning of the solution.

A robust, but more time consuming approach is to solve the fully dynamic model
by incorporating the accumulation term for each phase (dc=dt), to discretize the

Figure 4.18: Alternative numerical strategies for solving
the Kunii-Levenspiel model.
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bubble phase coordinate with backward differences and to solve the large ODE sys-
tem created by a robust ODE solver (Appendix B).

4.6 Physical properties and correlations for catalytic
two-phase systems

The balance equations for catalytic two-phase reactors contain a great number of
physical parameters. The most important ones among these are the diffusion coeffi-
cients, as well as the mass and heat transfer coefficients. The most common correla-
tion equations for these quantities are discussed briefly in this section.

4.6.1 Effective diffusion coefficients in a gas phase

The effective diffusion coefficient (De, i) in a gas phase appears in the treatment of po-
rous catalyst particles. The bottom line is that De, i is dependent on the detailed pore
structure of the catalyst particle. The simplest way to correct the diffusion coefficient
is to account for the particle porosity (εP) and for the labyrinth structure, tortuosity of
the pores (τP). The principle of this random pore model (RPM) is illustrated in
Figure 4.19. This concept leads to the simple equation

Dei =
εP
τP

Di (4:140)

Regardless of its simplicity, eq. (4.140) is very useful in updating the diffusion coef-
ficient (Di) to the real conditions of a porous catalyst. For the diffusion effect itself,
it is necessary to account for intermolecular collisions as well as collisions with the
pore walls. The two diffusion phenomena are brought together in the expression

1
Di

= 1
Dmi

+ 1
DKi

(4:141)

where Dmi and DKi denote the molecular and Knudsen diffusion coefficients of the
component ðiÞ. The former describes the intermolecular collisions, while the latter
one accounts for Knudsen’s diffusion; i.e. molecular collisions with pore walls.

Figure 4.19: A simple random pore model (RPM)
incorporating porosity and tortuosity.
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Wilke and Lee (1955) has proposed an algorithm for the calculation of the molecu-
lar diffusion coefficient, starting from binary molecular diffusion coefficients,

Dmi =
c− ciPN
k=1

ck
Dik

(4:142)

where c=P ci. By introducing the mole fractions, xi = ci=c we obtain

Dmi =
1− xiP xi

Dik

(4:143)

For the binary diffusion coefficients in a gas phase, the equation of Fuller-Schettler-
Giddings (Reid et al. (1988)) has turned out to be useful

Dik =
T=Kð Þ1.75 g=molð Þ

Mi

� �
+ g=molð Þ

Mk

� �h i1
2 · 10−7

P=atmð Þ v1=3i + v1=3k

� �2 m2=s
� �

(4:144)

where the symbols are explained in Notation. For the Knudsen diffusion coefficient,
we have

DKi =
8εp
3Sgρp

ffiffiffiffiffiffiffiffiffiffi
2
π
RT
Mi

s
(4:145)

where Sg is the BET surface area of the particle (expressed as ( ) m2/g). Liquid-phase dif-
fusion coefficients are discussed in Chapter 6, in connection with gas-liquid reactions.

4.6.2 Mass and heat transfer coefficients around solid particles

The mass and heat transfer coefficients for gas-phase system (e.g. gas films around
the catalyst particles) are expressed with semi-empirical correlations. A correlation of
Wakao and Kunii (Wakao (1984)), based on an extensive collection of experimental
data over various decades, is based on the relation between the dimensionless
Sherwood, Schmidt and Reynolds (Re) numbers.

Wakao and Kunii have reviewed existing literature data and propose the follow-
ing expression

Shp = 2+ 1.1Sc1=3Re0.6 (4:146)

74 4 Modelling of fixed beds and fluidized beds



where the Sherwood number for a solid particle is

Shp =
kGidp
Dmi

Sherwood number (4:147)

and the Schmidt and Reynolds numbers are given by

Sc= μ
ρgDmi

Schmidt number (4:148)

Re= Gdp
μ

Reynolds number (4:149)

In the formula above G= _m=A, where A is the tube cross-section.
Analogously, for heat transfer, a relation between the Nusselt number (Nu),

Prandtl number (Pr) and Reynolds number (Re) is proposed:

Nu= 2+ 1.1Pr1=3Re0.6 (4:150)

The dimensionless numbers are defined as follows:

Nu= hdp
λg

Nusselt number (4:151)

Pr = cpμ
λg

Prandtl number (4:152)

The use of eqs. (4.146–4.152) is straightforward: the Reynolds, Schmidt and Prandtl
numbers are calculated, the Sherwood and Nusselt numbers are obtained, and these
give the mass and heat transfer coefficients directly.

In addition, specific correlation equations have been developed for mass and
heat transfer in fixed bed reactors. They take into account the porosity of the catalyst.
Some correlation equations are summarized in Table 4.4.

4.6.3 Mass transfer coefficients for fluidized beds

Some correlations which are useful in the modelling of fluidized beds are summarized
in Table 4.5. The bed porosity at minimum fluidization is obtained from equation (a),
after which the minimum fluidization velocity can be obtained from the second-degree
equation (b). The bubble rise velocity is calculated from equation (c). The diffusion coeffi-
cients for the gas phase are obtained from a suitable correlation equation, as discussed in
Section 4.6.1. Finally, the mass transfer coefficients needed in fluidized bed modelling can
be obtained from equation (d). The readers are encouraged to familiarize themselves
with literature to be updated on the most recent development of correlations in the field.
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Table 4.4: Correlations for mass and heat transfer coefficients in fixed beds (van Santen et al. (1999)).

Mass transfer Heat transfer Mass transfer factor Application domain

Gas

Sh= 0.357
εB

Re0.641Sc1=3 Nu= 0.428
εB

Re0.641Pr1=3 0.416< ε <0.788
jD =0.357Re�0.359

3< Re< 2000

Liquid

Sh= 0.25
εB

Re0.69Sc1=3 Nu= 0.30
εB

Re0.69Pr1=3 0.416< ε <0.78
jD =0.25Re�0.31

55< Re< 1500

Sh= 1.09
εB

Re1=3Sc1=3 Nu= 1.31
εB

Re1=3Pr1=3 jD = 1.09Re�0.67 0.0016< Re< 55

Table 4.5: Correlations for mass-transfer coefficients in fluidized beds (Levenspiel (1999)).

1− εmf
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5 Modelling of three-phase systems

Catalytic three-phase reactors involve a gas phase, a liquid phase and a solid catalyst
phase. Three-phase reactors are particularly important because of the existence of a
certain class of processes, namely catalytic hydrogenation of organic compounds. In
those cases, hydrogen always prevails in the gas phase, while the organic compo-
nent to be hydrogenated resides in the liquid phase. The process is carried out in
the presence or in the absence of an added solvent. A wide variety of components
are hydrogenated in practice; a few examples of currently applied industrial pro-
cesses are listed in Table 5.1. Basically, the hydrogenation processes imply the hy-
drogenation of double bonds (C=C), carbonyl groups (C=O) and aromatic rings. In
addition, catalytic oxidation of carbonyl and hydroxyl groups is applied industrially.
Several, often alternative reactor configurations are possible to accomplish three-
phase hydrogenation.

Three-phase fixed bed reactors are obtained when large (on cm scale) catalyst particles
are placed in beds where gas and liquid are allowed to flow through them. In the spe-
cial case of a concurrent and downward laminar flow of the liquid, the fixed bed is
called a trickle bed. Fixed bed reactors inevitably imply some diffusion resistance inside
the catalyst pellets. A way to suppress the intraparticular resistance is to decrease the
particle size (to micrometre scale) and to allow the particles to disperse in the liquid. In
this case, a slurry reactor is obtained; batchwise operating slurry reactors are very pop-
ular in the production of fine and specialty chemicals. However, the catalyst has to be

Table 5.1: Examples of catalytic three-phase processes.

Process Reactor type

Hydrogenation of fatty acids slurry reactor (bubble column and stirred tank reactor)

Desulphurization trickle bed, fluidized bed

Hydrogenated cracking trickle bed

Fischer− Tropsch synthesis bubble column

Hydrogenation of aromatic compounds
dearomatizationð Þ, i.e. hydrogenation
of benzene, toluene

trickle bed, slurry reactor

Hydrogenation of anthraquinone in the
production of hydrogen peroxide

bubble column

Methanol synthesis slurry reactor

Hydrogenation of glucose to sorbitol
Hydrogenation of xylose to xylitol

slurry reactor, fixed bed reactor

https://doi.org/10.1515/9783110797985-005

https://doi.org/10.1515/9783110797985-005


separated from the dispersion. In order to combine the benefits of fixed bed and slurry
technologies, structured catalytic reactors have been developed. For instance in mono-
liths, a thin catalyst layer is precipitated on the walls of a solid (ceramic or metallic)
structure, and the gas and liquid flow through the channels of the monolith. The evi-
dent advantages are the suppressed diffusion resistance and low pressure drop. An al-
ternative way to diminish the catalyst particle size is to put the catalyst particles inside
networks, which act not only as catalyst storages but also as static mixers. The different
reactor configurations used for three-phase processes are illustrated in Figure 5.1.

5.1 Mass balances of three-phase reactors

5.1.1 Phase boundaries

The volume element, which is essential for a catalytic three-phase reactor, is schemat-
ically illustrated in Figure 5.2; it illustrates mass and heat transfer resistances of inter-
est: the transfer resistances on the gas-liquid interface, the liquid-solid interface as
well as inside the solid catalyst. Since these are common elements for all reactor

Level of
catalyst

suspension

Liquid with
catalyst in

suspension

Catalyst in
fixed bed

Gas

(d)(c)

(a) (b)

Gas

Gas
Gas + liquid

Gas + liquid

Figure 5.1: Common configurations of catalytic three-phase reactors: (a) a bubble column,
(b) a tank reactor, (c) a packed bed reactor and (d) a fluidized bed reactor.
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configurations, they are treated in detail in this section. For the sake of simplicity, the
description of diffusion effects is based on Fick’s law (Chapter 4).

The fluxes of component (i) through the gas and liquid films at the gas-liquid in-
terface are equal, thus:

Ni = kGi cbGi − csGi
� �

= kLi csLi − cbLi
� �

(5:1)

where the superscripts b and s refer to bulk phase and surface concentrations
(Figure 5.2).

The ratio between the gas-liquid interfacial area and the reactor volume is de-
fined by

a0 =
Agas−liquid

VR
= ΔA
ΔVR

(5:2)

At the gas-liquid interface, a thermodynamic equilibrium is assumed to prevail. Thus,
the concentrations are related by

Ki =
csGi
csLi

(5:3)

By utilizing the expression (5.3), csGi =KicsLi, the surface concentration on the liquid
side csLi can now be formally eliminated from the flux eq. (1):

Figure 5.2: Transport effects in a volume element of a catalytic three-phase reactor.
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csLi =
cbGi +

kLi
kGi

cbLi

Ki + kLi
kGi

(5:4)

which is inserted in the flux expression given as

Nb
Lia0 =

cbGi
Ki

− cbLi
1

kLia0
+ 1

kGia0Ki

(5:5)

Strictly speaking, eq. (5.5) is only implicit when Ki is independent of the composition.
Analogously, the flux through the liquid film around the catalyst particle, NLis, can be
written as

NLis = kSi cbLi − cLis
� �

(5:6)

where cLis is the concentration on the outer surface of the particle (Figure 5.2).
The ratio between the interfacial area of the particles and the reactor volume is

defined by

ap =
Aliquid− solid

VR
= ΔAp

ΔVR
(5:7)

In a steady state, this flux is equal to the flux expressed with the concentration gra-
dients on the outer surface of the catalyst particle, eq. (5.6), and, in case of no mass
transfer resistance inside the particles, can even be set as equal to the generation rate
of the corresponding component.

5.1.2 Liquid-phase mass balances

An axial dispersion model for the liquid bulk is considered in this section. The
model is applicable to both bubble column and packed column reactors. For stirred
tanks, a separate modelling effort is required. The volume elements of the gas and
liquid phases will be treated separately below. The volume element is illustrated in
Figure 5.3.

For an arbitrary component (i), the dynamic mass balance is written as

_nLi,in + −DLAL
dcLi
dl

� �
in
+Nb

LiΔA= _nLi,out + −DLAL
dcLi
dl

� �
out

+NLisΔAp +
dnLi
dt

(5:8)

where AL, ΔA, ΔAp denote the reactor cross-section, the gas-liquid interface and the
liquid-solid interface, respectively.
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The difference between the dispersion terms is

DLAL
dcLi
dl

� �
out

− DLAL
dcLi
dl

� �
in
= Δ DLAL

dcLi
dl

� �
(5:9)

and the difference between the plug flow contributions is

_nLi,out − _nLi,in = Δ _nLi (5:10)

The volume element ΔVR is defined by

ΔVR =AΔl (5:11)

The surface element is defined by the liquid hold-up (εL) and the cross-section area
(A) accordingly

AL = εLA, εL =
VL

VR
= AL

A
(5:12)

The relations discussed above,

ΔA= a0ΔVR = a0AΔl (5:13)

ΔAp = apΔVR = apAΔl (5:14)

are inserted in the balance equation, which becomes

Δ DLAL
dcLi
dl

� �
+Nb

Lia0AΔl= Δ _nLi +NLisapAΔl+
dnLi
dt

(5:15)

The accumulation term, dnLi=dt, is (εLAΔldcLi=dt).

1

z + Δz

z

0

Gas Liquid

Gas + liquid

G L S

Figure 5.3: A volume element in a gas-liquid-solid column
reactor.
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Division of eq. (5.15) by the term (AΔl) and denoting AL = εLA gives:

Δ _nLi
Δl

1
A
= Δ
Δl

εLDL
dcLi
dl

� �
+Nb

Lia0 −NLisap − εL
dcLi
dt

(5:16)

Allowing Δl ! 0 results in

d _nLi
dl

1
A
= d
dl

εLDL
dcLi
dl

� �
+Nb

Lia0 −NLisap − εL
dcLi
dt

(5:17)

By introducing a dimensionless coordinate, z = l=L, and assuming (εLDL) to be constant
throughout the reactor, we get:

d _nLi
dz

= εLDLVR

L2
d2cLi
dz2

+ a0VRNb
Li − apVRNLis − εLVR

dcLi
dt

(5:18)

The use of the approximation (see eq. (4.25))

d2cLi
dz2

= d2 _nLi= _VL
� �
dz2

≈
1
_VL

d2 _nLi
dz2

(5:19)

finally gives

d _nLi
dz

= εLDLVR

_VLL2
d2 _nLi
dz2

+ a0VRNb
Li − apVRNLis − εLVR

dcLi
dt

(5:20)

The balance equation has boundary conditions. At the reactor inlet, the plug flow in-
stantaneously changes into dispersion according to Danckwerts boundary condition:

_n0Li = _nLi + −DLAL
dcLi
dl

� �
at l=0 (5:21)

which is transformed to

_n0Li = _nLi −
εLDLVR

_VLL2
_nLi
dz

at z =0 (5:22)

At the outlet, the Danckwerts boundary condition (Danckwerts (1953)) requires the
end of dispersion:

d _nLi
dz

=0 at z = 1 (5:23)

Some special cases of the initial balance equations are worth considering.
An important special case is plug flow: DL =0, and

_nLi = _n0Li at z =0 (5:24)
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The second boundary vanishes (z = 1), and the steady-state model of plug flow (DL =0 and
dcLi=dt =0 in eq. (5.20)) can be solved as an initial value problem for concurrent case.

5.1.3 Gas-phase mass balances

For three-phase reactors, an analogous treatment of the gas phase is applied as for
the liquid phase. However, the situation is simpler for the gas phase, because no reac-
tions are assumed to take place in the gas phase. The transport effects are illustrated
in Figure 5.2. Basically, three phenomena are involved: plug flow, axial dispersion as
well as gas-liquid mass transfer. The axial dispersion is described by the term

− DGAG
dcGi
dl

� �
(5:25)

A concurrent flow of gas and liquid is assumed first, and, later on, a generalization
into a countercurrent flow is presented. The mass balance thus becomes:

_nGi,in + −DGAG
dci
dl

� �
in
= _nGi,out + −DGAG

dcLi
dl

� �
out

+Nb
GiΔA+ dnGi

dt
(5:26)

Through the gas and liquid films, the fluxes are equal, as indicated in the beginning of
this Chapter (eq. (5.1)).

Nb
Gi =Nb

Li =Ns
Li =Ns

Gi (5:27)

We introduce the following definitions,

εG =
AG

A
and εG =

VG

VR
(5:28)

from which the relationships below are obtained:

ΔA= a0ΔV = a0AΔl= a0VRΔz (5:29)

The approximation for the dispersion term is introduced again,

d2cGi
dz2

= 1
_VL

d2 _nGi
dz2

(5:30)

Assuming that εG and DG are constant, recalling that dnGi=dt = εGAΔz dcGi=dt and al-
lowing Δz ! 0 finally gives the expression

± d _nGi
dz

= εGDGVR

_VGL2
d2 _nGi
dz2

− a0VRNb
Li − εGVR

dcGi
dt

(5:31)
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where the different signs denote:
(+) concurrent flow, and
(−) countercurrent flow. The reference flow is the liquid phase.

Boundary conditions for the gas phase can be derived in a completely analogous way
as for the liquid phase (eq. 5.22). For the reactor entrance, we get:

_n0Gi = _nGi ±
εGDGVR

_VGL2
d _nGi
dz

(5:32)

It should be remembered that eq. (5.31) is valid for
z =0 for concurrent flow
z = 1 for countercurrent flow

At the outlet of the gas flow, the Danckwerts boundary condition gives

d _nGi
dz

=0 (5:33)

which again is valid for
z = l for concurrent flow
z =0 for countercurrent flow

In case of plug flow DG =0 and the boundary condition (5.32) is simplified to

_n0Gi = _nGi at z=0 concurrentð Þ or z= 1 countercurrentð Þ (5:34)

The second boundary condition, eq. (5.33), vanishes for plug flow. For steady-state mod-
els, the time derivative in eq. (5.31) becomes zero.

5.1.4 Tank reactors with complete backmixing

The model for tank reactors with complete backmixing (CSTR) can be easily obtained
from the general considerations presented in previous sections.

The liquid and gas phase balances, obtained for an infinitesimal volume element,
can be written as:

d _nLi = a0VRNG
Li − apVRNLis

� �
dz − εLVR

dcLi
dt

dz (5:35)

d _nGi =− a0VRNG
Lidz − εGVR

dcGi
dt

dz (5:36)

Because of uniform reactor contents, an integration of eqs. (5.35–5.36) becomes possible
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ð_nLi
_n0Li

d _nLi=
ð1
0

a0VRNG
Li−apVRNLis

� �
dz−

ð1
0

εLVR
dcLi
dt

dz= a0VRNG
Li−apVRNLis

� �ð1
0

dz−εLVR
dcLi
dt

ð1
0

dz

(5:37)

ð_nGi
_n0Gi

d _nGi =
ð1
0

− a0VRNG
Li

� �
dz −

ð1
0

εGVR
dcGi
dt

dz = − a0VRNG
Li

� � ð1
0

dz − εGVR
dcGi
dt

ð1
0

dz (5:38)

and we obtain the balance equations

_nLi − _n0Li = a0NG
Li − apNLis

� �
VR − εLVR

dcLi
dt

(5:39)

_nGi − _n0Gi =− a0NG
LiVR − εLVR

dcGi
dt

(5:40)

For batch-wise operating tank reactors, the flows are zero, and the mass balances are
described by the ordinary differential equations

εL
dcLi
dt

= a0NG
Li − apNLis (5:41)

εG
dcGi
dt

=−a0NG
Li (5:42)

For all of the cases presented in this section, the initial conditions are given by

cGi =
nGi
VG

= c0Gi at t =0 (5:43)

cLi =
nLi
VL

= c0Li at t =0 (5:44)

The molar flux NLis appears in the balance equations. In the next section we will show
how it is related to the balance equations of the catalyst particles.

5.1.5 Catalyst particles in three-phase reactors

Because the catalyst particles are assumed to be completely wetted, i.e. filled by a single
phase (liquid), the theory presented in Chapter 4 for catalyst particles is also valid here.
The flux at the catalyst outer surface is obtained from the expression

NLis =− ρpRc

ð1
0

rixa−1dx

 !
(5:45)

5.1 Mass balances of three-phase reactors 85



as shown previously for catalyst particles. The concentration profiles needed for the
calculation of the generation rates, ri, are obtained from

d2ci
dx2

+ a− 1ð Þ
x

dci
dx

+
ρpRc

2

Dei
ri =0 (5:46)

For the expression above, eq. (5.46), the following boundary conditions are applied:

dci
dx

� �
x=1

= kSi Rc

Dei
cbLi − cLis
� �

(5:47)

dci
dx

� �
x=0

=0 (5:48)

This kind of detailed treatment is necessary in the case of profound diffusion limita-
tions inside the catalyst particle. In the absence of diffusion limitations, a consider-
able simplification is possible, as will be shown below.

In the absence of diffusion limitations, each generation rate, ri, remains constant
throughout the particle, and the flux expression is formally integrated.

NLis =−ρpRcri
ð1
0

xa−1dx= −
ρpRcri

a
(5:49)

Recalling that the shape factor is defined by (vide Chapter 4, Section 4.2.3),

a= Ap

Vp
Rc (5:50)

we get for all of the particles (ap) in the volume element,

NLis =−
ρpVp

npAp
ri =

Δmcat

npAp
ri (5:51)

where np denotes the number of particles in the volume element. The product npAp

denotes the total interfacial area in the volume elements, i.e. npAp = apΔVR.
The flux expression now becomes

NLis =−
Δmcat

apΔVR
ri (5:52)

where the catalyst bulk densities are ρB =mcat=VL = Δmcat=ΔVL. The ratio ΔVL=ΔVR is
de facto the liquid hold-up in the volume element,

apNLis = −εLρBri (5:53)
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The equation above tells us an important fact: the flux expression can be replaced by
the generation rate, provided that the mass transfer resistance inside the particle is
negligible. This leads to the pseudo-homogeneous model with respect to the catalyst.
For instance, the axial dispersion model (eq. (5.20)) becomes:

d _nLi
dz

= εLDLVR

_VLL2
d2 _nLi
dz2

+ a0VRNb
Li + εLρBriVR (5:54)

where the generation rate, ri, is obtained from – or more precisely, the surface con-
centration, cLis – by combining eqs. (5.6) and (5.53):

kSi cbLi − cLis
� �

ap = −εLρBri (5:55)

The surface concentration (cLis) is unknown, and has to be eliminated from the mass
balance eq. (5.55).

For linear kinetics, eq. (5.55) can be solved analytically; For instance, for a reactant
(i) the generation rate is ri = vikcLis, which is inserted in eq. (5.55), and cLis is solved with
respect to cbLi. For nonlinear kinetics, an iterative approach (e.g. Newton-Raphson
method) is applied.

Finally, the simplest case is worth mentioning: in cases where turbulence prevails
around the particles (e.g. vigorous stirring), the mass transfer resistance around the
particle is eliminated. For such cases, cLis equals cbLi, and cbLi is directly used in the rate
expressions (ri).

5.1.6 Slurry reactor in the absence of mass transfer resistances

A special case of the batchwise operating three-phase reactor, a slurry reactor is of
particular interest. If the catalyst particles are small enough (typically 50 μm or less),
the stirring is vigorous guaranteeing the absence of external mass transfer limita-
tions, and the gas pressure above the liquid phase is maintained constant by regulated
addition of the reactant gas, the term in the liquid-phase balance equation can be re-
placed by eq. (5.56). At the same time, the concentration of the gas-phase component
in the liquid phase is equal to the saturation concentration. Thus, the simplified mass
balance becomes

dcLi
dt

= ρBri (5:56)

which is formally similar to the homogeneous batch reactor model presented in
Chapter 3. Equation (5.56) is frequently used in the modelling of experimentally re-
corded kinetic data from laboratory scale experiments. Analytical solutions obtained
for homogeneous kinetics can be directly applied here, since a separation of variables
and integration of eq. (5.56) gives
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ðci
c0i

1
ri
dcLi = ρBt (5:57)

which corresponds to the solution of homogeneous batch reactor model, accordingly:

ðci
c0i

1
ri
dcLi = t (5:58)

Selected analytical solutions, particularly useful for catalytic systems are presented in
Table 5.2. Collections of analytical solutions for homogeneous batch reactors can easily
be applied here: the reaction time (t) only needs to be replaced by the product of the
catalyst bulk density and the reaction time (ρBt) in the expressions. Analytical solutions
for linear kinetics in various three-phase reactors are discussed in Ramachandran and
Chaudhari (1983).

Observe that k can be k= kcGi (the locally constant gas-phase reactant concentration) or
some other, time-independent function.

5.2 Energy balances of three-phase reactors

The energy balances of three-phase reactors can be described in an analogous way to
homogeneous reactors or catalytic two-phase reactors. The basic difference is that three
phases appear in the system. However, the role of the gas phase is often minor in the
energy balance; thus the balance equations presented for catalytic two-phase reactors
can be used as a first approximation. The addition of the energy balance equation for
the gas phase in the set of equations is principally simple, and does not change the struc-
ture of the mathematical problem in most cases, since three-phase reactors typically op-
erate in a concurrent mode. If the gas and liquid phases have a vigorous contact, which
is typically the case in slurry reactors, the gas and liquid phases have the same tempera-
ture, and the gas- and liquid-phase energy balances can be added together to sim-
plify the problem. Without going into the details, the energy balance equations for a

Table 5.2: Analytical solutions of eq. (5.58) for selected, common kinetics.

Rate equation Mass balance Analytical solution

R= k dcA
dt

=− ρBk cA0 − cA = ρBkt

R= kcA
dcA
dt

= −ρBkcA ln
cA0
cA

� �
= ρBkt

R= kcA
1+ KcA

dcA
dt

= −ρB
kcA

1+ KcA
ln cA0

cA

� �
+ K cA0 − cAð Þ= ρBkt
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concurrent fixed bed, a CSTR and a batchwise operated slurry reactor are given
below. The gas, liquid and solid phases are presumed to have the same temperature.

Fixed bed:

dT
dVR

=

Ps
j=1

Rj −ΔHrj
� �

ρBεL −U S
VR

� �
T −Tcð Þ

_mLcpL + _mGcpG
(5:59)

CSTR:

T −T0

VR
=

Ps
j=1

Rj −ΔHrj
� �

ρBεL −U S
VR

� �
T −Tcð Þ

_mLcpL + _mGcpG
(5:60)

Batch slurry reactor:

dT
dt

=

Ps
j=1

Rj −ΔHrj
� �

ρBεL −U S
VR

� �
T −Tcð Þ

cpLρ0Lε0L + cpGρ0Gε0G
(5:61)

5.3 Numerical aspects

The mathematical models of catalytic three-phase reactors are summarized in Table 5.3.
As we can see in the table, most cases correspond to partial and ordinary differential

Table 5.3: Mathematical model structures for catalytic three-phase reactors.

Tank reactor

Dynamic ODE IVPð Þ
Steady-state NLE

Column reactor with axial dispersion

Dynamic concurrent PDE, parabolic system
Dynamic countercurrent PDE, parabolic system
Steady-state concurrent ODE BVPð Þ
Steady-state countercurrent ODE BVPð Þ

Column reactor with plug flow

Dynamic concurrent PDE hyperbolicð Þ, IVP
Dynamic countercurrent PDE BVPð Þ
Steady-state concurrent ODE IVPð Þ
Steady-state countercurrent ODE BVPð Þ

BVP = boundary value problem ODE = ordinary differential equation
IVP = initial value problem PDE = partial differential equation

NLE = non-linear equation
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equations. The steady-state models are typically boundary value problems: the solution
of these is tricky, since the inlet concentrations are known at opposite ends of the reac-
tor for countercurrent operation. However, most three-phase fixed bed reactors operate
in a concurrent mode. The simplest model is the concurrent plug flow model in a steady
state: it is an initial value problem, which can be solved in a very straightforward man-
ner by the algorithms for stiff ODEs (Appendix B). For the steady-state axial dispersion
model, discretization is applied, either with finite differences or orthogonal collocation
(Chapter 3). Thus the ODEs are transformed into nonlinear equations, which are solved,
for instance, with the Newton-Raphson method (Appendix A). The Newton-Raphson
method can, of course, be applied to the solution of the steady-state model for continu-
ous tank reactors.
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Figure 5.4: Parameter estimation in a dynamic three-phase fixed bed reactor. Case study:
enantioselective hydrogenation of ethyl benzoilformate over platinum supported catalyst in the presence
of a surface modifier (cinchonidine) at different temperatures. (Toukoniitty et al. 2010).

90 5 Modelling of three-phase systems



However, convergence problems often appear in connection with the solution of
steady-state models. Therefore, the solution of dynamic models is much preferable. The
spatial derivatives are discretized by finite differences or by spline collocation: as a re-
sult, the stiff PDEs are transformed into ODEs, initial value problems with respect to the
reaction time. Again, we can take advantage of the very robust and efficient algorithms
for stiff ODEs. Some examples are shown in Figure 5.4.
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6 Modelling of gas-liquid systems

Gas-liquid reactors are used to carry out reactions between dissolved gas and compo-
nents which predominantly reside in a liquid phase. From the chemical viewpoint, a
gas-liquid reaction is a reaction in the liquid phase, but the mass transfer of gaseous
components influences the overall rate of the process. In addition, the gaseous com-
ponents have a limited solubility in the liquid phase. Theories developed for homo-
geneous reactors are thus not sufficient to describe gas-liquid reactors.

Industrially applied gas-liquid reactions are numerous. Gas-liquid processes have
two main purposes: synthesis of chemicals through a chemical reaction, and purification
of gases via chemical absorption. Typical examples of manufacturing of chemicals are
halogenation and sulphonation of organic components. These reactions are frequently
applied as intermediate steps in the synthesis of fine chemicals. Purification of gases is
a necessity in many industrial processes, for instance in the preparation of the synthesis
gas for ammonia production. Moreover, removal of carbon dioxide and dihydrogen sul-
phide from process gases is frequently addressed. Many of the gas purification opera-
tions can be carried out as physical absorption, in the absence of chemical reactions,
but the absorption rate is considerably enhanced by adding a reactive component in
the liquid phase. A short list of industrially applied gas-liquid processes is provided in
Table 6.1.

A large variety of gas-liquid reactors is used on the industrial scale. Some typical
reactor configurations are displayed in Figure 6.1. For chemical synthesis on a small
scale, a semi-batch stirred tank is frequently used. Fresh feed gas is bubbled through
the liquid phase, and unreacted gas is circulated back into the reactor vessel. Stirred

Table 6.1: Selected industrially applied gas-liquid reactions.

Absorption of NO in HO in the production of HNO

Absorption of CO in NaOH and KOH
Absorption of CO in amine solutions
Absorption of COin ammonia solutions
Absorption of HS in amine solutions
Absorption of COS in NaOH

Oxidation of anthraquinole into anthraquinone in the H2O2 process
Oxidation of ethane into acetaldehyde
Oxidation of cumene into cumene hydroxide in the phenol acetone process
Oxidation of waste water
Oxidation of toluene into benzoic acid
Oxidation of xylene into phtalic acid

Chlorination of aromatic hydrocarbons
Chlorination of acetic acid into monochloroacetic acid

https://doi.org/10.1515/9783110797985-006

https://doi.org/10.1515/9783110797985-006


tanks can be operated continuously (CSTRs), but this is not particularly efficient, be-
cause the conversion level remains low. For very special reaction kinetics, such as
autocatalytic processes, a CSTR can become a preferable choice. The efficiency of a
CSTR can be improved by coupling tanks in series, similarly to homogeneous pro-
cesses. The gas-phase component can be fed separately to the tanks in order to steer
the product selectivity.

The most common gas-liquid reactor configuration is a bubble column (Figure 6.1).
Its operation principle is very simple: gas and liquid flow through a column, which
might be equipped with static mixers. Bubble columns can also operate as semi-batch
reactors; typically the liquid phase is in batch, and a gas flows through the reactor. In
this way, slow organic reactions are carried out in an efficient way.

The reactors discussed above are used in the synthesis of chemicals. In the puri-
fication of gases, the requirements for an efficient reactor system are rather differ-
ent. The reactions are often of ionic character, such as absorption of CO2 in KOH
and absorption of H2S into amine solutions. This implies that the intrinsic process is
rapid, but very low gas contents are required at the reactor outlet. Thus, an efficient
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Figure 6.1: Typical, industrially applied reactor configurations and column packing materials (Charpentier
(1981)).
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gas-liquid contact, that is, a high interfacial area-to-reactor volume ratio is demanded.
This is accomplished by filling the column with a packing material (Figure 6.2). The
packed column reactor is operated in a countercurrent mode. This ensures that the out-
let gas is in contact with a fresh liquid which has a high concentration of the liquid-
phase component.

In spite of the large variety of physical configurations of gas-liquid reactors, the
modelling principles can be very much generalized, as will be demonstrated in the
subsequent sections. The central issue is the description of the gas-liquid contact in
the interfacial domain of the reactor. During the history of chemical engineering,
several theories have been developed to describe the interfacial phenomena of
gas-liquid reactions.

6.1 Gas-liquid contact

It is generally agreed that the domains close to the interface of a gas bubble and the
liquid phase deviate from the bulk phases of gas and liquid, particularly in reactors
operating on an industrial scale. In laboratory reactors, an enormous stirring effect
per reactor volume can be achieved, and turbulence is locally well-developed.
Consequently, the concentration of dissolved gas approaches the solubility limit of
the gas. For reactors operating on a large scale, this is not often possible, since the
stirring effect is insufficient. Instead, stagnant zones develop, particularly on the
liquid-side of the interface (Figure 6.3).

The simplest way to describe this effect is provided by the two-film theory devel-
oped in early 1900s. According to the film theory, the gas-liquid interface is surrounded
by gas and liquid films, in which the mass transport takes place solely via molecular
diffusion. Thus the theory developed for simultaneous reaction and diffusion in porous
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TelleretteIntalox
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Intalox
ring

Figure 6.2: Common types of column packing materials (Trambouze et al.(1988)).
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media can be applied directly to the liquid films in gas-liquid contact (Section 4.1). For
the gas film the situation is simpler, because no reactions take place in the gas phase.
The main weakness of the film theory is the description of the film thickness, which is
not an unequivocal quantity: the stagnant zone changes gradually to a turbulent zone
in the bulk phase.

Because of the theoretical pitfalls of the film theory, more advanced concepts have
been developed for the gas-liquid contact, such as the penetration theory of Higbie
(1935) and the surface renewal theory of Danckwerts (Danckwerts (1970)). Both of these
consider dynamic effects in the liquid phase, namely transient diffusion effects. The vi-
cinity of the gas-liquid interface is considered as an infinite continuum where reaction
and diffusion take place simultaneously. The theory of Danckwerts describes the sur-
face as a mosaic structure where the surface elements follow a residence time distribu-
tion, typically an exponential function of the type e−st (s = surface renewal parameter).
The time dependent flux (N tð Þ) is obtained from the solution of the dynamic mass bal-
ance of the liquid phase, for different residence times on the interface. The average flux
is finally calculated by integration of the time-dependent flux.

Numerical comparisons have shown that fluxes predicted by the surface renewal
theory and the simple film theory are rather close. This might be the reason for the fact
that the film theory still competes very well with the more advanced theories. As a mat-
ter of fact, the breakthrough of numerical computing has even strengthened the role of
the two-film theory, despite its philosophical weaknesses. Below, we will limit the quan-
titative treatment to the film theory.

Gas bubble

Figure 6.3: Flow profiles surrounding a gas bubble.
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6.2 Gas and liquid films

At the core of understanding gas-liquid reactors is the description of the gas-liquid
contact in the interfacial area; therefore, the balance equations of gas and liquid films
are treated in this section. Chemical reactions are assumed to proceed in the liquid
film, while only mass transfer appears in the gas film. Thus, the description of the gas
film can be obtained as a special case of the liquid film solution.

6.2.1 Mass balances for films

The gas-liquid film in any gas-liquid reactor can be described by the schematic re-
presentation displayed in Figure 6.4.

A volume element in the liquid film is defined as

ΔVL =AΔz (6:1)

where A and Δz denote the cross-section and length, respectively. The mass balance of
an arbitrary component (i) is based on the following principle:

Influx through diffusion+ reaction= outflux through diffusion+ accumulation

Quantitatively this can be expressed by

−DLi
dcLi
dz

A
� �

in
+ riΔVL = −DLi

dcLi
dz

A
� �

out
+ dnLi

dt
(6:2)

Figure 6.4: A schematic image of a gas-liquid film in a gas-liquid reactor.
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The accumulation term is expressed by the concentrations in the volume element:

dnLi
dt

= ΔVL
dcLi
dt

=AΔz
dcLi
dt

(6:3)

The difference between the diffusion terms is denoted by

DLi
dcLi
dz

A
� �

out
− DLi

dcLi
dz

A
� �

in
= Δ DLi

dcLi
dz

A
� �

(6:4)

Thus, the balance for the liquid film becomes

dcLi
dt

= Δ
AΔz

DLi
dcLi
dz

A
� �

+ ri (6:5)

After eliminating the cross-section area, the difference equation is obtained:

dcLi
dt

= Δ
Δz

DLi
dcLi
dz

� �
+ ri (6:6)

Letting Δz approach zero, the concentration derivative appears:

dcLi
dt

= d
dz

DLi
dcLi
dz

� �
+ ri (6:7)

Usually, DLi is assumed to remain constant inside the liquid film, which allows a sim-
plification of eq. (6.7):

dcLi
dt

=DLi
d2cLi
dz2

+ ri (6:8)

Introduction of a dimensionless coordinate (x) for the liquid film,

z = xδL (6:9)

where δL denotes the film thickness, implies that

dcLi
dt

= DLi

δ2L

d2cLi
dx2

+ ri (6:10)

According to the film theory, the mass transfer coefficient (kLi) is defined by

kLi =
DLi

δL
(6:11)

In a steady state, the time derivative disappears,

dcLi
dt

=0 (6:12)
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and we obtain the film equation in the following forms

DLi
d2cLi
dz2

+ ri =0, z 2 0, δL½ � (6:13)

DLi

δ2L

d2cLi
dx2

+ ri =0, x 2 0, 1½ � (6:14)

The latter equation represents the dimensionless length coordinate.
A completely analogous derivation can be carried out for the gas film. However,

since no chemical reactions take place, a simpler equation is obtained, analogously
with eq. (6.10),

dcGi
dt

= DGi

δ2G

d2cGi
dx2

, x 2 0, 1½ � (6:15)

The mass transfer coefficient for the gas film is defined by

kGi =
DGi

δG
(6:16)

The film equations derived above have 2N boundary conditions (BC). The BCs at the
gas-liquid interface are obtained by setting the fluxes equal on the interface:

Ns
Gi =Ns

Li (6:17)

where the fluxes according to Fick’s law are expressed as

Ns
Gi = −DGi

dcGi
dz

� �
= −

DGi

δG

dcGi
dx

� �
(6:18)

Ns
Li = −DLi

dcLi
dz

� �
= −

DLi

δL

dcLi
dx

� �
(6:19)

In a steady state, the time derivative of the concentration is zero, and the flux through
the gas film is obtained from

DGi

δ2G

d2cGi
dx2

=0 (6:20)

which gives linear concentration profiles. The solution is

Nb
Gi =Ns

Gi =
DGi

δG
cbGi − csGi
� �

(6:21)
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Consequently, we have at x=0:

DGi

δG
cbGi − csGi
� �

= −
DLi

δL

dcLi
dx

� �
x=0

(6:22)

The use of the phase-equilibrium ratio (Ki) on the gas-liquid interface implies that the
gas-phase concentration can be easily eliminated, as described below:

Ki =
csGi
csLi

, csGi =KicsLi (6:23)

Equation (6.23) is inserted in eq. (6.22), giving

DLi

δL

dcLi
dx

� �
x=0

+ DGi

δG
−KicsLi + cbGi
� �

=0 (6:24)

A rearrangement of eq. (6.24) gives

DLiδG
DGiδL

dcLi
dx

� �
x=0

+ cbGi −KicsLi
� �

=0 (6:25)

DLi

δL

δG
DGi

= kLi
kGi

, csLi = cLi (6:26)

where the ratio between the mass transfer coefficients appears spontaneously:

kLi
kGi

dcLi
dx

� �
x=0

+ cbGi −KicLi =0, at x=0 (6:27)

The boundary condition is thus compressed to eq. (6.27), which is a very general bound-
ary condition, valid at x=0. Some special cases will be discussed below.

In the absence of the gas-film resistance, kGi ! ∞, the first term in eq. (6.27) van-
ishes. Towards the end of the film (x= 1, z = δL), the boundary condition is

cLi = cbLi, x= 1 (6:28)

that is, the concentration is locally known.
For non-volatile compounds, we have a special case of eq. (6.27), since cbGi and Ki

are zero.

dcLi
dx

=0, x=0 (6:29)

An analytical solution of the film equations is possible for simple kinetics, for example, iso-
thermal first and zero-order kinetics. Some analytical solutions are provided in Table 6.2.
For general kinetics a numerical solution is inevitable.
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6.2.2 Energy balances for liquid films

In cases where the reaction enthalpy deviates clearly from zero, energy balances for
liquid films are needed to predict the temperature profile inside the liquid film as
well as to describe the heat flux between gas and liquid phases. Several chemical re-
actions are assumed to take place in the liquid film. Furthermore, heat transfer inside
the film is described by the law of Fourier. The energy balance for the liquid film can,
therefore, be written as

−λL
dT
dz

A
� �

in
+
X
j

Rj − ΔHrj
� �

ΔVL = − λL
dT
dz

A
� �

out
+
X
i

cLicvmLiΔVL
dT
dt

(6:30)

After recalling that ΔVL =AΔz, we get

Δ
Δz

λL
dT
dz

� �
+
X
j

Rj − ΔHrj
� �

=
X
i

cLicvmLi
dT
dt

(6:31)

Allowing Δz ! 0 and assuming λL. constant, which is a very reasonable approxima-
tion for liquids, the second-order differential equation is obtained:

λL
d2T
dz2

+
X
j

Rj − ΔHrj
� �

=
X
i

cLicvmLi
dT
dt

(6:32)

Introduction of a dimensionless coordinate gives (x= z=δL)

X
i

cLicvmLi
dT
dt

= λL
δ2L

d2T
dx2

+
X
j

Rj − ΔHrj
� �

(6:33)

Table 6.2: Analytical solutions of film equations for zero- and
first-order isothermal cases M1=2 =Hatta number

� �
.

Zero-order reaction

cLA zð Þ= −
νAkδ

2
L

2DLA
z
δL

� �2
+ cbLA − csLA +

νAkδ
2
L

2DLA

� �
z
δL

� �
+ csLA

First-order reaction

cLA zð Þ=
cbLAsinh M1=2 z

δL

� �� �
+ csLAsinh M1=2 1− z

δL

� �� �
sinh M1=2

� �
M1=2 = δL

ffiffiffiffiffiffiffiffiffiffiffi
− νAk

DLA

q
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Typically, for liquid-phase systems, the difference between cvmLi and cpmLi is minor, and
the term

P
cLicvmLi can be replaced by the mass-based heat capacity and density, cpρ.

In a steady state, the time derivative vanishes and the energy balance is
reduced to

λL
δ2L

d2T
dx2

+
X
j

Rj − ΔHrj
� �

=0 (6:34)

A heat transfer coefficient hL is defined analogously with the mass transfer coefficient,

hL =
λL
δL

(6:35)

The boundary condition (BC), on the gas-liquid interface, is obtained by setting the
heat fluxes equal on the interface:

Ms
G = hG Tb

G −Ts
G

� �
, hG =

λG
δG

(6:36)

Ms
L = −

λL
δL

dT
dx

� �
x=0

= −hL
dT
dx

� �
x=0

(6:37)

We obtain

−hL
dT
dx

� �
x=0

+ hG Tb
G −Ts

G

� �
=0, Ts

G = T (6:38)

hL
hG

dT
dx

� �
x=0

+ T −Tb
G =0, x=0 (6:39)

which is completely analogous with the mass balance equation, eq. (6.27). At the end
of the film we have the simple boundary condition,

T =Tb
L , x= 1 (6:40)

since the temperature is locally known.
The mathematical model for non-isothermal cases thus consists of mass balances,

eqs. (6.10) and (6.15), along with the energy balance equation, eq. (6.33). Since the rate
equations depend exponentially on the temperature, the system of differential equations
is strongly nonlinear also for zero- and first-order kinetics. Concentration and tempera-
ture profiles in the liquid film are obtained through numerical solution. The liquid film,
however, represents a local quantity only. In order to get a global view of reactor perfor-
mance, the film equations are coupled to macroscopic balance equations of a reactor.
Therefore, gas-liquid tank reactors and column reactors are considered in the following
sections.
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6.3 Gas-liquid tank reactors

The mass balances for completely backmixed, gas-liquid tank reactors are described
in this section. As a special case, semi-batch reactors are considered. In addition, the
coupling of the film and bulk phase balance equations is discussed. A schematic view
of the reactor is provided in Figure 6.5.

For a continuous tank reactor, the mass balance of an arbitrary component (i) is given as
the general conservation equation for the liquid phase:

_n0Li +NG
LiA+VLri = _nLi +

dnLi
dt

(6:41)

VL = εLVR (6:42)

where εL denotes the liquid hold-up; for reactors without packing elements,
εG + εL = 1. For the gas phase, the balance equation is simpler, since chemical reac-
tions are absent:

_n0Gi =Nb
GiA+ _nGi +

dnGi
dt

(6:43)

For the interfacial area, we introduce A= a0VR and obtain, after some rearrangement:

Liquid out

Liquid feed

Gas out

Gas feed

Figure 6.5: A schematic illustration of a gas-liquid tank reactor.
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dnLi
dt

= _n0Li − _nLi +Nb
Lia0VR + 1− εGð ÞVRri (6:44)

dnGi
dt

= _n0Gi − _nGi +Nb
Gia0VR (6:45)

The interfacial fluxes are related according to Figure 6.4, that is

Nb
Gi =Ns

Li ≠Nb
Li (6:46)

The initial conditions for the balance equations are given by

nLi = n0Li and nGi = n0Gi, at t =0 (6:47)

In a steady state, the time derivatives disappear, and we have dnLi=dt =0, dnGi=dt =0.
The balance equations take very simple algebraic forms:

_nLi − _nLi0
VR

=Nb
Lia0 + 1− εGð Þri (6:48)

_nGi − _nGi0
VR

= −Nb
Gia0 (6:49)

The fluxes needed in eqs. (6.48) and (6.49) are obtained from the solution of the film
equation, as discussed in the previous section.

6.4 Gas-liquid column reactors

In the derivation of mass balances for gas-liquid column reactors, the following basic
assumptions are made: axial dispersion effects are included both for gas and liquid and
the reactor can operate in a concurrent or a countercurrent mode. Radial dispersion is
neglected. The considerations are mainly devoted to columns without packing materi-
als, but the treatment can easily be extended to packed columns, too.

In column reactors, the degree of backmixing is very different in the gas and liq-
uid phases. A general rule of thumb is that the gas phase is close to plug flow, while
the degree of backmixing can be high for the liquid phase (Deckwer (1985)).

An infinitesimal volume element of the column is considered (Figure 6.6). The co-
ordinate system is selected according to the flow of liquid.

For the liquid phase, the balance equation is written as:

_nLi,in + −DL
dcLi
dl

� �
in
AL +Nb

LiΔA+ riΔVL = _nLi,out + −DL
dcLi
dl

� �
out

AL +
dnLi
dt

(6:50)

where the interfacial area is defined by
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AL = εLA, ΔVL = εLAΔl (6:51)

The definition is inserted in eq. (6.50), which becomes

Δ DL
dcLi
dl

� �
εLA+Nb

LiΔA+ riεLAΔl= Δ _nLi (6:52)

The interfacial element, ΔA, is obtained from

av =
ΔA
ΔVR

(6:53)

In literature, correlations are provided for a0. At the next stage, the volume and length
elements are allowed to diminish, Δl ! 0, and the differential equation is obtained:

d
dl

DL
dcLi
dl

� �
εL

	 

+Nb

Liav + riεL =
d _nLi
Adl

(6:54)

After introducing a dimensionless variable, z = l=L, the liquid-phase balance equation
gets the final form:

d _nLi
dz

= DLεLVR

L2
d2cLi
dz2

+Nb
LiavVR + riεLVR (6:55)

For the gas phase – in the volume element – the balance equations can be derived in
completely analogous manner, as illustrated below. The difference equations for the
gas-phase volume element become:

_nGi,in + −DG
dcGi
dl

� �
in
AG = _nGi,out + −DG

dcGi
dl

� �
out

AG +Nb
GiΔA+ dnGi

dt
(6:56)

l

A

Di

l + Δl

Δl

Figure 6.6: A column reactor gas-liquid reactor.

104 6 Modelling of gas-liquid systems



Δ DG
dcGi
dl

� �
εGA

	 

= Δ _nGi +Nb

GiAΔl+AΔl
dcGi
dt

(6:57)

After letting the volume element to diminish, Δl ! 0, we get a differential equation:

d
dl

DG
dcGi
dl

� �
εGA−Nb

GiavA= d _nGi
dl

+ dcGi
dt

A (6:58)

Assuming steady-state operation, the dimensionless coordinate z = l=L is introduced,

d _nGi
dz

= DGεGVR

L2
d2cGi
dz2

−Nb
GiavVR (6:59)

The second derivative of the concentration can be approximated by

d2cGi
dz2

= d2 _nGi= _VG
� �
dz2

≈
1
_VG

d2 _nGi
dz2

(6:60)

which, in turn, is inserted in eq. (6.56). As a result, we obtain everything as a function
of the molar flow:

d _nGi
dz

= DGεGVR

L2 _VG

d2 _nGi
dz2

−Nb
GiavVR (6:61)

The derivations above were presented in a coordinate system defined by the direction
of the gas flow. For a concurrent flow, the gas and liquid coordinates coincide, while
for a countercurrent flow z is changed to 1− z. In the steady-state balance equation,

± d _nGi
dz

= DGεGVR

L2 _VG

d2 _nGi
dz2

−Nb
GiavVR (6:62)

the signs + and − refer to concurrent and countercurrent flows, respectively. The
Péclet number for the gas phase is defined by

L2 _VG

DGVR
= L2 _VG

DGAL
= wGL

DG
=PeG =BoG (6:63)

For plug-flow conditions, the balance equations are essentially simplified, since the
dispersion terms are ignored:

± d _nGi
dz

= −Nb
GiavVR (6:64)

d _nGi
dz

= −Nb
GiavVR cocurrent (6:65)
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d _nLi
dz

= DLεLVR

L2
d2cLi
dz2

+Nb
LiavVR + εLVRri (6:66)

d _nGi
dz

= +Nb
GiavVR countercurrent (6:67)

The dispersion term is approximated by

d2cLi
dz2

= d2 _nLi= _VL
� �
dz2

≈
1
_VL

d2 _nLi
dz2

(6:68)

after which the balance equation takes the form (εL = 1− εG):

d _nLi
dz

= 1− εGð ÞDLVR

L2 _VL

d2 _nLi
dz2

+Nb
LiavVR + 1− εGð ÞVRri (6:69)

where a dimensionless quantity, the liquid-phase Péclet number appears spontaneously,

L2 _VL

DLVR
= wLL

DL
=PeL =BoL (6:70)

The dimensionless number is usually called the Péclet number (Pe), although, in German-
speaking countries, it is often referred to as the Bodenstein number (Bo). The following
limiting cases are of interest: PeL =0 (high value of the dispersion coefficient) implies
complete backmixing, while PeL =∞ gives the plug flow model:

d _nLi
dz

=Nb
LiavVR + 1− εGð ÞVRri (6:71)

Boundary conditions for balance equations
The second-order differential equations describing gas and liquid phases form a bound-
ary value problem (BVP), in which 2N (N = number of components) boundary conditions
(BCs) are necessary. The boundary condition for the entrance of the liquid phase is ob-
tained in the following consideration: a molar flow (plug flow) is fed into the reactor ves-
sel and instantaneously transformed into a dispersed flow. This leads to the relationship,

_n0Li = _nLi + dispersion (6:72)

_n0Li = _nLi + −DL
dcLi
dl

AL

� �
l=0

(6:73)

which can be rewritten as (AL = εLA, A=VR=L)
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_n0Li = _nLi −
εLDLVR

L2 _VL

d _nLi
dz

, z =0 (6:74)

The above eq. (6.74) is the well-known Danckwerts’ boundary condition for the reac-
tor inlet.

At the outlet, all concentration and molar flow gradients are presumed to disappear:

d _nLi
dz

=0, z = L (6:75)

This is the thermodynamically consistent outlet boundary condition proposed by
Danckwerts (1953).

For the gas phase, a completely analogous reasoning gives us

_n0Gi = _nGi ±
εGDGVR

L2 _VG

d _nGi
dz

(6:76)

where the signs, − and + , again denote cocurrent and countercurrent flows, respec-
tively. For the outlet we have, in line with eq. (6.75)

d _nGi
dz

=0 (6:77)

where z = 1 for cocurrent and z =0 for countercurrent operation.

6.5 Energy balances for gas-liquid reactors

The energy balances for gas-liquid reactors can be derived in an analogous manner to
mass balances. The role of the gas phase in the energy balance is usually minor, and it
is thus ignored in many treatments. If the gas and liquid phases can be assumed to
have the same temperature, the treatment is essentially simplified. However, it is neces-
sary to take into account the heat effect originating from the film reactions if the reac-
tions are rapid. Thus, two heat source terms are in principle included, those originating
from film and bulk reactions. In many cases, one of them is negligible. For slow reac-
tions, only the bulk-phase source term is of importance. The steady-state energy balan-
ces for column reactors and perfectly backmixed tank reactors (CSTRs) are given below.

Column reactor:

dT
dVR

=
Ð δL
0

Ps
j=1 Rj −ΔHrj

� �
dzav +

Ps
j=1 Rj −ΔHrj

� �
εL −U S

VR

� �
T −Tcð Þ

_mLcpL + _mGcpG
(6:78)
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Tank reactor:

T � T0

VR
=
Ð δL
0

Ps
j=1 Rj −ΔHrj

� �
dzav +

Ps
j=1 Rj −ΔHrj

� �
εL −U S

VR

� �
T −Tcð Þ

_mLcpL + _mGcpG
(6:79)

The integrals in the equations describe the contribution of the film to the balance
equation, and it is obtained from the solution of the liquid film equations, as de-
scribed in Section 6.2.

It should be remembered that the gas and liquid phases are presumed to have the
same temperature in the above equations. The contributions of the gas and the liquid
to the energy balance can be checked by calculating the terms in the denominators. It
should be noticed that the gas and liquid phases can have different temperatures in
column reactors; for such cases, separate balance equations are needed.

6.6 Physical properties of gas-liquid systems

The essential physical properties needed in gas-liquid reactor modelling are discussed
briefly in this section. The most important quantities are the diffusion coefficients for
the gas and liquid phases. The mass transfer coefficients appearing in the models are
not discussed, since the topic is scattered and somewhat controversial: many correla-
tions have been published in literature, but in connection with any new design project,
it is necessary to conduct a new search in the most recent publications.

6.6.1 Diffusion coefficients in gas and liquid

Gas phase
The Fuller-Schettler-Giddings equation gives the binary diffusion coefficient in the gas
phase (Reid et al. (1988)):

Dik =
T=Kð Þ1.75 g=molð Þ

Mi

� �
+ g=molð Þ

Mk

� �h i1
2 · 10−7

P=atmð Þ v1=3i + v1=3k

� �2 m2=s
� �

(6:80)

These binary diffusion coefficients are used directly if the diffusion is described by
Stefan-Maxwell equations. In case of simpler diffusion models, the single-component
diffusion coefficients are then obtained from the Wilke approximation (Reid et al.
(1988)):
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Dmi =
c− ciPN
k=1, k≠i

ck
Dik

(6:81)

where c is the total concentration of gas obtained from the gas law, c= P ci, and Dik

denotes the binary diffusion coefficient calculated from eq. (6.80). According to the
film theory, we have the relations

Di =DGi and kGi =
DGi

δi
(6:82)

It should be noted, however, that the mass transfer coefficient is not in practice pro-
portional to the first power of the diffusion coefficient, but existing correlations typi-
cally predict a power in the range of ~0.6. The more advanced surface renewal theory
of Danckwerts (1970) predicts the power of 0.5 highly realistically.

Liquid phase
The theoretical concept of liquid-phase diffusion is not very well developed. This is
due to the complexity of the liquid phase, for example, aggregation of molecules,
attraction and repulsion between ionic species and the complex character of molec-
ular collisions in the liquid phase. Semi-empirical equations for liquid-phase diffu-
sion coefficients use the Stokes-Einstein (S-E) formula as a starting point. According
to S-E equation (Reid et al. (1988)), the diffusion coefficient of a solute (A) in a sol-
vent (B) is obtained from

DAB =
RT

6πμBRA
(6:83)

where μB is the solvent viscosity and RA is the gyration radius of the molecule A.
Several modifications of the Stokes-Einstein equation have been suggested in

order to change the molecule radius into a more tractable, simpler quantity and to
improve correspondence with experimental data. Wilke and Chang (1955) have pro-
posed the formula:

DAB =
7.4 x 10−12

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ΦMB g=molð Þ½ �p

T=Kð Þ
μB=cPð ÞVA

0.6 m2=s
� �

(6:84)

where Φ is the association factor of the solvent, MB the solvent molar mass and VA

the molar volume of the solute at the normal boiling point.
The association factor describes the aggregation of molecules; for instance, non-

polar hydrocarbons do not aggregate at all, while water forms oligomers through hy-
drogen bonds. Thus the most common solvent, water, is the most cumbersome one to
be described. Values of some association factors (Φ) are listed in Table 6.3.

6.6 Physical properties of gas-liquid systems 109



Several modifications of the original Wilke-Chang formula exist; the reader is re-
ferred to Reid et al. (1988). The benefit of the Wilke-Chang equation is that it is easily
extended to solvent mixtures, for which we propose:

DAm = 7.4 · 10−12
ffiffiffiffiffiffiffiffi
ϕM

p
T=Kð Þ

μmVA
0.6 m2=s

� �
, where ϕM =

XN
i=1

xiϕiMi (6:85)

It should be noted that eq. (6.85) contains solvent viscosity (μm), which is crucial for cor-
rect prediction of the diffusion coefficient. The association factor, ϕi, is determined em-
pirically. VA is the molar volume of the solved molecule at the normal boiling point. If
experimental data for Vi:s is not available, it can be estimated from molar (atomic) in-
crements of Le Bas (Reid et al. (1988)). Some atomic increments are listed in Table 6.4.

The Scheibel correlation (Scheibel (1954)) is a modification of the Wilke-Chang equation
that eliminates the use of association factor and estimates the infinite diffusivities:

D0
AB =

8.2 · 10−8 ·T
μBVA

1=3
1+ 3VB

VA

� �2=3" #
cm2=s
� �

(6:86)

where D0
AB is the diffusion coefficient for a dilute solute A into the solvent B.

Tyn and Calus (Reid et al. (1988)) have suggested a simple formula for the estima-
tion of Vi

Table 6.3: Association factors for some common
solvents.

Solvent Φ

Water .
Methanol .
Ethanol .
Nonpolar organic solvents .

Table 6.4: Atomic increments of Le Bas for calculations
of molar volumes.

Atom Increment (cm/mol)

Carbon .
Hydrogen .
Oxygen✶ –

Chlorine .

✶Depending on the compound
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Vi

cm3=mol

� �
=0.285 Vc

cm3=mol

� �1.048
(6:87)

where Vc is the critical volume of the solute. This value is accessible in various data-
bases (e.g. Reid et al. (1988)).

The solvent viscosity, μB, is needed in the Wilke-Chang equation. Several empiri-
cal formulae for μ exist, such as

μ=ATB (6:88a)

ln μð Þ=A+ B
T
+CT +DT2 (6:88b)

ln μð Þ=A+ B
T

(6:88c)

These equations are of an empirical character; typically, the coefficients (A . . .D) are
obtained from experimental viscosity data by regression analysis. Coefficient values
for pure components are listed in ref. (Reid et al. (1988)).

For concentrated binary solutions, the Vignes equation (Vignes (1966)) can be
used to predict the diffusion coefficient from the infinite dilute coefficients as a func-
tion of the composition

D1,2 =D2,1 = D0
1,2

� �x2 · D0
2,1

� �x1 (6:89)

For concentrated multicomponent systems, several mixing rules are available from the
literature. A commonly used one is the Perkins and Geankoplis equation (Perkins and
Geankoplis (1969)):

DAmμ0.8m =
Xn
i=1
i≠A

xiD0
A, iμ

0.8
i (6:90)

where μm is the viscosity of the liquid mixture, μi is the viscosity of compound i.
For solvent mixtures, the case is more tricky. Theories exist for the prediction of

viscosities of solvent mixtures, but the parameters needed in the formulae are usually
missing. A general rule of thumb is that the viscosity of a solvent mixture should be
determined experimentally. Experimental viscosity measurements are simple, inexpen-
sive and reliable.

Basically, we only discussed just one equation for liquid viscosity above. It is, how-
ever, not at all guaranteed that the Wilke-Chang equation is the best choice. Very much
depends on the solute and solvent molecules in the case. Particularly for aqueous solu-
tions, special correlations have been developed for diffusion coefficients. An excellent
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and critical overview of various equations proposed for liquid-phase diffusion is pro-
vided by Wild and Charpentier (1987).

6.6.2 Gas-liquid equilibrium

The gas-liquid equixlibrium ratio used in previous derivations (Section 6.2) is de-
fined by:

Ki =
csGi
csLi

(6:91)

where the subscript (s) refers to interfacial concentrations. De facto, this equilibrium
ratio is not a true constant as will be shown below. According to the laws of thermo-
dynamics, the equilibrium ratio is defined using the mole fractions

KTi =
yi
xi

(6:92)

where xi and yi denote the mole fractions in liquid and gas. For concentrations of in-
dividual species, we have

cG =
X
i

cGi, cL =
X
i

cLi (6:93)

which are inserted in the equilibrium ratio

Ki =
yi
xi

cG
cL

=KTi

cG
cL

(6:94)

This shows how the concentration-based equilibrium ratio is related to the thermody-
namic quantity. The thermodynamic ratio is a function of composition, temperature

and total pressure, that is KTi = f x, y,P,T
� �

. Thermodynamics tells us that this ratio is

related to the activity (fugacity) coefficients of the gas (G) and liquid (L) phases:

yi
xi

=KTi =
ΦL
i

ΦG
i

(6:95)

The activity coefficients for the gas phase are obtained in an equation of state, such as
Soave-Redlich-Kwong or Peng-Robinson equations (Reid et al. (1988)), while the activ-
ity coefficients are usually calculated from specific theories for liquid phase, such as
UNIQUAC-UNIFAC (Reid et al. (1988)). The reader is referred to special literature on the
topic.

The complete, rigorous thermodynamic modelling of gas-liquid equilibria described
above is frequently used in systems where all of the components principally coexist in
gas and liquid phases. These cases are very common in distillation processes, but not that
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common in gas-liquid reactions and absorption processes. Typically, few components
exist in the gas phase, and the volatility of most liquid-phase components is negligible.
For these kinds of limited gas solubility, the simpler relation proposed by Henry can be
used: Henry’s law states that gas solubility depends exclusively on temperature and, thus,
the constant in eq. (6.95) is a “true constant.” Usually Henry’s law is given in the form,

He= pi
cLi

orHe′= Pi

xLi
(6:96)

Tabulated data for Henry’s constants as a function of temperature is presented in the
comprehensive treatment of Fogg and Gerrard (1991). Empirically, the temperature de-
pendence of gas solubility can be described with an equation of the following kind:

ln xð Þ=A+ B
T
+C · ln Tð Þ+D (6:97)

where A, B, C and D are empirical coefficients, listed in Table 6.5.

6.7 Numerical strategies for gas-liquid reactor models

Mathematical structures of the gas-liquid reactor models are summarized in Table 6.6.
Since film equations are included, numerical methods for differential equations, bound-
ary value problems, are needed. For column reactor models, the derivatives with respect

Table 6.5: Selected gas solubilities according to eq. (6.95). Data from Fogg and Gerrard (1991).

Gas Solvent A B C D Temperature
interval/K

H2 H2O −. . .  –

H2 Hexane −. −.   –

Heptane −. −.   –

Octane −. −.   –

Benzene −. −.   –

Toluene −. −.   –

Methanol −. −.   –

Ethanol −. −.   –

O2 H2O −. . .  –

H2O −. . .  –

Benzene −. . .  –

Ethanol −. .   –

CO2 H2O −. . . −. − –

Benzene −. . .  –

Toluene −. . .  –
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to the column length imply that partial differential equations are involved. The key point
is how to discretize the film and column equations. A characteristic feature is the exis-
tence of very steep profiles in the liquid films, particularly for rapid reactions, in which
all gaseous reactants are consumed in the liquid film. This implies that global approxima-
tion methods, such as orthogonal collocation with a single polynomial, are not particu-
larly suitable for film equations. Spline collocation, that is, collocation on finite elements,
works well: the film is divided into subintervals, where orthogonal collocation is applied
to individual intervals and the continuity of the first derivative is required (Romanainen
and Salmi (1995)).

Alternatively, finite differences can be applied to the discretization. The use of equidistant
discretization requires a good number of discretization points but, as a compensation,
higher order difference formulae can be applied (see Table 6.7). Romanainen and Salmi
(1995) have proposed the use of a half-discretization scheme illustrated in Figure 6.7. The
benefit is the accumulation of points close to the phase boundary. The method is suitable
for extremely steep profiles. In practice, it is necessary to apply the half-even discretiza-
tion procedure illustrated in Figure 6.7: in the central part of the film, an even discretiza-
tion scheme is used, and it is replaced by a half-discretization scheme in the vicinity of
the phase boundary.

Romanainen and Salmi (1995) made an extensive comparison of various numeri-
cal approaches for gas-liquid reactor models (Table 6.8). Generally, we can conclude
that spline collocation applied to the films and column coordinates gives a very accu-
rate solution. In general, the solution of balances in the dynamic form with respect to
time is a very robust approach (Figure 6.8).

A final remark is worth noting: before launching the heavy numerical machinery,
it is wise to investigate carefully the rapidity of the reaction compared to the speed of
diffusion, that is, by evaluating the Hatta number (Table 6.2). For low Hatta numbers,
the complete reaction-diffusion model for the liquid film is not needed, but we can
keep to a simplified treatment, accounting for diffusion alone (no reaction) in the liq-
uid film. For the lowest Hatta numbers, even a saturation state of the liquid phase can
be assumed, and the reactor model de facto becomes similar to the models of homoge-
neous liquid-phase reactors (Chapter 3).

Table 6.6: Mathematical structures of gas-liquid reactor models.

Tank reactor model

Dynamic ODEs + parabolic PDEs
Steady state NLEs + ODEs (BVP)

Column reactor model (with axial dispersion)

Dynamic Parabolic PDEs
Steady state, co- or countercurrent ODEs BVP
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Table 6.7: Finite difference formulae.

Coefficients Amk for the multipoint central differentiation of the second derivative

m Am0 Am1 Am2 Am3 Am4 Am5 Am6 Am7 Am8

3†
1
1

−
2
1

1
1

5† −
1
12

16
12

−
30
12

16
12

−
1
12

7z
2

180
−

27
180

270
180

−
490
180

270
180

−
27
180

2
180

9z −
9

5040
128
5040

−
1008
5040

8064
5040

−
14350
5040

8064
5040

−
1008
5040

128
5040

−
9

5040

To illustrate

-point formula: d2y
dx2

� �
x0

= ð11 y�1 − 2
1 y0 + 1

1 y+ 1Þ
Δx2

Coefficients Bmk for the multipoint backward differentiation of first derivative

M Bm0 Bm1 Bm2 Bm3 Bm4 Bm5 Bm6 Bm7

1† −
1
1

1
1

2†
1
2

−
4
2

3
2

3† −
2
6

9
6

−
18
6

11
6

4†
3
12

−
16
12

36
12

−
48
12

25
12

5†
−

12
60

75
60

−
200
60

300
60

−
300
60

137
60

6z
10
60

−
72
60

225
60

−
400
60

450
60

−
360
60

147
60

7z −
60
420

490
420

−
1764
420

3675
420

−
4900
420

4410
420

−
2940
420

1089
420

To illustrate

-point formula: dy
dx

� �
x0

=
1
1 y0 −

1
1 y− 1

� �
Δx

-point formula: dy
dx

� �
x0

=
3
2 y0 −

4
2 y− 1 + 1

2 y−2
� �

Δx

† from Abramowitz and Stegun (1970)
z derived during this work
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Table 6.8: Overview of numerical strategies for gas-liquid reactors.

Gas-liquid tank reactor,
steady state

Discretize the liquid film with finite differences or orthogonal collocation,
solve the model as a set of NLE (include the film and bulk phase balances)
(Appendix A)

Gas-liquid reactor, dynamic Film discretization as above, solve the set of ODEs created with a stiff ODE
solver (Appendix A)

Gas-liquid column reactor,
steady state

Double discretization of the film and reactor length coordinate, solve the
set of NLEs created by an NLE solver (Appendix A)

Gas-liquid column reactor,
dynamic

Double discretization of the space coordinates as above, solve the ODEs
created with a stiff ODE solver (Appendix A)

Figure 6.7: Half-even discretization procedure.
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Figure 6.8: Simulation of bubble columns. Case study: Chlorination of p-cresol (Romanainen J., Numerical
approach to modelling of dynamic bubble columns, 1997).
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7 Structured reactors

Two classical reactor technologies have a long time been dominating in catalytic multi-
phase systems: slurry reactors and packed beds. Finely dispersed catalyst particles are
immersed in the reactive liquid, and the gaseous reactant is fed into the system. By apply-
ing intensive mixing, the gas-liquid and solid-liquid mass and heat transfer resistances
can be suppressed. Small catalyst particle sizes (typically <100 μm) are used to minimize
the internal mass transport limitation in the catalyst pores. The disadvantage is that the
slurry reactor technology is very much limited to batch and semibatch operations. Contin-
uous operation is possible by using fixed beds which are filled with catalyst particles.
Fixed beds – often called packed beds – are the workhorses of chemical industry, particu-
larly in the production of fuels and bulk chemicals. The main drawback of packed bed
technology is the heavy mass and heat transfer resistance inside the catalyst particles be-
cause the smallest particle size is limited by the pressure drop in the filled reactor tube.
By decreasing the particle size, the bed porosity ε diminishes and the pressure drop is
proportional to the bed porosity ε−3 (Section 4.2.5). Therefore, the minimum particle size
is limited to approximately 1 mm, and in practice, much larger particles are used, up to
1 cm. The effect of mass and heat transfer resistance can be investigated by numerical
simulation of the reaction-diffusion model (Section 4.2.3). A simulation example is shown
in Figure 7.1. Liquid-phase hydrogenation of sugars to sugar alcohols in the presence of a
nickel catalyst is considered. The figure shows that the concentration profiles are flat for
small catalyst particles (30 μm) but as soon as the particle size is increased, the diffusion
resistance becomes dominant, which results in a low effectiveness factor. Prominent con-
centration gradients appear for larger particles, and only the outer surface of the catalyst
is used efficiently.

Figure 7.1: Simulation of concentration profiles in catalyst particles of different sizes; hydrogenation of
lactose (blue) to lactitol (red) on nickel catalyst. Concentrations inside the particle in the beginning of the
reaction (left) and as a function of the reaction time in a batch reactor (right).

https://doi.org/10.1515/9783110797985-007

https://doi.org/10.1515/9783110797985-007


There exists, however, a solution to this dilemma: structured catalysts and reactors
combine the benefits of slurry and packed bed technologies, which implies that thin
catalyst layers are implemented in open structures. The best known example of this ap-
proach is automotive exhaust catalysis, where monolith structures with open channels
have made a great breakthrough. In recent times, several structured catalysts have
been developed for chemical production: monoliths, fibres, solid foams, microreactors,
and millireactors. Introduction of 3D printing technologies gives completely new per-
spectives to the design of structured catalysts and reactors. Examples of various struc-
tures are shown in Figure 7.2. The basic principle of all these innovations is the same:
the mechanical structure – typically a metal or ceramic framework – is wash-coated
with a porous support material and an active metal is deposited in the form of nano-
particles on the support. This technology enables the application of catalyst layers of
much less than 100 μm in the best cases, which guarantees the operation on the domain
of intrinsic kinetics. Therefore, the use of structured reactors, particularly microreac-
tors, has also a very fundamental aspect because it is possible to measure the intrinsic
reaction rates for rapid reactions in a well-controlled way (Hernández Carucci et al.
(2009); Schmidt et al. (2013); Mastroianni et al. (2022)). A microreactor system for

Figure 7.2: Examples of structured catalysts: aluminium foam coated with active carbon support (upper,
left), SEM image of the coated catalyst (upper, right), metallic monolith (lower, left), and SEM image of a
silica fibre catalyst (lower, right).
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laboratory-scale studies is shown in Figure 7.3. Mathematical modelling principles of
structured reactors and catalysts are treated in detail in this chapter.

7.1 Modelling principles and model equations

Detailed modelling of channels in microreactors, millireactors, and monolith struc-
tures easily becomes very complicated, particularly because of the geometrical struc-
tures, catalyst layers, and flow patterns in the channels. A ‘complete’ mathematical
model of a micro- or millireactor channel would require a combination of computa-
tional fluid dynamics based on the modelling of the flow pattern and the geometry as
well as the phenomena in the porous catalyst layer. A preliminary simulation of the
flow pattern under reaction-free conditions can however be helpful in diagnosing the
velocity distribution inside the channels. The flow pattern is not always necessarily
close to plug flow, but at low Reynolds numbers the laminar flow pattern is ap-
proached, which implies a residence time distribution of the fluid elements in the
channel (Hérnandez Carucci et al. (2009)). An example is provided in Figure 7.4. The
computations suggest that after a short inlet section, a very well-defined laminar flow
pattern is developed. This flow pattern indicates that a simplified laminar flow model
coupled to radial diffusion effects might be sufficient. In the fluid phase in the chan-
nel, no reactions are assumed to take place, while all the chemical transformations
are presumed to happen inside the porous catalyst layer.

For the sake of simplicity, a circular channel with a constant diameter is assumed
as shown in Figure 7.5.

Figure 7.3: Microreactor plates (left) and SEM image of microreactor channels (right).
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The mass balance for a fluid-phase component in an infinitesimal volume ele-
ment of the channel can be written as follows:

n′i;in + −Di
dci
dr

� �
ΔA′

� �
in
= n′i;out + −Di

dci
dr

� �
ΔA′

� �
out

+ dni
dt

(7:1)

where

n′i;out − n′i;in = Δn′i = ΔðciwÞΔA (7:2)

Figure 7.4: Computational fluid dynamic simulation of the flow pattern in a microreactor channel.

Δr

Δl

Di

·ni,out
·ni,in

Figure 7.5: Volume element in a circular microreactor channel.
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and

ni = ciΔV = ciΔAΔl (7:3)

The surface elements are

ΔA= 2πrΔr (7:4)

ΔA′= 2πrΔl (7:5)

Taking these definitions into account and rearranging eq. (7.1) gives after division by
2πrΔrΔl:

ΔðDiðdci=drÞrÞ
rΔr

= ΔðciwÞ
Δl

+ dci
dt

(7:6)

After letting the volume element to diminish, Δr ! 0 and Δl ! 0; and the parabolic
partial differential equation (PDE) is obtained:

dci
dt

=−
dðciwÞ
dl

+ dðDiðdci=drÞrÞ
rdr

(7:7)

In order to progress towards practical implementation and numerical computing,
some simplifications are useful. First of all, if the molecular diffusion coefficient (Di)
is assumed to be locally constant, the radial diffusion term becomes

dðDiðdci=drÞrÞ
rdr

=Di
d2ci
dr2

+ 1
r
dci
dr

� �
(7:8)

The fluid velocity is a more critical issue because the flow velocity (w) for gas-phase
processes change inside the channel for two reasons: change of the amount of sub-
stance (number of moles) because of chemical reactions and change of temperature
in case of strongly exothermic or endothermic reactions. In addition, the flow velocity
in the channel, where laminar flow prevails is a function of the radial coordinate. For
the simplest case, a cylindrical channel with a constant radius, the velocity profile is
parabolic:

w=w0 1−
r
R

� �2� �
(7:9)

that is, the velocity is highest in the centre of the channel ðr = 0;w=w0Þ and lowest at
the channel wall ðr=R;w= 0Þ:

If the velocity change caused by composition and temperature changes can be ne-
glected, the balance equation can be simplified to

dci
dt

=−w0 1−
r
R

� �2� �
dci
dl

+D
d2ci
dr2

+ 1
r
dci
dr

� �
(7:10)
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If the flow rate changes essentially inside the channel, the term d(ciw)/dl cannot be
simplified, but remains in the form

dðciwÞ
dt

= 1−
r
R

� �2� �
dðciw0Þ

dl
(7:11)

Instead, ciw0 can be taken as the dependent variable in the PDE and the radial deriva-
tive can be approximated as

dci
dr

= 1
w0

dðciw0Þ
dr

(7:12)

The original differential equation becomes

1
w0

dðciw0Þ
dt

=− 1−
r
R

� �2� �
dðciw0Þ

dl
+ Di

w0

d2ðciw0Þ
dr2

+ 1
r
ðciw0Þ
dr

� �
(7:13)

Provided that the ideal gas law can be applied to the reaction mixture, the flow veloc-
ity is obtained from

PV 0 =
X

n′jRGT (7:14)

where the n′j comprises the inert components, too. Division of eq. (7.14) with the chan-
nel cross-section πR2 gives the total concentration

c=
X

cj =
P

RGT
(7:15)

After denoting ci = yi/w0, we obtain

1
w0

dyi
dt

=− 1−
r
R

� �2� �
dyi
dl

+ Di

w0

d2yi
dr2

+ 1
r
yi
dr

� �
(7:16)

The velocity is calculated from

w0 =
RGT
P

X
yj (7:17)

and the concentrations are obtained from

ci =
yi
w0

(7:18)

In case that the pseudo-steady-state hypothesis can be applied to the reactor channel,
dci=dt= 0 and dyi=dt= 0 in eqs. (7.13) and (7.16).

For the catalyst layer, the general mass balance equation (4.53) presented in Sec-
tion 4.2.3 is valid:
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dc′i
dt

= ðDei
�
εpÞ d2c′i

dr′2
+ ða − 1Þ

r′
dc′i
dr′

� �
+ riρP=εp (7:19)

where the superscript (′) refers to the particle. Because of the thin catalyst layer
spread on the walls of the channels, the shape factor a = 1 (slab, Figure 4.8) might be a
good choice.

The mass balances for the fluid phase and the catalyst phase are coupled together
via the boundary conditions at the surface of the catalyst layer, and the radial diffu-
sion in the fluid phase and the effective diffusion at the outer surface of the catalyst
layer are equal:

Di
dci
dr

=Dei
dc′i
dr′

at r=R and r′=R0 (7:20)

The boundary condition for the catalyst layer at r′ = 0 at the wall is

dc′i
dr′

= 0 at r′= 0 (7:21)

The initial conditions of the fluid-phase balance equations (7.13) and (7.16) are written as

ci = ciðl;rÞ (7:22)

and

yi = yiðl;rÞ (7:23)

at t = 0, which means that the concentration profiles are known in the beginning. In
the centre of the channel, the boundary conditions are

dci
dr

= 0 at r= 0; t≥ 0 (7:24)

and

dyi
dr

= 0 at r = 0; t≥ 0 (7:25)

because of symmetry reasons. The mathematical model can be summarized as
follows:

The model for the fluid in the channel: eq. (7.10) or (7.16)
The model for the catalyst layer: eq. (7.19)
The initial conditions: eq. (7.22) or (7.23)
The boundary conditions: eq. (7.20) or (7.21)
The boundary conditions: eq. (7.24) or (7.25)

The numerical approach presented in Chapters 3 and 4 is applicable for the solution
of the microreactor model on different levels. For the most general case, the transient
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model with laminar flow and diffusion resistance inside the catalyst layer can be
solved by discretizing the spatial derivatives (r, l, r′) of the gas channel and the cata-
lyst layer, and by solving the ordinary differential equations (ODEs), initial value
problems (IVPs) are created by a suitable solver for stiff ODEs, for example, backward
difference (BD) or semi-implicit Runge-Kutta methods as explained in Appendix A.1.
In the discretization of the first and second derivatives for radial diffusion, the central
difference formulae (Section 3.5) should be used, whereas it is necessary to apply the
BD formulae on the concentration derivatives originated from the plug flow term.

Some model simplifications are obvious. The very detailed model for the micro-
and millireactor channels and catalyst layers can in some cases be simplified. If the
flow pattern can be described with plug flow, the diffusion terms in the balance equa-
tions (7.13) and (7.16) are omitted, and the radial velocity gradient does not exist. Con-
sequently, the mass balance is simplified to

dci
dt

=−w0
dci
dl

+Niap (7:26)

for constant flow velocity ðw0Þ:Niap describes the flux from or to the catalyst surface:

Ni =−Dei
dc′i
dr′

(7:27)

The surface area-to-volume ratio depends on the channel geometry. For cylindrical chan-
nels with the radius R, aP = 2=R:

At steady state, the balance equation is compressed to

dci
dr

= NiaP
w0

(7:28)

In case of rapid diffusion inside the catalyst layer, the overall mass balance can be
written for the transport of the molecules and their reaction on the catalyst surface,

NiΔAP = riΔmcat (7:29)

where mcat = ρBΔVP, that is, the mass of the catalyst in the volume element. Recalling that
aP = ΔAP=ΔVP =AP=VP for the entire channel, we obtain from eqs. (7.28) and (7.29):

dci
dl

= riρB
w0

(7:30)

Equation (7.30) is in fact similar to the pseudo-homogeneous one-dimensional steady-
state model for a conventional laboratory-scale fixed bed. The simple model (7.30) can
be solved numerically with the ODE solution algorithms described in Appendix A.1.

7.1 Modelling principles and model equations 125



7.2 Case study: oxidation of alcohols in microreactor

Selective oxidation of alcohols (methanol, ethanol, propanol and butanol) was studied
in a laboratory-scale microreactor system (Mastroianni et al. (2022)). The supported
gold was used as the catalyst. The overall reaction scheme is shown in Figure 7.6.

Based on the hypotheses of plausible elementary steps on the gold surface, the follow-
ing steady-state rate equations were derived for the formation of aldehydes (ALDE),
ethers (ET) and alkenes (ALK). The following equations are valid for ethanol, propanol
and butanol:
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Figure 7.6: Reaction schemes for the oxidation of methanol (a), and ethanol, propanol
and butanol (b) on gold catalyst.
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rALDE =
kALDEcROHcO2

1+KROHcROH +KO2cO2
� �2

rET =
kETðcROH2 − cETcw=Keq;ETÞ

ð1+KROHcROHÞ2

rALK =
kALKcROH

1+KROHcROH

Plug flow was assumed to prevail in the microreactor channels. The model described
the experimental data well and it was confirmed that the system operated under ki-
netic control. An investigation of the effect of the catalyst layer thickness on the per-
formance was done by simulating component concentration profiles for different
layer thicknesses. The results displayed in Figure 7.7 demonstrate the increase of the
mass transfer resistance inside the catalyst layer and the decline of the catalyst effi-
ciency with an increasing layer thickness. High effectiveness factors can be achieved
only for catalyst layers thinner than approximately 300 μm.
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Figure 7.7: Concentration profiles of ethanol inside the catalyst layer at different layer thicknesses (left)
and dimensionless concentration versus layer thickness at χ = 1, at the end of the diffusion path in the
layer (right).
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8 Modelling of unsteady-state reactor systems

Dynamic, time-dependent models for chemical reactors have been discussed in previ-
ous chapters, but the main focus has been in the approach to achieve a stable path to
the steady-state description of the model. In fact, the majority of industrial operations
of continuous chemical processes are based on the concept of stationarity: a stable
operation with a continuous flow of desired products is desirable. In fact, several in-
dustrial sectors that traditionally rely on batch operation, such as fine and specialty
chemicals as well as pharmaceuticals, show a growing interest to shift from batch or
semibatch operation to continuous technology. Batch and semibatch reactors always
operate in a time-dependent mode, but this is an intrinsic property of them.

Transient conditions appear in continuous reactors during the start-up and shut-
down periods of the process and during the moments of process disturbances. In the
field of heterogeneous catalysis, dynamic conditions and transient operation play an
important role. In everyday life, consumers are facing the transient behaviour of au-
tomotive exhaust catalysts because the inlet temperature and composition of the ex-
haust gases vary when the vehicle is started and always when the speed is changing.
Other examples of transient conditions are catalyst activity changes during forced pe-
riodic operation or spontaneous oscillations on the catalyst surface (Silveston and Ha-
nika (2004); Murzin and Salmi (2016)). Transient methods such as pulse step change
and modulated experiments are strong tools in the fundamental research of catalytic
reaction mechanisms (Kobayashi (1982); Salmi (1988); Bennett (1999); Sandelin et al.
(2006); Berger et al. (2008); Alvear et al. (2022)). A brief summary of transient condi-
tions is provided in Table 8.1. The exciting question is what is happening if a continu-
ous chemical reactor is by purpose operated under transient conditions? In order to
analyse the systems in detail, a mathematical modelling of kinetics and transport phe-
nomena under transient conditions is necessary.

Table 8.1: Examples of transient conditions in chemical reactors.

Heterogeneous catalyst is in a transient state during the reactor start-up and shutdown
Process disturbances cause transient states
Transient behaviour is characteristic for the system because of changing conditions (e.g. automotive
exhaust catalysis)
Transient conditions prevail for periodically operated reactors (e.g. reverse-flow reactors)
Spontaneously oscillating catalytic systems exist
Catalyst deactivation is a dynamic process causing transient behaviour
Transient methods are very strong tools in the investigation of catalytic surface reaction mechanisms

https://doi.org/10.1515/9783110797985-008
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8.1 Kinetics and transport phenomena under transient
conditions

The concept of classical chemical kinetics applied on catalytic and radical reactions is
based on the use of either quasi-steady-state or quasi-equilibrium hypothesis, which
leads to the elimination of the concentrations of vacant sites, adsorbates and radicals
from the rate equations. This topic is treated extensively in many textbooks (e.g. Lai-
dler (1987); Murzin and Salmi (2016); Hill and Root (2014)), and some examples of rate
equations are listed in Table 2.1.

However, this approach requires a treatment of each particular mechanism case
by case. In the general approach, the known or the assumed reaction mechanism is
used as such, and the rate equations are formed automatically from the elementary
reaction steps. In case that the chemical reactions present in the system involve the
formation of adsorbed surface species or radicals, which typically appear in heteroge-
neous catalysis and in high-temperature gas-phase reactions, these intermediates
have a strong influence on the reaction mechanisms and kinetics. The stoichiometric
formulation presented in Sections 2.1 and 2.2 is extended to cover the intermediates,
too. For practical reasons, it is convenient to split the vector of species and the stoi-
chiometric matrix into two parts, representing the bulk-phase components (a, ν) and
the intermediates (a✶, ν✶). The stoichiometry including all the reaction steps is thus
given by

N ′νð ÞTa+ N ′ν✶ð ÞTa✶ = 0

where N′ is the stoichiometric number of the elementary step. Following the notation
presented for the reaction stoichiometry, the generation rates for the bulk-phase spe-
cies (r) and the surface species or radicals (r✶) are formulated as follows:

r = νR for the bulk-phase species and r✶ = ν✶R for the surface species or radicals.
These rate expressions are directly used in component mass balances for various

reactors.

Example 1 Catalytic reaction system
Catalytic oxidation of carbon monoxide (CO) with oxygen (O2) is considered. The reaction mechanism on a
noble metal catalyst is assumed to comprise adsorption and surface reaction steps. The first and the sec-
ond steps describe the adsorption of the reactants on the active site on the metal surface (✶) and N′ is the
stoichiometric number of the step:

Step N′

CO + ✶ = CO✶ ðIÞ 2

O2 + 2✶ = 2O✶ ðIIÞ 1

CO✶ + O✶ = CO2 + 2✶ ðIIIÞ 2
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The stoichiometric number tells how many times the step should proceed to complete the mechanism to
the overall reaction. Consequently, 2✶(I) + 1✶(II) + 2✶(III) gives

2CO+ 2✶ = 2CO✶

O2 + 2✶ = 2O✶

2CO✶ + 2O✶ = 2CO2 + 4✶

2CO+O2 = 2CO2

As revealed by the mechanism, the net consumption of active sites is zero because the sites occupied by
adsorption in steps I and II are released in step III.

The vectors for the chemical symbols are defined as follows:

aT = CO O2 CO2½ �
a✶T = ✶ CO✶ O✶� 


The stoichiometric matrices are constructed, and the matrix multiplication gives for the bulk phase and
for the surface species stoichiometry, as follows:

v =
−1 0 0

0 −1 0

0 0 1

2
64

3
75

N′ν =
−2 0 0

0 −1 0

0 0 2

2
64

3
75

N′νð ÞT =
−2 0 0

0 −1 0

0 0 2

2
64

3
75

N′νð ÞTa=
−2 0 0

0 −1 0

0 0 2

2
64

3
75

CO

O2

CO2

2
64

3
75=

−2CO
−O2

2CO2

2
64

3
75

ν✶ =
−1 −2 2

1 0 −1
0 2 −1

2
64

3
75

N′ν✶ =
−2 −2 4

2 0 −2
0 2 −2

2
64

3
75

N′ν✶
� �T a✶ =

−2 2 0

−2 0 2

4 −2 −2

2
64

3
75

✶

CO✶

O✶

2
64

3
75=

−2✶ + 2CO✶

−2✶ + 2O✶

4✶ −2CO✶ −2O✶

2
64

3
75
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N′ν✶
� �T a+ N′ν✶

� �T a✶ =
−2CO−2✶ + 2CO✶

−O2 −2✶ + 2O✶

2CO2 + 4✶ −2CO✶ −2O✶

2
64

3
75

The total sum is

−2CO−O2 + 2CO2½ �= 0

as it should be according to the presumed reaction mechanism.

Steps I, II and III have the rates R1, R2 and R3, and the rate expressions are obtained
directly from the stoichiometry because the steps are presumed to be elementary; the
adsorption steps are reversible, whereas the surface reaction is in practice irrevers-
ible. The rate equations become

R1 = k+ 1cCOc✶ − k− 1cCO✶

R1 = k+ 2cO2c✶
2 − k− 2cO✶

2

R3 = k+ 3cCO✶cO✶

The matrix multiplication gives

r= νR=
−1 0 0
0 −1 0
0 0 −1

2
64

3
75

R1

R2

R3

2
64

3
75=

−R1

−R2

R3

2
64

3
75=

rCO
rO2
rCO2

2
64

3
75

for the bulk-phase species. For the surface species we get analogously

r✶ = ν✶R=
−1 −2 2
1 0 −1
0 2 −1

2
64

3
75

R1

R2

R3

2
64

3
75=

−R1 −2R2 + 2R3

R1 −R3

2R2 −R3

2
64

3
75=

r✶
rCO✶
rO✶

2
64

3
75

Example 2 Radical reaction system
The following system of radical reactions is considered: nitrogen oxide decomposes via a radical mecha-
nism into nitrogen and oxygen. The propagation steps are

NO+O ! O2 +N

NO+N ! N2 +O

where NO, N2 and O2 are gas-phase molecules, while O and N are free radicals, the vehicles of the decom-
position process.

The vectors of chemical species are written as

aT = NO N2 O2½ �
aT✶ = O N½ �

and the matrices are
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ν =
−1 −1
0 1

1 0

2
64

3
75

ν✶ =
−1 1

1 −1

" #

Multiplication gives

νTa+ νT✶a✶ =
−1 0 1

−1 1 0

" # NO

N2

O2

2
64

3
75+ −1 1

1 −1

" #
O

N

" #
=

−NO+O2 −O+N

−NO+N2 +O−N

" #
= 0

8.2 Reactor modelling in case of transient kinetics

Isothermal reactor models for two- and three-phase fixed beds are considered here.
The reactor model is dynamic, including the accumulation of substances in different
phases: gas, liquid and solid catalysts. Gas-liquid and solid-liquid mass transfer effects
are incorporated in the model. The chemical reactions were presumed to take place
exclusively on the solid catalyst surface. The deviations from plug flow are described
with the concept of axial dispersion (Section 3.2), which implies that only one parame-
ter, the Péclet number, is needed to describe deviations from the plug flow. Co-current
operation of gas and liquid is presumed in the model.

8.2.1 Gas- and liquid-phase mass balances

The gas-liquid-solid volume element of the bed reactor is shown in Figure 8.1, where
the flows, dispersion effects and interfacial fluxes are visible.

The balance equation for a component in the gas-phase volume element can be written
as follows:

·nLi,out

NLSi

NGLi

S

L

G

·nGi,in

·nLi,in

·nGi,out

ƞiriΔmcat

Figure 8.1: The flows and fluxes in a dynamic
fixed bed with axial dispersion.
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n
:

Gi;in + −DG;in
dcGi
dl

A
� �

in
= n

:

Gi;out + −DGi;out
dcGi
dl

A
� �

out
+NGLiAGL +

dnGi
dt

(8:1)

The mass balance equation for a component in the bulk phase of the liquid is written
in an analogous way:

n
:

Li;in + −DL;in
dcLi
dl

A
� �

in
+NGLiAGL = n

:

Li;out + −DL;out
dcLi
dl

A
� �

out
+NLSiALS +

dnLi
dt

(8:2)

The symbols are explained in the Nomenclature. By denoting the differences between
the inlet (in) and outlet (out) terms by Δ(), and assuming constant values for the axial
dispersion coefficients (DG and DL), the following general forms are obtained after let-
ting the volume element to shrink and recalling that dV = Adl for a reactor with a con-
stant diameter:

εG
dcGi
dt

=−
1
A
dn
:

Gi

dl
+DG

d2cGi
dl2

−NGLiaGL (8:3)

εL
dcLi
dt

=−
1
A
dn
:

Li

dl
+DL

d2cLi
dl2

−NGLiaGL −NLSiaLS (8:4)

The further treatment of the mass balances depends on the models used for the inter-
facial fluxes (NGL and NLS) as well as the assumption concerning the flow velocities.
The molar flow terms in the above equations can be described with the concentra-
tions and the fluid velocity (wF):

1
A
dn
:

Fi

dl
= dðwFcFiÞ

dl
(8:5)

where F = G or F = L. For a constant fluid velocity, an explicit expression with respect
to the concentration is obtained.

Fick’s law and the two-film theory are used in the description of the gas-liquid
flux (NGL), and the following expression is obtained (Section 5.1.1):

NGLi =
cGi −KicLi

Ki=kLi + 1=kGi
(8:6)

The liquid-solid (LS) flux is coupled to the chemical reactions on the catalyst surface.
The pseudo-steady-state assumption for the outer surface of the catalyst particle gives

NLSiΔALS + ηiriΔmcat = 0 (8:7)

where the effectiveness (ηi) factor includes the effect of internal diffusion resistance
in the pores of the catalyst particle. The details of modelling the internal diffusion
and the effectiveness factor for porous particles are treated in detail in Section 4.1. In
case that transient studies are carried out with small catalyst particles or thin catalyst
layers and a high turbulence around the particles, the reactor operates under the
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condition of intrinsic kinetics, which implies that ηi = 1 for all components in the above
equation and the concentrations of the liquid-phase components are the same through-
out the porous particle.

The balance equation for the catalyst particle is divided by the volume element
(ΔV), and it becomes

NLSiaLS + ηiriρB = 0 (8:8)

Fick’s law is applied to the LS flux for each component:

NLSiaLS + kLSiðcLi − c′LiÞaLS (8:9)

where c′Li denotes the concentration at the catalyst surface. The surface concentrations
are used in the calculation of the rate (ri). The concentrations (c′Li) have in the general
case to be calculated iteratively from the balance equation:

kLSiðcLi − c′LiÞaLS + ηiriðc′LÞρB = 0 (8:10)

where c′L denotes the vector of the unknown concentrations in the vicinity of the cat-
alyst surface.

An important special case is the operation under kinetic control. In this case, kLSi
approaches infinity, which implies that cLi ! c′Li and c′Li can be replaced by cLi in the
rate expression in eq. (8.8). Furthermore, ηi = 1 for negligible internal diffusion limita-
tion. The liquid-phase balance equation (8.4) is simplified to

εL
dcLi
dt

=−
dðcLiwLÞ

dl
+DL

d2cLi
dl2

+NGLiaGL + riρB (8:11)

An ultimate simplification is obtained for the case that the organic liquid-phase com-
ponent is non-volatile (NGLi = 0) and the liquid flow rate (wL) is constant in eq. (8.11).
The dimensionless length coordinate is introduced: z= l=L; where L is the total reactor
length. Furthermore, the space time is defined as τL = L/wL. The balance equation be-
comes finally

dcLi
dt

=−ðεLτLÞ−1 dcLidz
+ ðPeLεLτLÞ−1 d

2cLi
dz2

+ riρ′B (8:12)

where ρ′B = ρB=εL and PeL is the liquid-phase Peclet number defined by PeL =wLL=DL:

It should be noticed that eq. (8.12) is also valid when only one fluid phase is pres-
ent in the system, i.e. for transient operation of either gas-solid catalyst or LS catalyst
systems, in this case, the notation is F = G (gas) or F = L (liquid).

The balance contains just two adjustable hydrodynamic parameters, τLεL and PeL.
For an inert tracer used for the determination of the RTD, the rate term (ri) is zero in
the above equation. Various boundary conditions have been suggested for the axial
dispersion model, perhaps the most common ones being the Danckwerts’ closed
boundary conditions (Danckwerts (1953)). The initial and boundary conditions are
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cGi = cGiðl;rÞ (8:13)

and

cLi = cLiðl;rÞ (8:14)

at t = 0, i.e. the concentration profiles are known in the beginning.
The inlet boundary conditions are

c0Gi = cGi −
DG

w0G

dcGi
dl

(8:15)

c0Li = cLi −
DL

w0L

dcLi
dl

(8:16)

which means that the axial dispersion effect is initiated at the reactor inlet. At the
outlet, the concentration gradients vanish:

dcGi
dl

= 0 at l=L; t≥ 0 (8:17)

and

dcLi
dl

= 0 at l=L; t≥ 0 (8:18)

In case that the axial dispersion effect is negligible, the Péclet number approaches in-
finity, and the axial dispersion term disappears from eqs. (8.3), (8.4), (8.11) and (8.12).
Consequently, only the initial conditions (8.13) and (8.14) are needed.

For low Péclet numbers, the degree of backmixing is high and the conditions of com-
plete backmixing are approached, which means that the system operates like a continu-
ous stirred tank reactor. The concentration derivatives are replaced by the differences
between the outlet and inlet concentrations, and the balance equations for the gas and
liquid phases become

εG
dcGi
dt

=−
n′Gi − n′0Gi

AL
−NGLiaGL (8:19)

εL
dcLi
dt

=−
n′Li − n′0Li

AL
+NGLiaGL −NLSiaLS (8:20)

where AL = V, the reactor volume. It should be noticed that the reaction rate is calcu-
lated with the outlet concentrations, since the concentrations inside the tank reactor
are equal to the concentrations at the outlet.
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8.2.2 Adsorbed surface species

The adsorbed surface species are mobile locally in the nanoscale, but they do not
move together with the gas or liquid; therefore, they are often called ‘immobile spe-
cies’. For the adsorbed compounds on an ideal, homogeneous surface, for which the
adsorption theory of Irving Langmuir can be applied, the mass balance equations are
given by the expression

dn✶j
dt

=mcatr✶j (8:21)

where nj✶ is the amount of the surface species in the mass element of the catalyst.
After introducing the fractional coverages (θj = cj✶/c0✶, c0✶ = total adsorption capacity
on the surface), the balance becomes

dθj
dt

=ωrj; ω= ðc✶0 Þ−1 (8:22)

For eq. (8.22), the following initial condition is valid:

θj = θjðlÞ (8:23)

which tells that the surface coverage profile is known at the initial state.

8.2.3 Model summary

Several model variations were presented in the previous sections and they have differ-
ent mathematical structures. A short summary of the models is provided in Table 8.2.

The mathematical structures of the models indicate the possible numerical solution
strategies. All the models presented above are time dependent; hence, an attractive ap-
proach is to transform the partial differential equations to a large set of ordinary differ-
ential equations (ODEs) by discretization of the length coordinate (z). The simplest way

Table 8.2: Mathematical structures of transient reactor models.

Three-phase fixed bed, axial dispersion Parabolic PDEs and ODEs (BVP + IVP)
Two-phase fixed bed, axial dispersion Parabolic PDEs and ODEs (BVP + IVP)
Three-phase fixed bed, plug flow Hyperbolic PDEs and ODEs (IVP)
Two-phase fixed bed, plug flow Hyperbolic PDEs and ODEs (IVP)
Three-phase tank reactor, complete backmixing ODEs (IVP)
Two-phase tank reactor, complete backmixing ODEs (IVP)

PDEs, partial differential equations; ODEs, ordinary differential equations; BVP, boundary value
problem; IVP, initial value problem.
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of discretization is based on the use of finite differences as described in Section 3.5.1. It
should be noticed that backward differences (BD) should be used in the discretization
of the plug flow term, whereas central differences should be applied in the discretiza-
tion of the axial dispersion term. By increasing the number of discretization points, the
accuracy of the numerical solution can be improved. An alternative way of discretiza-
tion is to use approximation functions for the spatial derivatives, for example, orthogo-
nal collocation, which is polynomial approximation requiring exactness at selected
non-equidistant collocation points, which are zeros of orthogonal polynomials (Section
4.3.1). The benefit of the finite difference discretization is easy implementation, whereas
orthogonal collocation gives a higher accuracy in the numerical solution. In both cases,
the resulting set of ODEs should preferably be solved numerically by a stiff ODE solu-
tion algorithm, such as the BD method or semi-implicit Runge-Kutta method (Appendix
A.1). Nowadays, these algorithms are available in commercial or free software, such as
Matlab or Julia. As a result, the concentration profiles as a function of time and reactor
length are obtained.

8.3 Case study: enantioselective hydrogenation of an organic
compound

Hydrogenation of ethyl benzoylformate (EBF, A) was carried out in a laboratory-scale
fixed bed reactor (Toukoniitty et al. (2010)). The reaction system is illustrated in Figure 8.2.
On the platinum catalyst, a 50–50 mixture of the product enantiomers (B and C) is ob-
tained, but by adding a chiral catalyst modifier, cinchonidine (M), the enantioselectivity
can be steered towards the R-enantiomer (B). The surface reaction mechanism, including
the role of the catalyst modifier, was elucidated with transient experiments. The stoichi-
ometry for the racemic hydrogenation is

Am✶ +H2 adsð Þ ! 0:5 B+ 0:5 C+m✶

while the enantioselective hydrogenation of the reactant to the (R)-enantiomer (B) is
described by

Am✶ +Mp✶ +H2 adsð Þ ! B+m✶ +Mp✶

where m and p denote the number of sites needed for the adsorption of the reactant
(A) and the modifier (M), respectively. The modifier co-exists on the catalyst surface
in two forms, parallel and tilted:

M+ p✶ Ξ Mp✶; M+ q✶ Ξ Mq✶

where p and q refer to the parallel and tilted adsorption modes (Figure 8.2, p > q), the
parallel form being active in the hydrogenation.
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The presumed surface reaction mechanism is displayed in Table 8.3. Based on
this mechanism, a set of rate equations were written, following the principles pre-
sented in Section 7.1.

Some experimental results are displayed in Figure 8.3, which reveals that the concentra-
tion of the product B undergoes a maximum during the transient period. The parameters
of the kinetic model were estimated with nonlinear regression analysis (Chapter 10), and
the fit of the model to the experimental data is shown in Figure 8.3. Moreover, the model
gives information about the coverages of the adsorbed surface species. The behaviour of
the transient responses was explained by the fact that the active modifier species is grad-
ually replaced by the less active (tilted) species, which leads to the decline of the compo-
nent B concentration in the long run. This kind of information cannot be obtained with
stationary operating reactors.

Table 8.3: Rate equations for enantioselective hydrogenation of ethyl
benzoylformate (EBF).

Modifier adsorption rate (parallel, p)
r1 = k1 cMðc✶Þp −

cM✶
p

Keq1

" #

Reactant adsorption rate
r2 = k2 cAðc✶Þm −

cm
✶

A1

Keq2

" #

Racemic hydrogenation rate r3 = k3c
m✶
A

Enantioselective hydrogenation rate r4 = k4c
m✶
A c

p✶
M

Modifier adsorption rate (tilted, q)
r5 = k5 cMðc✶Þq − cq

✶
M

Keq3

" #

0.5 runmod

0.5 runmod

rmod

p✶q✶

C

B

Tilted (spectator)

Pt particle

Parallel (actor)A

Figure 8.2: Schematic representation of the reaction network model (left) and the different adsorption
modes of the cinchonidine modifier (M) on Pt surface (right).

138 8 Modelling of unsteady-state reactor systems



Figure 8.3: Bulk-phase concentrations of A, B and C (upper) and coverages (lower) of c✶A, cp✶M
(active form) and cq✶M (spectator) at different positions in the reactor (1 inlet, 9 outlet) and for different
times (the times are marked in the figures).
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9 Equipment and models for laboratory
experiments

The reader might well ask why a separate chapter devoted to laboratory reactors is
needed. From a purely theoretical viewpoint, it is unnecessary: all laboratory reactors
can be placed in the well-known categories of homogeneous and heterogeneous reac-
tors. However, laboratory reactors typically possess some characteristic features which
are worth discussing: the residence time distribution and temperature are carefully
controlled, and the flow pattern is maintained as simple as possible. This is due to the
primary purpose of laboratory-scale reactors: they are mainly used to screen and deter-
mine the kinetics and equilibria of chemical processes, preferably in the absence of
heat and mass transfer limitations. Laboratory reactors have a special design to sup-
press the above-mentioned effects, and automated data acquisition is used. The specific
phenomena attributed to laboratory reactors will be discussed in this chapter. Primary
data obtained from laboratory reactors is used to determine parameter values important
for process design. For further data processing and determination of parameter values,
it is important to recognize the mathematical structure of the model. This is a further
topic of the present Chapter. Processing of experimental data by numerical analysis will
be discussed in detail in Chapter 10.

9.1 Homogeneous batch reactor

The characteristic feature of a homogeneous batch reactor is that the volume is con-
stant for gas-phase processes, and in practice often also for liquid-phase processes.
Concentrations in the gas or liquid phase are measured as a function of reaction time.
Various methods for chemical analysis are nowadays accessible; continuous methods ap-
plied on line, such as conductometry and photometry, on-line infrared as well as discon-
tinuous methods based on sampling and off-line analysis of the samples, such as gas and
liquid chromatography. A typical kinetic experiment is shown in Figure 9.1. Provided that
stirring is vigorous in the reactor, the mass balance is written as:

dci
dt

= ri c, k,Kð Þ (9:1)

De facto, eq. (9.1) is a special case of the equations presented in Chapter 3 for homoge-
neous tank reactors. In the evaluation of kinetic data displayed in Figure 9.1, two meth-
ods are used, the differential method and the integral method. These methods are
treated in detail in numerous textbooks devoted to chemical kinetics and chemical reac-
tion engineering. A simple example will be given below.
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Let us assume that a batch reactor experiment for the reaction A ! P has been con-
ducted in the liquid phase. The concentration of A, cA, has been measured as a function
of time, and a first-order rate law is assumed; r = kcA. Thus, the generation rate of A
becomes

rA =−r =−kcA (9:2)

After inserting this expression in the mass balance (9.1), we obtain the differential
equation

−
dcA
dt

= kcA (9:3)

Firstly, the differential method is used in the following way to obtain the value of
the rate constant:
1. Obtain cA as a function of t, cA tð Þ experimentally
2. Estimate dcA=dt at each point (t, cA tð Þ) by numerical differentiation
3. Plot −dcA=dt as a function of cA. The slope of the curve gives the rate constant.

This procedure is illustrated in Figure 9.2.
In practice, step 3 is performed using linear regression analysis. Numerous com-

puter software packages contain routines for linear regression of the type y= ax and
y= ax+ b.

0

c0A

A
PA P

Time

Reaction

Co
nc

en
tra

tio
n

Figure 9.1: A typical kinetic experiment in a batch reactor.
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The integral method proceeds as follows:
1. Integrate the balance equation analytically or numerically; for our simple exam-

ple, we obtain an easy separation of variables:

�
ðcA
cA0

dcA
cA

= k
ðt
0

dt (9:4)
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Figure 9.2: Typical kinetic data from a batch reactor: analysis by differential method.
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�ln
cA
cA0

� �
= kt (9:5)

It can be shown that the procedure can be generalized to apply to many kinds of kinetics.
Generally, a concentration dependent function and a time-dependent function are obtain-
able after separation of variables and integration:

F cA
� �

= kt (9:6)

2. Plot F cA
� �

(here �ln cA=cA0ð Þ) as a function of time, t. The slope is equal to k.

Step 2 is performed by regression analysis. Again, we have a linear problem with re-
spect to the parameter (k), and existing linear regression software can be applied.

In a very general case, it is not even necessary to obtain an analytical solution

F cA
� �

= kt (9:7)

of the original ODE, but the balance

dcA
dt

= rA (9:8)

can be solved numerically in situ, in the course of parameter estimation, by a suitable
numerical method for ODEs, as discussed in Chapter 3. De facto, the benefits of the
two approaches are compared in Table 9.1.

As Table 9.1 shows, the integral method is preferable in the analysis of batch reactor
data, as the risky step of numerical differentiation is avoided. Generally, it can be
stated that the differential method is useful in a preliminary screening of data, while
the final analysis should be carried out by means of the integral method.

Table 9.1: A comparison of the differential and integral methods in the analysis of kinetic data.

Differential Integral

+ Principally simple – Nonlinear regression often needed
+ Linear regression sometimes possible + The principally correct method
– Numerical differentiation is tricky; special tricks to
maintain accuracy

+ Superior to differential method in accuracy
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9.2 Homogeneous stirred tank reactor (CSTR)

For a homogeneous CSTR, constant volume and pressure are reasonable assumptions.
Concentrations at the reactor outlet are measured as a function of the space time, that is,
the volumetric flow rate. The steady-state mass balance is written as (Chapter 3),

ci − c0i
τ

= ri c; k;Kð Þ (9:9)

where

τ = V
_V0

, _V = _V0 (9:10)

It should be noted that the volumetric flow rates vary considerably for gas-phase reac-
tions, as discussed in Chapter 3. Measurements of ci (and c0i, τ) give directly ri, that is,
the generation rates of the compounds, which is the great benefit of this reactor as a
rapid tool for kinetic experiments. With a CSTR, very short residence times become pos-
sible, which implies that the kinetics of rapid reactions can be measured. On the other
hand, a large quantity of chemicals is consumed during an experiment.

An example of the use of a CSTR is given below. The reaction A ! P is studied in a
CSTR. The space time, τ – and possibly the initial concentration level, c0A – are varied
and cA, rA data are obtained. A rate law is assumed, for example, the reaction rate for
the component A is rA =−kcA according to first-order kinetics. A concentration plot of
the component A, cA, versus (−rA) defines the reaction rate constant, k, as the slope of
the curve, as illustrated in Figure 9.3.

–rA

cA

Experimental
Model

Figure 9.3: Determination of rate constant from data obtained from a CSTR.
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Linear regression is used to obtain the rate constant, k, from the data. The crucial
point in the use of a CSTR as a test reactor is to measure the space time (τ =VR= _V0)
very precisely, since its value (τ) affects directly all other data. Furthermore, steady-
state conditions need to prevail with certainty.

9.3 Catalytic fixed bed in integral mode

Catalytic fixed beds are frequently used as test reactors for two-phase processes (gas or
liquid and a solid catalyst). To this category of reactors belong conventional fixed beds but
also structured reactors, such as monoliths and microreactors, provided that the assump-
tion of a plug flow is valid. Plug flow conditions should prevail and small enough catalyst
particles should be used to suppress the diffusion resistance (Chapters 4–5). Provided that
these conditions are fulfilled, the mass balance becomes very simple:

d _ni
dV

= ρBri (9:11)

Equation (9.11) is de facto similar to the one-dimensional, pseudo-homogeneous model
presented in Chapter 4. The mass of the catalyst in the reactor is mcat ,

mcat = ρBVR (9:12)

and we introduce a dimensionless coordinate, accordingly

V =VRz, dV =VRdz (9:13)

These give a new form of the balance equation

d _ni
dz

=mcatri, ci =
_ni
_V

(9:14)

Equation (9.14) is solved from z =0 to z = 1 during the parameter estimation to obtain
the molar flows, _ni (z = 1), which have been measured experimentally. Typically, a chem-
ical analysis gives the concentrations (ci), but they are related to the molar flows by
_ni = ci _Vi. The volumetric flow rate is updated by a gas law:

_V = Z _nRT
p

, _n=
X
i

_ni (9:15)

The inlet composition is varied in the experiments to get _ni under different conditions.
For simple cases of kinetics, an analytical solution of eq. (9.14) is possible but, in gen-

eral, a numerical solution in the course of parameter estimation is preferred. A special
case of the fixed bed reactor model is considered in the next section.
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9.4 Catalytic differential reactor

Catalytic differential reactors are frequently mentioned in textbooks as typical test re-
actors. In fact, a catalytic differential reactor is a special case of the fixed bed reactor,
nothing else. Conversions are kept low, which allows us to approximate the molar
flow gradients by a linear function

d _ni
dz

≈ constant =
_ni − _ni0
1−0

= _ni − _ni0 (9:16)

The approximation is illustrated in Figure 9.4.

As the Figure shows, the concentration gradients are practically linear as long as the con-
version is low, that is, the rate constant is low and/or the space time is short. By denoting

_ni = _ni z = 1ð Þ (9:17)

and inserting this relation in the balance equation of a catalytic fixed bed, eq. (9.14), we
obtain

_ni − _ni0 =mcatri (9:18)

where ri indicates the generation rate, which should be calculated as an average of
the concentrations or molar flows.

_ni =
1
2

_ni0 + _nið Þ (9:19)
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Figure 9.4: Concentration gradients in a differential reactor.

146 9 Equipment and models for laboratory experiments



The balance can, thus, be rewritten as

_ni − _ni0 =
1
2
mcatri (9:20)

In principle, ri is directly obtained by means of a measurement of the molar flow
difference, _ni − _ni0. In a mathematical sense, the differential reactor model coincides
with the model of a gradientless catalytic test reactor (CSTR) presented in the follow-
ing section.

9.5 Catalytic gradientless reactor

In a catalytic gradientless reactor, a constant volume and pressure is assumed. Complete
backmixing is achieved by different means, such as by a rotating basket (spinning bas-
ket) inside the reactor, shaking of the reactor contents or by recycling. Different configu-
rations are illustrated in Figure 9.5.

Gradientless reactor technology:

Solid resin catalyst
Amberilte IR120 H.

6.5 cm
1 cm

Figure 9.5: Configuration alternatives for a gradientless reactor system (SpinChem) and a recycle reactor.
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In a steady state, the mass balance or an arbitrary component, according to the
principles presented in Chapter 4, becomes:

_ni − _ni0 =mcatri (9:21)

Thus, the generation rates are obtained directly by measuring _ni or ci at the reactor
outlet.

9.6 Catalytic slurry reactor

For catalytic three-phase processes, batchwise operating slurry reactors are frequently
used for kinetic experiments. The gas-liquid and liquid-solid mass transfer resistances are
suppressed by vigorous stirring, and the mass-transfer resistance inside the catalyst par-
ticles is minimized by using finely dispersed particles on a micrometre scale (Chapter 5).
The addition of the gas-phase component is controlled by pressure regulation; thus pres-
sure in the gas-phase is kept constant, which implies that the mass balance of the gas-
phase can be ignored in the mathematical treatment. The concentrations of dissolved
gases in the liquid phase are equal to the saturation concentrations (Chapter 5). Under
these circumstances, the mass balance of an arbitrary non-volatile component in the liq-
uid phase becomes

dci
dt

= ρBri, where ρB =
mcat

VL
(9:22)

As we can see, the formal treatment of the data coincides with the treatment of data
from homogeneous batch reactors. The only difference arises from using the proportion-
ality factor, that is, the catalyst bulk density, ρB. Some analytical solutions of eq. (9.22)
were presented in Chapter 5.

9.7 Classification of laboratory reactor models

Models that are relevant in the estimation of kinetic and thermodynamic parameters are
reviewed in this section. Roughly speaking, two kinds of models are highly dominating,
namely algebraic models and differential models. Whether the model is algebraic or dif-
ferential depends on the reactor and its state (steady state or dynamic state).
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9.7.1 Algebraic and differential models

Algebraic models can be represented by the equation

ŷ= f x, p
� �

(9:23)

where ŷ is the dependent variable representing, for instance, the rates measured in
CSTRs. Equally well, the dependent variable can represent the measured rates in dif-
ferential reactors or analytically integrated balances of batch reactors. Examples of
algebraic models will be given in the next section.

Differential models can generally be described by ordinary differential equations
(ODEs), such as

dŷ

dθ
= f x; p
� �

(9:24)

where the symbol θ represents time, length, volume etc., depending on the particular
case. Partial differential equations, particularly hyperbolic and parabolic ones, can be
transformed into the form presented in eq. (9.24) by discretization, as discussed in
previous Chapters.

The dependent variable (ŷ) corresponds with the concentrations or molar amounts
measured in batch and semi-batch reactors, or concentrations or molar flows at the out-
let of plug flow, or, alternatively, fixed bed reactors.

9.7.2 Linearity and nonlinearity of the model

By linearity and nonlinearity of the model we mean linearity and nonlinearity with respect
to the model parameters, since they are the unknown quantities in the determination of
kinetic and thermodynamic information. The following notations will be used here:

The concept of linearity-nonlinearity is illustrated through a simple example: Assume
that batch reactor experiments with a first-order reaction, A ! P, rA =−kcA, have been
carried out. The concentration for component A, cA, has been measured as a function of
the reaction time.

The differential model for this system is given as the mass balance for a batch reactor:

dcA
dt

=−kcA (9:25)

Y estimated dependent (measured) variable
X independent variable
p parameter
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Translation of this model equation into the nomenclature used in parameter estima-
tion implies that

θ= t, y= cA, p= k = p1 (9:26)

We thus obtain the standard form of the differential model,

dŷ

dt
= f y, p
� �

(9:27)

that is, in the present case

dŷ

dθ
= p1y (9:28)

where the reaction time, θ, is the independent variable, the concentration, ŷ, is the
dependent variable and the rate constant, p1, is the unknown parameter to be esti-
mated by regression analysis.

It should be noted that the simple problem presented above can be solved as an
algebraic model, too. Integration of the differential equation gives:

ðcA
cA0

dcA
cA

=−k
ðt
0

dt (9:29)

−ln
cA
cA0

� �
=+kt (9:30)

and we can define the variables and parameters for the regression analysis as
follows

y=−ln
cA
cA0

� �
= y1, p1 = k, x= x1 = t (9:31)

and obtain the simple and beautiful expression of the algebraic model: y1 = p1x1. This
equation represents a linear algebraic model, since it is linear with respect to the pa-
rameter (p1 = k).

On the other hand, if we use the form

ln
cA
cA0

� �
=−kt (9:32)

and solve the concentration in it, the result is

cA
cA0

= e−kt (9:33)

and the independent and dependent variables are defined along with the parameter,

150 9 Equipment and models for laboratory experiments



y1 =
cA
cA0

, p1 = k, t = x1 (9:34)

The model now becomes

y1 = e−p1x1 (9:35)

This is an algebraic model, too, but a nonlinear one with respect to the parameter (p1).
The use of algebraic and differential models will be illustrated in the following

Chapter, as the concepts of nonlinear regression analysis are presented.
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10 Parameter estimation in reaction engineering

Models in chemical reaction engineering usually contain a number of unknown pa-
rameters whose values should be determined from experimental data. Regression
analysis is a powerful and objective tool in the estimation of parameter values.

The task of regression analysis can be stated as follows: the values of the dependent
variable (y) are predicted by the model; a function (f ), contains independent variables (x)
and parameters (p). The dependent variable is measured experimentally, in different con-
ditions, that is, at different values of the independent variables (x). The goal is to find
such numerical values of the parameters (p) that the model gives the best possible agree-
ment with experimental data (Figure 10.1). Typical independent variables in chemical re-
action engineering are reaction times, concentrations, pressures and temperatures, while
molar amounts, concentrations, molar flows and reaction rates are dependent variables.
The parameters to be estimated are usually rate and equilibrium constants, sometimes
even mass and heat transfer coefficients. Since most models in chemical reaction engi-
neering are nonlinear with respect to the parameters, the discussion here is limited to
nonlinear regression analysis exclusively.

10.1 Principles of nonlinear regression analysis

The model equation can be written as follows:

ŷ= f x, p
� �

(10:1)

Strictly speaking, this is valid for algebraic models, but it can be applied to differential
models as well. For differential models, the solution (y) is obtained numerically from
the model equation as discussed in the preceding Chapters. The objective function (Q)
to be minimized by nonlinear regression is defined by:

Qðf Þ=
Xnm
i=1

y
i
− f xi, p
� �h iT

wi yi − f xi, p
� �h i

(10:2)

where wi denotes the weight matrix of the experimental points.
After carrying out the multiplication, we get an easily understandable expression

for the objective function,

Q p
� �

=
Xnm
i=1

y1i − f1ið Þ2w11i + y2i − f2ið Þ2w22i + . . . ynyi − fnyi
� �2wny, nyi

h i
(10:3)
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Figure 10.1: The goal of parameter estimation: a good description of experimental data
(Grénman et al. (2003)).
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In case we have a single independent variable and equal weight factors, the ob-
jective function is given by

Ny = 1, wi = 1, i= 1 . . . nm

wi = 1 1 1 . . . 1½ �

y= y1 y2 . . . yny
� �T

x= x1 x2 . . . xnxð ÞT

p= p1 p2 . . . pnp
� �T

Q p
� �

=
Xnm
i=1

y1i − f1ið Þ2 + y2i − f2ið Þ2 + . . . ynyi − fnyi
� �2h i

w11i 0 � � � 0

0 w22i � � � 0

..

.

0

..

.

0

. .
.

� � �
..
.

wnyi

2
666664

3
777775

y1i − f1i

y2i − f2i

..

.

ynyi − fnyi

2
666664

3
777775

In case the weight factors are equal, the objective function, eq. (10.3), is simplified to

Q p
� �

=
Xnm
i=1

yi − fið Þ2 (10:4)

The necessary condition for obtaining a minimum value of the objective function, Q, is
that all the partial derivatives with respect to the parameters are zero. Differentiation
finally gives eq. (10.5), which is algebraic, and the function g is a system of np equations,
the roots of which are found numerically,

∂Q
∂pj

= ∂

∂pj

Xnm
i=1

yi − fið Þ2
� �

=0, j= 1 . . . np (10:5)

X
i

+ 2 yi − fið Þ ∂fj
∂pj

=0= 2gj (10:6)

g =0 (10:7)

The algebraic equations can be solved by the Newton-Raphson method, which gives the
following algorithm for multiple equations (Appendix A):

pm+1 = p
m
−G− 1

m gm (10:8)
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where m denotes the iteration index. The Jacobian matrix consists of the elements

G=

∂g1=∂p1 ∂g1=∂p2 � � � ∂g1=∂pnp

∂g2=∂p1 ∂g2=∂p2 � � � ∂g2=∂pnp

..

.

∂gnp=∂p1

..

.

∂g2=∂p2

. .
.

� � �
..
.

∂gnp=∂pnp

2
666664

3
777775 (10:9)

The elements of matrix (G) are further elaborated,

∂gj
∂pk

= ∂

∂pk

X
i

yi − fi

�
∂fi
∂pj

� 
	
(10:10)

Equation (10.10) implies that the cross-derivatives are ignored.

X
i

−
∂fi
∂pk

∂fi
∂pj

+ yi − fið Þ ∂2fi
∂pk∂pj

	 

(10:11)

∂gj
∂pk

≈ −
X
i

∂fi
∂pk

∂fi
∂pj

(10:12)

By using the matrix (A),

A=

∂f1=∂p1 ∂f1=∂p2 � � � ∂f1=∂pnp

∂f2=∂p1 ∂f2=∂p2 � � � ∂f2=∂pnp

..

.

∂fnp=∂p1

..

.

∂f2=∂p2

. .
.

� � �
..
.

∂fnp=∂pnp

2
666664

3
777775 (10:13)

the problem can be written in a very concise form:

−AT .A=G (10:14)

The vector f is defined by

f =

y1i − f1i
y2i − f2i

..

.

ynyi − fnyi

2
666664

3
777775 (10:15)

X
i

yi − fið Þ ∂fi
∂pj

= gj (10:16)
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Recalling the definition of the objective function, g, we arrive at eq. (10.17), which in
terms of arrays implies that

−AT.f = g (10:17)

Recalling that the Newton-Raphson solution of eq. (10.8) is

pm+1 = pm −G− 1
m gm (10:18)

pm+1 = pm − AT
m.Am

� �−1
AT
m fm (10:19)

which provides important information: the iteration of the parameter vector (p) is de-
pendent on the previous function values (f ) and the partial derivatives of the model
equations.

The algorithm above, eq. (10.19), looks convenient as such for obtaining the param-
eters, but it suffers from a serious disadvantage: the convergence is guaranteed only in
cases where the initial guess (p) is close enough to the actual solution. Therefore, the
algorithm has been developed further. Levenberg has proposed a compromise algo-
rithm between the Newton-Raphson and steepest descent algorithms:

pm+ 1 = pm − λT +AT
m.Am

� �−1
AT
mfm (10:20)

T =
. 0 0

0 . 0

0 0 .

2
64

3
75, λ= scalar (10:21)

If the scaling parameter, λ, is large, the steepest gradient method is obtained, but for
the case where λ=0, the Newton-Raphson method is obtained. Typically, the value of
the scaling parameter (λ) is high at the beginning of the iteration but decreases as the
minimum is approached. Marquardt (1963) developed a strategy for the selection of λ;
therefore, the method is nowadays called Levenberg-Marquardt method.

10.2 Statistical and sensitivity analysis of parameters

An indicative and preliminary statistical analysis of the parameters obtained by regres-
sion analysis can be done by regarding two important quantities, namely the variances
of the parameters and the correlation coefficients between them. These quantities are
calculated from the objective function (Q) and the matrix of the parameter derivatives.
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The matrix A is defined as

A=

∂f1=∂p1 ∂f1=∂p2 � � � ∂f1=∂pnp

∂f2=∂p1 ∂f2=∂p2 � � � ∂f2=∂pnp

..

.

∂fnp=∂p1

..

.

∂f2=∂p2

. .
.
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..
.

∂fnp=∂pnp

2
666664

3
777775 (10:22)

and, for the sake of convenience, a matrix L is introduced:

L= AT .A
� �−1 (10:23)

The variances of parameters (pk), σ2
k, can be estimated from the objective function (Q)

and from the diagonal elements of L:

σ2
k =

Q
nm− np

Lkk (10:24)

where nm and np denote the number of experiments and the number of parameters,
respectively. The covariances of parameters pk and pl are defined by ρklσkσl, where
ρkl is the correlation coefficient between pk and pl.

The fundamental statistical relationship is

ρklσkσl ≈
Q

nm− np
Lkl (10:25)

On the other hand, the variances are given by

σk =
ffiffiffiffi
Q

p ffiffiffiffiffiffiffi
Lkk

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nm− np

p (10:26)

σl =
ffiffiffiffi
Q

p ffiffiffiffiffi
Lll

pffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
nm− np

p (10:27)

By combining the equations above, we get a simple expression for the correlation
coefficient:

σkσl =
Q

nm− np

ffiffiffiffiffiffiffi
Lkk

p ffiffiffiffiffi
Lll

p
(10:28)

The equation shows that the correlation coefficients are obtained from the elements
of matrix A,

ρkl =
Lklffiffiffiffiffiffiffi

Lkk
p ffiffiffiffiffi

Lll
p , ρkl 2 0, 1½ � (10:29)

Generally speaking, one of the goals in parameter estimation is to minimize variances
as well as the correlation coefficients of the parameter, that is, σk should be as small
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as possible for each pk. At the same time, ρkl should be small for each pair of parame-
ters, pk − pl.

Small variances guarantee that the parameter is accurately estimated, and small
correlation coefficients indicate that the parameters cannot be mutually compen-
sated. The variances are very much dependent on the precision of the experiments, as
they are directly proportional to the weighted sum of residual squares (Q), while the
correlation coefficient depends heavily on the model structure as such. Special techni-
ques to suppress the correlation between parameters exist and should always be
used. They will be discussed in the following section.

Standard statistical analysis of parameters is based on linearization, and it does not
always give a realistic picture of the accuracy of the parameters. For example, variance
expresses the confidence interval of the parameter in a symmetric way, which sometimes
can lead to misunderstandings: a small parameter, for example, a rate constant with a
big variance, which means that even negative values of the parameter could be accepted.
This, of course, is not true. A very simple and illustrative approach is to check the objec-
tive function (Q) as a function of each parameter value. All of the parameters except one
are given the value corresponding with the minimum value of the objective function, Q,
and the influence on the numerical value of the objective function, Q, is investigated as a
function of the parameter under consideration. Examples of these kinds of plots are
shown in Figure 10.2. Graphical considerations give additional information, for instance
concerning symmetry: the parameter is often accurately defined in one direction but less
accurately in the opposite one. This procedure is called sensitivity analysis.

Some additional measures can be taken to elucidate the sensitivities of the parame-
ters and to get information about their statistical reliability. Haario et al. (2001, 2006)
have developed the parameter investigation methods by implementing the Markov Chain
Monte Carlo (MCMC) approach. After the parameter estimation by nonlinear regression,
the statistical probabilities of the parameters are calculated by using Monte Carlo simula-
tions. The probability distributions reveal the sharpness of the parameter maxima, but it
also gives information about the secondary maxima in the distributions. These kind of
sensitivity evaluations are particularly useful for complex kinetic systems with several
simultaneous reactions and temperature-dependent data (Murzin et al., 2021, Salmi et al.
2022). An example is provided in Figure 10.2, the kinetic parameters of a complex three-
phase system, fatty acid epoxidation were estimated and their sensitivities were studied
by MCMC simulations (Freites Aguilera et al. 2019). The rate constants at a reference tem-
perature (k) were well determined, uncertainties appeared in the activation energies (Ea),
which is reflected by more than one maximum in the probabilistic distribution.

A standard way to describe the results of parameter estimation is a contour plot. The
value of the objective function (Q) is investigated as a function of a pair of parameters,
and the values where the objective function gets the same, specified value are depicted in
a single plot. Examples of contour plots are provided in Figure 10.3. If correlation between
the parameters is low, the contour plot consists of circles. In case of a strong mutual cor-
relation between parameters, contour plots become elongated (Figure 10.3). These kinds
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Figure 10.2: Parameter sensitivity analysis in classical way (upper) and with MCMC (lower). sensitivity.
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of plots bear a clear message: the numerical value of one parameter can easily be com-
pensated by another parameter, either by increasing or decreasing its value. In any case,
we get an equally good fit to the experimental data. From statistical as well as physical-
chemical viewpoint, this is not desirable: the exact values of the parameters remain un-
certain, and the regression analysis has just provided a data fitting exercise. The model
can be used for interpolation within the experimentally screened domain, but not for
extrapolation outside it. Furthermore, the physical and chemical significances of the pa-
rameters remain questionable. The discussion shows that suppression of the correlation
between parameters is a crucially important issue.

10.3 Suppression of correlation between parameters

Correlation between estimated parameters often is a serious drawback of the estima-
tion: because of a strong correlation, numerical values of the individual parameters re-
main uncertain, even though the overall fit of the model to the experimental data
might be rather good. Typical examples of strongly correlated parameters are the fre-
quency factor and activation energy in the Arrhenius law for rate constants, as well as
the kinetic and equilibrium parameters appearing in rate equations for catalytic pro-
cesses. However, certain special techniques can be used to diminish the mutual correla-
tion in regression analysis.
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Figure 10.3: Contour plots of parameter pairs: (left) low correlation. (b) high correlation between the
parameters.
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10.3.1 Correlation in rate expressions

Suppression of mutual correlation between parameters will be illustrated by a case
study. Rates of catalytic reactions are very frequently measured in gradientless and dif-
ferential reactors, and rate expressions of the Langmuir-Hinshelwood type are used in
the interpretation of experimental data. The rate expression typically has the form

R=
k+

QN +
i=1 cα+ i

i −
QN −

i=1
c
α− i
i
K

� �

1+
P

Kjc
φj
j

� �δ (10:30)

where N =N + +N − , that is, the number of components. N − and N + denote the num-
ber of reactants and products, respectively. The values of the exponents depend on
the reaction stoichiometry and reaction mechanism, and a more detailed discussion
can be found in textbooks in the field of catalysis and reaction engineering. The equi-
librium constant (K) is usually not a problem from the viewpoint of parameter estima-
tion, since it can be determined separately from the equilibrium composition. The
forward rate constant (k+) and the adsorption parameters (Ki) are usually obtained
from kinetic experiments by using nonlinear regression analysis.

A serious drawback is the strong correlation between the rate constant (k+) and the
adsorption equilibrium parameters (Ki): if the value of the rate constant in the nomina-
tor of the rate expression is increased, its increase is compensated by the increase of the
adsorption parameter, and we get an equally good fit to the experimental data. The cor-
relation between parameters is illustrated with contour plots, as shown in Figure 10.3.

A general rule of thumb is that correlation between parameters can be dimin-
ished by transforming rational functions into sums. Consequently, by taking the recip-
rocal value and the root of the rate equation, we get the transformed rate expression
for irreversible reactions K ! ∞

1
Rδ

= 1
k ′′

+
X Kj

k ′′
cχj where k ′′= k−1=δ+ ð Þ−1=δ (10:31)

for the case of irreversible kinetics.
Thus, a new set of parameters is defined by

1
k ′′

= a0,
Kj

k ′′
= aj, j= 1 . . .N (10:32)

and the model is rewritten as

R= 1

a0 +
P

ajxj
� �δ (10:33)

where the new parameters are defined by
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a0 = 1

k1=δ+
ð Þδ, aj =

Kj

k1=δ+
ð Þδ (10:34)

An additional advantage is that initial estimates of the parameters can be obtained
from the rates by taking the reciprocal value of the equation,

ŷ= a0 +
XN
j=1

ajxj (10:35)

which de facto is a linear model with respect to the parameters a0 . . . aN . The depen-
dent variable is defined as

ŷ= 1
R1=δ

(10:36)

while the independent variables are obtained from the concentrations:

xj = c
χj
j (10:37)

Thus, we arrive at a model that is linear with respect to the parameters, and linear
regression can be applied to it.

A simple illustration is considered: a bimolecular, catalytic reaction A+B ! C
obeys the rate expression

R= kcAcB
1+KAcA +KBcB +KCcCð Þ2 (10:38)

The reciprocal square root leads to the following formulation

1ffiffiffi
R

p = 1ffiffiffi
k

p 1ffiffiffiffiffiffiffiffiffiffi
cAcB

p + KAffiffiffi
k

p
ffiffiffiffiffi
cA

pffiffiffiffiffi
cB

p + KBffiffiffi
k

p
ffiffiffiffiffi
cB

pffiffiffiffiffi
cA

p + KCffiffiffi
k

p
ffiffiffiffiffi
cC

pffiffiffiffiffiffiffiffiffiffi
cAcB

p (10:39)

The dependent variable is now

ŷ= 1ffiffiffi
R

p (10:40)

while the independent variables are

x1 =
1ffiffiffiffiffiffiffiffiffiffi
cAcB

p , x2 =
ffiffiffiffiffi
cA

pffiffiffiffiffi
cB

p , x3 =
ffiffiffiffiffi
cB

pffiffiffiffiffi
cA

p , x4 =
ffiffiffiffiffi
cC

pffiffiffiffiffiffiffiffiffiffi
cAcB

p (10:41)

and the parameters to be estimated by regression analysis are:

a1 =
1ffiffiffi
k

p , a2 =
KAffiffiffi
k

p , a3 =
KBffiffiffi
k

p , a4 =
KCffiffiffi
k

p (10:42)

The very simple linear model is thus obtained,
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ŷ=
X
j

ajxj (10:43)

that can be used in linear regression to get reasonable initial estimates of the final
parameter estimation, which is carried out by nonlinear regression, in accordance with
the equation

ŷ=R= cAcB

a1 +
P

i aici
� �2 (10:44)

10.3.2 Correlation in temperature dependencies

The correlation between temperature-related parameters often severely affects the re-
sults of parameter estimation. A typical situation is visualized in Figure 10.4. The pro-
cess model follows the format,

y= p0 + p1x (10:45)

This is in principle a very simple model, but experiments are in practice limited to a
narrow interval of x and thus the value of p0 is easily compensated by p1 and vice
versa. This is the case when the frequency factor (A) and the activation energy (Ea) of
the rate constant are determined from the famous law of Arrhenius:

k =A · e
−Ea
RT (10:46)

The values of the rate constant, k, are obtained within a certain temperature interval,
and some experimental scattering typically appears in the k values. The challenge is
illustrated by Figure 10.4. In a logarithmic plot, ln kð Þ versus 1=T gives

ln kð Þ= ln Að Þ− Ea

RT
(10:47)

The intercept (ln Að Þ) can be compensated by the slope (−Ea=R), and both parameters
remain uncertain. In general, it is possible to obtain a reasonably good fit to the k values,
but individual parameter values (A and Ea) can remain highly uncertain. The same effect
appears in the estimation of reaction enthalpy from the equilibrium constants measured
at different temperatures, that is, in the application of the van’t Hoff law: k and Ea

in eq. (10.47) correspond to K and ΔHr in the law of van’t Hoff. One way to improve
the parameter estimation procedure is to orthogonalize (centralize) the experiments
according to the procedure described in Figure 10.5.

The abscissa axis is shifted to the average value of the experiments (x), x ′= x− �x.
After applying this to the Arrhenius law, we obtain

1
θ
= 1
T
−

1
�T

(10:48)
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The problem is reformulated as

k = �k · e
−Ea
R

1
θ (10:49)

where �k =A · expð−Ea
R�TÞ, that is, the rate constant at the average temperature. The advan-

tages of this restructuring are evident: the experiments are centralized, suppressing
correlation between the parameters. Furthermore, a very abstract parameter, the fre-
quency factor, is replaced by the rate constant at the average temperature (�k). It is
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Figure 10.5: The rate constant according to the Arrhenius law.

1

–ln (k)

T

Figure 10.4: Correlation between parameters.
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much easier to make an initial guess of this parameter, the rate constant, rather than of
the frequency factor in nonlinear regression.

However, the lesson learnt from this particular example, Arrhenius law, is gen-
eral. Whenever the mathematical model has this kind of a structure, correlation be-
tween parameters is suppressed by orthogonalization of the experimental domain,
that is, by taking averages and defining a new coordinate,

x ′= x− �x (10:50)

inserting it in the original model yields

ŷ= a0 + a1x (10:51)

ŷ= a0 + a1�xð Þ+ a1x ′ (10:52)

A new parameter,

a0′ = a0 + a1�x (10:53)

is defined and the model becomes

�̂y= ŷ− �y= ŷ− a0 + a1�xð Þ (10:54)

�̂y= ŷ−�y= a1x ′ (10:55)

The estimation procedure can be summarized as follows:
1) The values of x and y are calculated as averages from the experimental data.
2) The values of xi ′ are obtained as in eq. (10.50).
3) Linear regression is performed, giving a0 ′= a0 + a1�x and a1 as the initial estimates.
4) The real parameter a0 is obtained.

10.4 Systematic deviations and normalization
of experimental data

Not all deviations between the model and the data are of a stochastic nature. Analytical
techniques, particularly automation of off-line analysis, such as gas and liquid chroma-
tography, and development of on-line analytical techniques (UV, FTIR, FIA, SIA) reduce
the random scattering in the data to a minimum, and beautiful experimental curves can
be plotted.

Still, a number of deviations appear between experimental and predicted data. The
main reason originates from systematic deviations, which are easily recognized in a
graphical consideration of data sets (Figure 10.6). Systematic deviations are caused by
several reasons; the most common ones being inadequate stoichiometry, an inappropri-
ate kinetic model and poor calibration of analytical equipment. That the kinetic model is
‘wrong’ is easily recognized in graphical plots; for instance, an erroneous reaction order
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can be seen by comparing the curvature of the experimental data and predicted points
as visualized in Figure 10.6. The next steps to take are obvious: an improved kinetic
model is applied to the data, and a new comparison is made. The iteration is continued
until an adequate fit is obtained.

Inadequate stoichiometry and poor calibration of the analytical device are intercon-
nected problems. The kinetic model itself follows stoichiometric rules, but an inadequate
calibration of the analytical instrument causes systematic deviations. This can be illus-
trated with a simple example. Let us assume that a bimolecular reaction, A+B ! P, is
carried out in a homogeneous liquid-phase batch reactor. The density of the reaction
mixture is assumed to be constant. The reaction is started with A and B, and no P is
present in the initial mixture. The concentrations are related by

cP = c0A − cA = c0B − cB (10:56)

that is, the produced product, P, equals the consumed reactant. If the concentration of
component B has a calibration error, instead of the correct concentration cB, we get
an erroneous one,

c ′B = αcB (10:57)

which does not fulfil the stoichiometric relation. If the error is large for a single com-
ponent, it is easy to recognize, but the situation can be much worse: calibration errors
are present in several components and all of their effects are spread during non-
linear regression in the estimation of model parameters. This is reflected by the fact
that the total mass balance is not fulfilled by the experimental data. A way to check
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300
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375 450
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Figure 10.6: Systematic deviation due to a poorly chosen kinetic model: good model: second-order
kinetics (R2 = 99.2%), “bad” model: first-order kinetics (R2 = 94.4%).
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the analytical data is to use some form of total balances, for example, atom balan-
ces or total molar amounts or concentrations. For example, for our model reaction,
A+B ! P, we have the relations

cA + cP = c0A = constant (10:58)

cB + cP = c0B = constant (10:59)

cA + cB + 2cP = c0A + c0B = constant again c0P =0ð Þ (10:60)

The sum of concentrations of A and P should remain constant in space and time; if
not, something is wrong (Figure 10.7). Either the reaction does not follow this stoichi-
ometry or – more probably – the analysis is not calibrated very exactly. The draw-
back of considering the total balance is that a lot of information is lost, since many
concentrations are merged together.

A more advanced way of considering potential calibration errors is to look at the com-
ponents individually. An algorithm which can be used for checking kinetic data and
stoichiometric normalization of data is presented here.

A single reaction is considered. The extent of the reaction is defined by

ξ = yi − y0i
νi

(10:61)

where ξ is the extent of reaction, yi denotes the molar quantity after some reaction or
residence time in the reactor, and y0i is the initial or inlet quantity. For a continuous
reactor, yi is the molar flow, for batch reactors, it is the molar amount of substance or
concentration. For systems with a constant density, the molar quantities can simply be
replaced by concentrations. Thus, any model predicts the stoichiometric relation

Random
deviations

Systematic
deviations

cA + cP

cA + cP

c0A

Time

Figure 10.7: Checking kinetic data against total balance.

10.4 Systematic deviations and normalization of experimental data 167



ŷi = y0i + νiξ (10:62)

On the other hand, experimentally recorded concentrations exist for components in
the system. The task is now to find an optimal extent of reaction that would minimize
the difference for the entire data set. The objective function is defined as

Q=
X
i

wi ŷi − yið Þ2 (10:63)

where wi is the weight factor for component i. The stoichiometric relationship, eq.
(10.62), is inserted in eq. (10.63) giving

Q=
X
i

wi y0i + νiξ − yið Þ2 (10:64)

An optimal value for the extent of the reaction, ξ, is found by differentiation of eq.
(10.64) with respect to ξ,

dQ
dξ

=
X
i

2wiνi y0i + νiξ − yið Þ=0 (10:65)

in which ξ can be conveniently solved analytically:

ξ =
P

wiνi yi − y0ið ÞP
wiνi2

(10:66)

Thus, stoichiometrically consistent values of molar quantities are obtained by back-
substituting the expression for the optimized extent of reaction, ξ, in the basic rela-
tion, eq. (10.62). For an arbitrary component (k), we therefore obtain the stoichiomet-
rically corrected value:

yk = y0k + νkξ (10:67)

where ξ is calculated from eq. (10.66). The consistency of the data can now be checked
by plotting the initial value (ci) and the corrected value (ck) in the same graph. Different
weight factors are used if it is a priori known that some of the components are better
calibrated than others. Furthermore, the weight factors can be used for testing pur-
poses; it is possible to try it out and see what happens if we rely on some part of the
data very heavily, and how much the other concentrations change by this stoichiometric
normalization.

The procedure presented above for a single-reaction case is easily extended to sev-
eral simultaneous reactions. For simultaneous reactions, the stoichiometric relationship
is written as

ŷ= y0k + νkξ (10:68)

The objective function is defined analogously to eq. (10.63),
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Q=
X
i

wi ŷi − yið Þ2 (10:69)

and the derivatives with respect to each extent of reaction are set to zero, that is,

dQ
dξj

=
XN
i

2 yi − y0i −
XS
j=1

ξjνij

 !
− νið Þwi =0 (10:70)

Finally, it can be shown that the corrected quantities are obtained in the algorithm

ξ =A−1B, y= y0 + νA−1B (10:71)

where ν is the stoichiometric matrix and the elements of the array, A and B, are calcu-
lated from

A=

v21 v1v2 � � � v1vS

v2v1 v22 � � � v2vS

..

.

vSv1

..

.

vSv2

. .
.

� � �
..
.

v2S

2
666664

3
777775 (10:72)

B=

P
wi yi − y0ið Þvi1

..

.

P
wi yi − y0ið ÞviS

2
664

3
775 (10:73)

The procedure can be easily implemented by a computer.
An example of the application of the algorithm is given in Figure 10.8. Hydrogenation

of D-xylose to xylitol was carried out in a batch-wise operating slurry reactor. The analyti-
cal data was obtained by means of high-performance liquid chromatography (HPLC). The
original data did not obey the stoichiometry exactly due to calibration problems typically
associated with this analytical technique. This implies that systematic deviations remain
in the estimation of kinetic parameters, and the fit of the model parameters is not very
good (Figure 10.8). At the next stage, the original data were exposed to the normaliza-
tion algorithm, eq. (10.71), and the parameter estimation was repeated with stoichiomet-
rically consistent data. The systematic deviations disappeared, and a much better fit
was obtained (Figure 10.8). It should be emphasized that the final goal should be the
improvement of the primary data to remove the inconsistencies of calibration that dis-
tort the mass balance. The presented algorithm is just a diagnostic tool that can be used
to localize deviations and investigate their effect on parameter estimation.
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10.5 Direct integral method

A special method which can essentially simplify the regression analysis procedure is
presented here, namely the direct integral method (Himmelblau et al. (1967)). For a
given chemical reactor, we can often present a kinetic model as a set of ordinary dif-
ferential equations of the form:

dci
dτ

= ρ
X
j

vij ·Rj (10:74)

where vij is the stoichiometric coefficient, Rj the reaction rate, and ρ is a proportional-
ity factor (e.g. catalyst bulk density for catalytic processes; for homogeneous reactors
ρ= 1). Finally, τ is the reaction time (batch reactor) or the space time (continues reac-
tor). Furthermore, the kinetic model is often presented as

dci
dτ

= ρ
X
j

vij · k+ jΠ+
j − k− jΠ−

j

� �
(10:75)
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Figure 10.8: Results of data normalization: fit of original (a) and normalized (b) data. Case study:
hydrogenation of D-xylose to xylitol.
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where Π+ =−
j = Πk c

α+ =−
kj

k and αkj are the reaction exponents with respect to different
compounds. These exponents αkj can correspond with stoichiometric coefficients (ele-
mentary reactions) or with empirical figures deduced from experimental data. Formally,
a direct numerical integration of the normalized experimental data gives the solution of
the ODEs in the form:

ĉt, i = c0, i + ρ
ðτt
0

X
j

vij · k+ jΠ+
j − k− jΠ−

j

� �
dτ (10:76)

where τt denotes the reaction or space time for which the molar quantity ĉt, i was ob-
tained. This solution is then inserted in the objective function to obtain the following
expression:

Q=
X
t

X
i

c0, i + ρ
ðτt
0

X
j

vij · k+ jΠ+
j − k− jΠ−

j

� �
dτ − ct, i

 !2
ωt, i (10:77)

which is rearranged as

Q=
X
t

X
i

c0, i + ρ
X
j

vij · k+ j

ðτt
0

Π+
j dτ − ρ

X
j

vij · k− j

ðτt
0

Π−
j dτ − ct,i

 !2
ωt,i (10:78)

The expression is further differentiated with respect to kinetic parameters (k), and the
derivatives are set to zero to obtain the optimal values of the kinetic parameters:

dQ
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l

= 2
X
t

X
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ωt,i · ρ · vil
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0
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l dτ

(10:79)
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l
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X
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(10:80)

After numerous algebraic steps, a rearrangement of eqs. (10.79) and (10.80) gives the
following expression. The subindex l varies from 1 to NR, where NR represents the
number of chemical reactions in the studied system.
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The next step would be to set the values of j to integers in the range (1,NR), where NR
represents the number of reactions in the system. Setting the value of j= 1, one obtains:
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Equation (10.83) represents a general expression of the differentiation with respect to
the forward reaction constants for each of the reactions involved in the system, while
Eq. (10.84) represents differentiation with respect to the backward ones. The index l
varies from 1 to NR. The value of Πl will depend on the variable for which the differ-
entiation was carried out (kl). The procedure then continues, as we fix j for the succes-
sive integers, that is, j= 2, 3, . . .,NR.

As the above equations indicate, it is possible to obtain a general linear expres-
sion with respect to the rate parameters (k+ j, k− j) as follows,

a1, 1k1 − a−1, 1k−1 + a2, 1k2 − a−2, 1k−2 + � � � + aNR, 1kNR − a−NR, 1k−NR = b1

a1, −1k1 − a−1, −1k− 1 + a2, −1k2 − a−2, −1k−2 + � � � + aNR, −1kNR − aNR, −1k−NR = b−1

a1, 2k1 − a−1, 2k−1 + a2, 2k2 − a−2, 2k−2 + � � � + aNR, 2kNR − a−NR, 2k−NR =b2

a1, − 2k1 − a−1, − 2k−1 + a2, −2k2 − a−2, − 2k−2 + � � � + aNR, 2kNR − aNR, −2k−NR =b1

..

.

a1,NRk1 − a−1,NRk−1 + a2,NRk2 − a−2,NRk−2 + � � � + aNR,NRkNR − a−NR,NRk−NR =bNR

a1, −NRk1 −a− 1, −NRk−1 +a2, −NRk2 −a−2, −NRk−2 + � � � +aNR, −NRkNR −a−NR,−NRk−NR =bNR
(10:85)

The values of ajl and bj are obtained from
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(10:90)

The value of the integrals can be determined by natural splines approximation functions
of the proposed kinetic model. The result of all this manipulation is a linear system of
2 ·NR algebraic equations with 2 ·NR unknowns that can be solved by any standard
method, for example, Gauss-Jordan elimination. In case of irreversible chemical reactions
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only, the system becomes one with NR equations with NR unknowns. It can be written in
matrix form as follows:

A=

a1,1 a−1,1 a2,1 a−2,1 � � � aNR,1 a−NR,1
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a1,2 a−1,2 a2,2 a−2,2 � � � aNR,2 a−NR,2

a1,−2 a−1,−2 a2,−2 a−2,−2 � � � aNR,−2 a−NR,−2

..
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. ..

.
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(10:91)

and the values of the kinetic constants are then calculated from

k =A−1 ·b (10:92)

In this sense, starting from a proposed kinetic model and the stoichiometry of com-
plex reactions, one can reduce a complex parameter estimation problem to a system
of linear equations. The method is useful particularly for large reaction systems in which
it is a challenge to obtain reasonable initial estimates for the kinetic parameters. A direct
integral method should be used first to get very good parameter estimates, and these can
be further improved by applying software for nonlinear regression to the problem and
numerical solution of the differential equations. We should, however, keep in mind the
main limitation of the approach presented above: a requirement for using it is that all
components are analysed chemically and that the power-law rate eq. (10.75) can be ap-
plied to the system.

10.6 Parameter estimation from non-isothermal data

Chemists traditionally think that kinetic data should be obtained under isothermal con-
ditions. The reactants are preheated separately and brought together for the desired
reaction to proceed. However, as solid catalysts are involved, the practical procedure
becomes more complicated. Which component should the catalyst be combined with
during preheating and how to pre-treat the catalyst? Does the pre-treatment procedure
contribute to catalyst deactivation? – These are typical questions raised when handling
solid catalysts together with gases and liquids.

In practice, many experiments are carried out in such a way that all of the reactants
are simply brought together with the catalyst, the mixture is heated up to the reaction
temperature, and while being heated, the mixture undergoes at least some reaction
under the rising temperature gradient to the preset temperature. Nowadays this is not a
technical problem, since the temperature profile can be followed on-line and stored on a
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computer as demonstrated in Figure 10.9. The temperature dependence of the kinetic
model is incorporated in the temperature dependencies of the rate and equilibrium
constants, for example, according to the laws of van’t Hoff and Arrhenius. All data
sets are merged together, and the parameters are determined by nonlinear regression.
Preferably, techniques to suppress mutual correlation between the parameters should
be used. As an example, determination of parameters from hydrogenation experiments
is shown in Figure 10.9 (Russo et al. (2015)). As can be seen in this Figure, a very good
model agreement with the original data was achieved and the parameters fulfilled all
significant standard tests.
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Figure 10.9: Non-isothermal experiments in a trickle bed reactor with internal diffusion and heat
conduction. Case study: sugar hydrogenation (Russo et al. (2015)).
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A further challenge appears if the reactor equipment itself is non-isothermal. A typi-
cal example of this kind is a catalytic fixed bed. If the reaction comprises considerable
heat effects, for instance highly exothermal reactions, it is difficult to maintain completely
isothermal conditions in a tubular fixed bed. Instead, a hot spot appears, as illustrated by
the high-temperature water-gas shift reaction in Figure 10.10.

One way to surmount this dilemma is to place thermocouples along the reactor tube
and to screen the exact temperature field. Later on, the temperature profiles can be in-
corporated in the reactor model. Principally, two possibilities exist: to describe the reac-
tor with a complete non-isothermal model including the energy balance, or to utilize the
experimental temperature profiles more or less directly. The first approach is theoreti-
cally attractive, but it has the drawback that the heat transfer parameters of the reactor
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tube need to be determined. This introduces an additional uncertainty factor in the
model, and the bottom line is that it is not relevant if the kinetic and thermodynamic
parameters are of primary interest. Thus, it is better to interpolate in the experimental
temperature field, for example by fitting an empirical model to each temperature pro-
file, T = f reactor lengthð Þ. A polynomial model usually is sufficient. The laws of van’t
Hoff and Arrhenius are incorporated in the thermodynamic and kinetic parameters, all
data sets are merged together with the empirical temperature profiles, and nonlinear
regression is allowed to progress.

As an example, fitting a kinetic model to a water-gas shift reactor in a non-isothermal
fixed bed reactor is shown in Figure 10.10 (Keiski et al. (1992)). The example demonstrates
clearly that non-isothermal data indeed is feasible for kinetic analysis. The crucially im-
portant issue is to obtain primary data with a large enough concentration and tempera-
ture domain, and to record the temperature profiles frequently and precisely. As these
requirements are fulfilled, the parameter estimation exercise can be safely carried out
under non-isothermal conditions.
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Figure 10.10: Parameter estimation from non-isothermal data obtained from a catalytic fixed bed reactor.
Water-gas shift reaction CO+H2O= CO2 +H2 over a ferrochrome catalyst (Keiski et al. (1992)).
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10.7 Estimation of parameters from semibatch experiments

Composite reactions appear in numerous chemical systems and in many sectors of
chemical industry, from atmospheric chemistry to processes designed for fine and spe-
cialty chemicals, in oil refining and petrochemistry, in treating minerals and in biomass
valorization. The general problem is that a simultaneous and reliable estimation of ki-
netic parameters is very demanding for this kind of multireaction systems, because the
kinetic parameters are often strongly coupled and a multidimensional search in non-
linear regression analysis can easily fail. Semibatch technology can in some cases be
helpful in improving the parameter estimation results. The general principles of homo-
geneous semibatch reactors was discussed in Section 3.1. In this section, two special
cases are considered in more detail: the application of semibatch technology on hetero-
geneously and homogeneously catalysed liquid-phase systems, where several reactions
proceed simultaneously.

10.7.1 Composite reactions in the presence of a heterogeneous catalyst

Estimation of kinetic parameters for complex consecutive and consecutive-competitive
reactions of the type

A → R → S → T →. . .
+B +B +B

is challenging not only because many kinetic parameters (rate and equilibrium con-
stants) are involved, but the rates of the reactions can be very different. For instance, in
the hydrogenation and oxidation of polyfunctional molecules, the first reaction steps
are rapid, but the rates of the subsequent steps are much more slow, R1≫R2> R3> R4 . . .
A typical set of kinetic curves are displayed in Figure 10.11, which describes the kinetics
of citral hydrogenation with molecular hydrogen in the presence of a solid metal cata-
lyst. Citral is a polyfunctional molecule with a conjugated double bond, an isolated dou-
ble bond and a carbonyl group. The conjugated double bond is much more reactive
than the isolated one.

The first step is so rapid that it is difficult to obtain enough of samples during the
first minutes of the experiment to record the kinetic behaviour. Moreover, there is a risk
that the gas-liquid mass transfer affects the overall kinetics of the rapid text. On the
other hand, the third reaction step is very slow, which means that very long experiments
are needed, and if the concentration of the final product is still low, it is impossible to
estimate the numerical value of the last rate constant precisely. For the intermediate
products (R and S), it is important to determine experimentally the concentration max-
ima in order to obtain good estimates of the rate constants. This cannot always be
achieved with a standard isothermal experiment and a constant catalyst concentration.
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Can this dilemma be surmounted? Is it possible to slow down the first step and
accelerate the first step somehow? In case of heterogeneous catalysis, the observed
rate is proportional to the catalyst bulk density (ρB). By starting with a large amount
of liquid (VL) the initial catalyst bulk density (ρ0B = mcat/VL) is low and the first reac-
tion is retarded. If liquid is continuously removed from the reactor during the kinetic
experiment, the catalyst bulk density increases and the secondary and tertiary reac-
tions are accelerated.

Let us assume a well-stirred slurry reactor, to which reactive gas is continuously
added to compensate for the consumption of it, and liquid phase is pumped out with
a constant rate. The solid catalyst remains inside the reactor vessel. The principle is
illustrated in Figure 10.12.

If liquid is removed with a constant volumetric flow rate, the update of the liquid
volume is

V =V0 −V ′t (10:93)

The catalyst bulk density is defined as

ρB =
mcat

V0 −V ′t
(10:94)

By introducing the notations ρ0B = mcat/V0L and V0L/V′ and τ0, we get
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Figure 10.11: Typical kinetic behaviour of a composite reaction system: hydrogenation of citral on a
heterogeneous nickel catalyst (Salmi et al. 2006).
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ρB =
ρ0B

1− t=τ0
(10:95)

which clearly reveals the accelerating effect on the kinetics: the catalyst bulk density
increases with time.

In the absence of external and internal mass transfer limitations, the mass bal-
ance of an arbitrary component in the liquid phase can be written as

rimcat =
dni
dt

+V ′ c (10:96)

The derivative dni/dt can be expressed with concentrations as follows,

dni=dt =dðciVÞ=dt (10:97)

where d(ciV/dt) is

dðciVÞ
dt

=V
dci
dt

+ ci
dV
dt

(10:98)

Recalling that dV/dt = –V′ we obtain

dci
dt

= rimcat

V0L −V ′t
(10:99)

which can easily be converted to the final form

dci
dt

= ρ0Bri
1− t=τ0

(10:100)

Liquid
out

Figure 10.12: Semibatch technology applied on heterogeneously catalysed liquid-phase reaction system.
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Example: first-order reaction
An irreversible first-order reaction

A → P
is considered as an example. The rate equation rA = ‒kcA is inserted in the mass balance giving

dcA
dt

= −kρ0BcA
1− t=τ0

(10:101)

This differential equation is easily solved by separation of the variables and integration within the limits
[0,t] and [c0A, cA],

−
ð
dcA
cA

= ðkρ0BÞ
ð

dt
1− t=τ0

(10:102)

The solution becomes

cA=c0A = ð1− t=τ0Þkρ0Bτ0 (10:103)

A complete set of analytical solutions for the sequence A → R → S is given in the reference (Salmi et al. 2007)
and is not repeated here. The general approach is to solve the model eq. (10.100) numerically during the
progress of the parameter estimation.

Thanks to this approach, the original kinetic pattern displayed in Figure 10.12 is transformed to a new
one presented in Figure 10.13: the first reaction is slower than in the standard experiment (Figure 10.12),
while the secondary and tertiary reactions are faster, which essentially improves the accuracy of the ki-
netic parameters.

Figure 10.13: Transformed kinetic behaviour of a composite reaction system: hydrogenation of citral on a
heterogeneous nickel catalyst (Salmi et al. 2006).
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The method can still be improved by applying temperature programming during the
course of the experiment: if the temperature is increased during the experiment, the
slow reactions are accelerated, as illustrated in Figure 10.14. In addition to temperature
programming, liquid was continuously removed from the reactor during the experiment.

10.7.2 Composite reactions in the presence of a homogeneous catalyst

The approach presented in the previous section can be applied to homogeneously cat-
alysed systems, too, but in an opposite way: if a solution of the homogeneous catalyst
is continuously added to the reactor vessel, the catalyst concentration increases and
the rates of the reactions are accelerated during the experiment. The principle is illus-
trated in Figure 10.15.

For a reactive component (i), the mass balance for the semibatch reactor is

riV = dni
dt

(10:104)

because the reactants and products are in batch. The derivative of the amount of sub-
stance is

dni
dt

= dci
dt

V + ci
dV
dt

(10:105)

Figure 10.14: Non-isothermal semi-batch experiment for successful parameter estimation:
hydrogenation of citral on a heterogeneous nickel catalyst (Salmi et al. 2006).
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where dV/dt is equal to V' for a constant volumetric flow rate. After inserting this
relation in the balance equation (10.104) and some rearrangement, the operative form of
the balance equation is obtained,

dci
dt

= ri −
ci

τ0 + t
(10:106)

The solution of the differential depends on the particular expression valid for the re-
action kinetics and it is affected by the concentration of the homogeneous catalyst.

For the added homogeneous catalyst, the mass balance can be written as

n′0C =dnC=dt (10:107)

because the catalyst is neither consumed nor produced in the chemical reactions
going on in the reactor vessel. The inlet molar flow of the catalyst is expressed with
the concentration in the feed and the volumetric flow rate,

n ′0C = c0CV ′ (10:108)

The derivative dnC /dt can be expressed with concentrations as follows,

dnC=dt =dðcCVÞ=dt (10:109)

where d(cCV/dt) is

dðcCVÞ
dt

=V
dcC
dt

+ cC
dV
dt

(10:110)

that is,

Catalyst
in

Figure 10.15: Semibatch technology applied on homogeneously catalysed liquid-phase reaction system.
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dðcCVÞ
dt

= ðV0 +V ′tÞ dcC
dt

+ cCV ′ (10:111)

After inserting eqs. (10.108) and (10.111) in the mass balance (10.113) we obtain

c0CV ′= ðV0 +V ′tÞ dcC
dt

+ cCV ′ (10:112)

By denoting V0/V' = τ0 and rearranging, eq. (10.107) is obtained,

dcC
dt

= c0C − cC
τ0 + t

(10:113)

This ordinary differential equation (ODE) is easily solved by separation of variables
and integration. The integration limits are (0,t) and (cC(0), cC). The solution is

cC =
c0Cðt=τ0Þ+ cCð0Þ

1+ t=τ0
(10:114)

In the beginning of the reaction t = 0 and cC = cC(0) according to equation (10.114). On
the other hand, if the catalyst addition is continued for a long time, t/τ0 → ∞ and cC → c0C,
that is, the catalyst concentration in the feed.

The model consists of the mass balances of the reactive components, eq. (10.106)
and the catalyst concentration according to eq. (10.114). For example, if a reaction A → P
has the rate R = kcAcC, where A is the reactant, the generation rate is rA = –kcAcC, which
is inserted in the mass balance eq. (10.106). Analytical solutions can be derived for zero-
and first-order reactions, but the general approach is the numerical solution of the bal-
ance equations during the parameter estimation.
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Exercises





I Gas-phase tube reactor

Formic acid decomposes in a gas-phase system according to the reaction scheme dis-
played below:

HCOOH ! H2O+CO (1)

HCOOH ! H2 +CO2 (2)

At 236 °C, the rate constants of reactions (1) and (2) are k1 = 2.8 · 10−3 min−1 and
k2 = 1.52 · 10−4 min−1, respectively. The reaction is conducted in an isothermal reactor
with a constant total pressure of 1.0 bar. The reactor is fed with a mixture of inert gas
and 50% vol. of formic acid. The inflow is 5 mol/h and the tube diameter is 5 cm.
a) Write the stoichiometric matrix for the system.
b) Define the molar balances for all components in a tubular reactor operating in

accordance to plug flow conditions and axial dispersion.
c) Simulate the molar flows of all components as a function of the reactor length

(1 meter). How long space-time is needed to convert 95% of formic acid?

https://doi.org/10.1515/9783110797985-012

https://doi.org/10.1515/9783110797985-012


II Synthesis of maleic acid monoester in a
semi-batch reactor

Maleic acid monoester (C) and water are formed as maleic acid (A) and hexanol (B)
react in a batch reactor following the scheme below:

R+ +

O O

O O

O
H2O

R
OH

OH OH
OH

No solvent is present, and pure reactants are thus mixed together in a reaction vessel.
The reaction mixture is heated until all A has melted at 53 °C. After this, the concen-
trations of A and B are as follows: c0A = 4.55mol=L and c0B = 5.24mol=L. The reaction is
of first order with respect to each reactant.

The temperature limit of 100 °C must not be exceeded due to risk of unwanted side
reactions. On the other hand, the lowest possible temperature is the melting point of
maleic acid 53 °C. A stirred batch reactor with a volume of 5.0 m3 is available. The over-
all heat transfer coefficient between the reactor and the surroundings can be approxi-
mated to U=250 W/m2/K. The conversion of maleic acid should reach a level of 95% as a
minimum. The necessary data are displayed in Table 1.
a) Introduce the mole and energy balances for the batch reactor.
b) Write a computer program for the simulation of the molar amounts and the tem-

perature in the reactor.
c) Determine the heat transfer area so that the reaction time becomes as short as

possible. How long reaction time is required in this case?
d) Could the batch reactor be operated adiabatically?

Table 1: Data for maleic acid esterification.

Activation energy parameter Ea = 105 kJ=mol
Frequency factor A= 1.37 · 1012L=mol=s
Reaction enthalpy ΔHr = −33.5 kJ=mol
Heat capacity ρcp = 1980 J=L=K
Total molar amounts c0A =4.55mol=L, c0B = 5.34mol=L
Reactor volume VR = 5 m3

Overall heat transfer coefficient U= 250W=m2=K
Adiabatic temperature rise ΔTad = 77K
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III Exothermic reaction in a continuous stirred tank
reactor

A chemical compound P will be produced in an adiabatic continuous stirred tank re-
actor (CSTR) via the homogeneous liquid phase reaction

A+B ! P

The kinetics of the reaction is described by the experimentally obtained second-order
rate law:

R= kcAcB

a) Simulate the reactor dynamics, i.e. the concentrations and the temperature in the
reactor vessel, using suitable software. At the initial state the reactor is assumed to
be filled with an inert solvent, the temperature of which can reside in the range of
290 . . . 400 K.

b) Discuss the simulation results and plot the temperature and the concentrations
versus the reaction time.

c) How many steady states are theoretically possible in this case?

The necessary data are given in Table 1.

Table 1: Data for second-order reaction in a CSTR.

Activation energy Ea = 99 kJ=mol
Frequency factor A= 1.52 · 109 m3= mol · sð Þ
Reaction enthalpy ΔHr = −33.5 kJ=mol
Heat capacity ρcp = 1900 kJ=m3K
Feed concentrations c0A = 5 kmol=m3, c0B = 5 kmol=m3

Feed temperature T0 = 290 K
Reactor volume VR = 1.0 m3

Volumetric flow rate V
·
=0.6 · 10−3m3=s
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IV Production of phtalic anhydride in a fixed bed
reactor

The industrial production of phtalic anhydride is based on the oxidation of naphtha-
lene or o-xylene. The reaction mechanism of the oxidation of o-xylene over a V2O5 –

catalyst can in the presence of an excess of oxygen be simplified to a coupled consecu-
tive and a parallel reaction

A

C

3

1 2B C

where A and B denote o-xylene and phtalic anhydride, respectively; C denotes the
sum of the products of total oxidation (CO, CO2, H2O). The following rate equations are
assumed to be valid:

R1 = k1pApO (1)

R2 = k2pBpO (2)

R3 = k3pApO (3)

where pO denotes the partial pressure of oxygen. The oxidation reaction is carried out
in a multitubular fixed bed reactor system, which is cooled with a molten salt bath.
Due to the explosion risk, the concentration of o-xylene must be kept below 1 vol-% at
the reactor inlet. The temperature is not allowed to exceed 660 K, since the catalyst is
strongly deactivated at elevated temperatures exceeding the threshold value.
a) Describe the fixed bed with a two-dimensional pseudo-homogeneous model.
b) Compute and plot the temperature and phtalic acid concentration profiles as a

function of the reactor length in a pilot plant reactor which consists of a single reac-
tor tube and which operates under the conditions specified in Table 1. Assume a
one-dimensional pseudo-homogeneous model and consider four different inflow
temperatures, T0 = 625, 630, 633 and 635 K.

c) What is the maximum temperature in the reactor? In which way should the con-
ditions be changed, if the maximum temperature is exceeded?

d) Which is the conversion of A and the selectivity towards B obtained in the reactor?
e) How would an increase in the temperature of the inflow affect the yield of B?
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Table 1: Data for xylene oxidation in a fixed bed reactor.

Activation energies Ea1 = 1.133 · 105 J=mol
Ea2 = 1.301 · 105 J=mol
Ea3 = 1.200 · 105 J=mol

Frequency factors A1 = 1.145 · 108mol= atm2 · kg · sð Þ
A2 = 3.185 · 108mol= atm2 · kg · sð Þ
A3 = 4.577 · 107mol= atm2 · kg · sð Þ

Reaction enthalpies ΔH1 = −1.2845 · 106 J=mol
ΔH2 = −3.276 · 106 J=mol

Initial mole fractions y0A =0.0093 (xylene)
y0O =0.208 (oxygen)
y0I =0.783 (inert)

Specific heat capacity cp = 1.046 · 103 J= kg · Kð Þ
Temperature at the reactor inlet T0 =625, 630, 633, 635 K
Total pressure at the inlet P0 = 1 atm
Molarmass at the inlet M= 29.48 · 10− 3 kg=mol
Mass flow m

· =6.386 · 10− 4kg=s
Coolant temperature TC = T0
Reactor length L= 3.00m
Reactor diameter d=0.025m
Catalyst bulk density ρB = 1300 Kg=m3

Overall heat transfer coefficient U=96W= m2 · s · Kð Þ
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V Water-gas shift in a fixed bed reactor: diffusional
limitations

The water-gas shift reaction is carried out in an isothermal packed bed

CO+H2O $ CO2 +H2 (1)

The bed is filled with iron-chromium oxide catalyst particles. The catalyst particles
are cylindrical and have a diameter and a height of 3.2 mm. The temperature in the
reactor can be set between 663–723 K, whereas the total pressure always remains
1 atm. The reaction rate (R0) can be described by the equation:

R0 = k · cCO 1−
cCO2cH2
cCOcH2O

1
K

� �
(2)

where K denotes the equilibrium constant for the reaction, and k is the first-order
rate constant. The reaction is known to be strongly diffusion limited. Calculate the
concentration profiles inside the catalyst pellet and the effectiveness factor at the
inlet of the reactor tube at different operating temperatures. The kinetic and reactor
data are summarized in Table 1.

Compare your results to the analytical solution of the effectiveness factor for
first-order reactions:

ηeCO =
3
φ

� �
1

tanh φð Þ −
1
φ

� �
(3)

φ2 =R2
C

k · ρP
DeCO

� �
(4)

Keep in mind the following relations when solving the problem:

Dei =
εP
τP

� �
1

Dmi
+ 1
DKi

� �−1
(5)

DKi T1ð Þ
DKi T2ð Þ =

ffiffiffiffiffi
T1

T2

r
(6)

DKi T1ð Þ
DKj T1ð Þ =

ffiffiffiffiffiffi
Mj

Mi

s
(7)

ηei =
s+ 1ð Þ R RC0 ri · rsdr

ri cbð ÞRs+ 1
C

(8)

196 Exercises



Table 1: Data for water-gas shift reaction. The Knudsen diffusion
coefficient and rate constant were determined by Keiski et al. (1992).

First-order rate constant k= A+ 1exp − EA
RT

� �
Activation energy EA =94.3 kJ=mol

Frequency factor A+ 1 =95.02 m3=g=s

Catalyst properties ρB = 1.55 g=cm3

εP =0.55
τP = 2
RC = 3.2mm
s= 2

Reactor data T=663, 683, 703, 723 K
P= 1 atm

Inlet molar flow composition y0, CO =0.07
y0,H2O =0.5
y0, CO2 =0.03
y0,H2 =0.2
y0,N2 =0.2

CO Knudsen diffusivity @  K DK, CO =0.107 cm2=s

Equilibrium constant K= exp 4577.8
T −4.33

� �
Gas-solid mass transfer coefficient Very large
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VI Steady-state CSTR’s in series: oxidation of Iron(II)
to Iron(III)

Ferric ions, i.e. Fe3+ or Fe(III), are an important coagulant for water treatment process.
They are produced by the oxidation of iron sulphate, FeSO4, in acidic medium and in
the presence of air. Naturally, water is the solvent for this reaction. The overall oxida-
tion process is

Fe2+ + 1
4
O2 +H3O+ ! Fe3+ + 3

2
H2O

The reaction is usually conducted catalytically by the addition of active carbon, how-
ever, the homogeneous reaction is quite significant and cannot be neglected. The ho-
mogeneous and heterogeneous reaction rates are presented by eqs. (1, 2):

rhom =
A1c2Fe2+ cO2
1+ A1

A2
cFe2+

exp −
Eahom
R

1
T
−

1
Tref

� �	 

(1)

rhet =A3exp −
Eahet
R

1
T
−

1
Tref

� �	 

cFe2+

ffiffiffiffiffiffiffi
cO2

p
(2)

The oxidation of iron sulphate is conducted in two isothermal isobaric CSTRs con-
nected in series. The temperature of the process is 100 °C and total pressure of air, in
both reactors, is 3.5 atm. The concentration of the iron sulphate in the inlet feed of the
first reactor is 2.0 mol/L and the liquid volume in each reactor is 1 m3. The gas-liquid
mass transfer resistance is negligible, therefore, the concentration of oxygen in the
liquid phase can be directly estimated by the Henry’s law:

cL,O2 =
PO2cL
H

(3)

where PO2 is the partial pressure of oxygen in the gas phase, cL is the total concentra-
tion of compounds in liquid phase and H is the Henry constant. The Henry constant
depends on the composition of the liquid-phase in the following way:

H atmð Þ= 10
P

ci hi + hT T − 298ð Þ½ �
exp A+ B

T +C · ln Tð Þ� � (4)

where T is the temperature in Kelvin. The aim of the process is to achieve a global
conversion of 95% of ferrous ions (Fe2+) with a space-time no longer than 500 minutes
in each reactor.
a) Derive the general equations that describe the concentrations of ferric and fer-

rous ions in both reactors operating at steady-state conditions as a function of the
space-time.
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b) Would it be possible to meet the required conditions by operating both reactors
without any addition of catalyst? If so, at which global space-time is the 95% con-
version achieved?

c) Assume that both reactors operate with a catalyst load of 120 kg/m3, would the
process requirements be satisfied? If so, at which global space-time is the 95%
conversion achieved?

d) Consider that the first reactor operates without the addition of catalyst and
the second one operates with 120 kg/m3 of catalyst loading. Is the global conver-
sion requirement achieved? If so, at which global space-time does it occur?

e) Discuss the results obtained in items b), c) and d). Which design would you choose
to operate? Why?

f) BONUS! If you were to design a similar system for a water treatment plant, how
would you adjust the parameters to maximize the conversion of Fe2+? Consider
that the reactors may have different sizes and operate at different conditions.
Discuss with your colleagues the pros and cons of changing each parameter (tem-
perature, pressure, catalyst loading, reactor volume) and if these changes are fea-
sible in practice. Then ask yourselves: is there another reactor design which
would suit this application better?

Table 1: Reaction and reactor data.

Reference temperature Tref = 353.15 K

Homogeneous reaction kinetic parameters A1 = 21.6 L2 ·mol−2 ·min−1

A2 = 36.8 L ·mol−1 ·min−1
Eahom

R =4176 K

Heterogeneous reaction kinetic parameters A3 = 5.07 L3=2 ·mol−1=2 · kgcat−1min−1
Eahet
R = 3930 K

Henry constant parameters A= − 171.2542
B=8391.24
C= 23.24323
hH+ =0

hFe2+ =0.1523 L ·mol−1

hFe3+ =0.1161 L ·mol−1

hSO− 2
4

=0.1117 L ·mol−1

hT = 3.34 · 10− 4 L ·mol−1

Reactor conditions P= 3.5 atm
T= 100� C
V1 = V2 = 1 m3

Concentration of FeSO4 in the inlet feed cFeSO4
� 


0 = 2.0mol=L
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VII A fluidized bed reactor

A first-order, irreversible catalytic gas-phase reaction

A ! P

should be carried out in an isothermal fluidized bed.
a) Simulate the conversion of A as a function of the bed length coordinate.
b) What is the bed height for a conversion level of 95%?

τb =
L
wb

wb = w−wmf
� �

+0:711
ffiffiffiffiffiffiffiffi
gdb

p

Table 1: Data.

ρBb 7.5 kg=m3

ρBc Vc=VbÞð 290 kg=m3

ρBe Ve=VbÞð 1020 kg=m3

Kbc 1.4 s−1

Kce 0.9 s−1

k 1.5 m3= kg · hð Þ
w 1800m=h
wmf 20.5m=h
db 0.1m
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VIII Three-phase slurry reactor: hydrogenation
of aromatics

Catalytic hydrogenation of an aromatic compound proceeds on the surface of a
Ni/Al2O3 catalyst according to the stoichiometry

T+ 3H2 ! TH

The reaction rate is defined as

R= kKTKHcTcH

1+ 3KTcT +
ffiffiffiffiffiffiffiffiffiffiffi
KHcH

p� �3
The hydrogenation takes place in an isothermal semi-batch reactor at 373 K and at a
hydrogen pressure of 20 bar. The reaction starts with pure aromatic compound in the
reactor. The reactor volume is 1.1 L and the liquid volume in the reactor is 1.0 L. The
initial concentration of reactant is 9.5 mol/L and the organic compounds are assumed
to stay in the liquid phase at the prevailing conditions. The data needed as input are
summarized in Table 1. Liquid-solid mass transfer resistance is negligible for all the
following items.
a) What is the reaction time required to achieve 99% conversion in case there are no

gas-liquid mass transfer limitations and no diffusion limitations inside the particle?
b) Consider that the stirring in the reactor is actually not so efficient. What is the

required reaction time needed to achieve 99% conversion if the gas-liquid mass
transfer parameter for hydrogen is kL,H2 · a=0.05 s−1 and no internal diffusion
limitations are assumed?

c) How long reaction time is needed to achieve 99% conversion in case the mass
transfer inside the particle is taken into account in item b)?

d) Now, assume that the external mass transfer limitation is negligible and compute
the required reaction time to achieve 99% conversion considering internal mass
transfer limitations.

e) Plot the conversion vs. time for items a), b), c) and d) and discuss the obtained
results. How would you distinguish the effects of external and internal mass
transfer limitations experimentally?
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Table 1: Reaction, reactor and catalyst data.

Total pressure P0 = 20 bar
Reaction temperature T0 = 373.2 K
Reactor volume VR = 1.1 L
Liquid volume VL = 1.0 L
Reaction rate constant k T0ð Þ= 2.1 mol=kg=s
Aromatic adsorption constant KT T0ð Þ=0.25 L=mol
Hydrogen adsorption constant KH T0ð Þ= 37.0 L=mol
Aromatic initial concentration c0T = 9.5mol=L
H2 mole fraction at saturation x✶H2 T0ð Þ=0.014
Gas-liquid mass transfer parameter for H2 kL,H2 · a=0.05 s−1

Particle radius RC =0.2mm
Particle porosity εP =0.5
Particle tortuosity τ= 4
Particle density ρP = 1300 kg=m3

Catalyst mass mcat = 40 g
Hydrogen diffusivity DH2 =4.4 · 10−9 m2=s
Organic compounds diffusivities DT ≈DTH = 5.0 · 10−11 m2=s

✶Exercise inspired by the work of Toppinen et al., Ind. Eng. Chem. Res., 35,
1824–1833, 1996.
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IX Chlorination of p-cresol in a continuous stirred
tank reactor

Chlorination of para-cresol occurs in two consecutive steps according to the reaction
scheme

OH

OH

CI

CI

OH

HCI (1)

(2)

+

HCI+

CH3

CH3

CH3

CI CI

OH

CH3

CI CI+

CI CI+

k1

k2

The reaction will be carried out in an inert solvent, carbon tetrachloride (CCl4). The
liquid which flows through the reactor contains initially 0.2 mol/dm3 para-cresol. The
gas flow of (Cl2) through the reactor is assumed to be so high that the liquid phase is
saturated with respect to chlorine. The gas flow contains 20% chlorine. The saturation
concentration of chlorine was determined to amount to 0.44 mol/dm3 at the chlorine
partial pressure of 0.2 atm and at 0 °C.

The rate constant of reactions (1) and (2) have the following values at 0 °C:

k1 = 5.620 dm3=mol · s

k2 =0.107 dm3=mol · s

The chlorination process will be carried out in a continuous stirred tank reactor
which operates isothermally at 0 °C and at atmospheric pressure.

Assume elementary reaction rates for reactions (1) and (2). Determine the liquid
space-time that gives the highest yield of the mono-chlorinated product. Plot the con-
centration profiles as a function of the liquid phase residence time.
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X Reaction between methanol and triphenyl methyl
chloride

Initially, 0.054 mol/L methanol reacts with 0.106 mol/L triphenyl methyl chloride in
dry benzene solution.

CH3OH + C6H5ð ÞCCl ! C6H5ð ÞCOCH3 +HCl

Determine the rate law and the rate constants from the enclosed data (Table 1).

Table 1: Kinetic data as a function of time.

t=min    

cCH3OH= mol=Lð Þ . . . .

204 Exercises



XI Use of millireactor for the kinetic study
of very fast reaction: dehydrochlorination
of 1,3-dichloro-2-propanol

The dehydrochlorination of 1,3-dichloro-2-propanol (αγ-DCP) with an inorganic base
produces 1-chloro-2,3-epoxypropane (epichlorohydrin), which is an important build-
ing block for the production of epoxy resins and plasticizers. The overall dehydrochlo-
rination reaction is depicted in Figure 1.

CI

+ + + H2OHO–
CI

OH
CI

O
CI–

Figure 1: Overall reaction scheme of the dehydrochlorination of αγ-DCP.

The reaction between αγ-DCP and sodium hydroxide is very rapid, which makes it
challenging to study the dehydrochlorination kinetics in classical batch or tubular
reactors. For this reason, de Araujo et al. (2016) decided to employ a tubular isother-
mal millireactor, which allowed samples to be withdrawn along the reactor length, at
residence times as small as 1 sec. After stablishing careful reaction and sampling pro-
cedures, experimental data were obtained for very diluted aqueous solutions contain-
ing equimolar concentrations of αγ-DCP and NaOH at different temperatures. The
data are presented in Table 1. Assuming that the effects of axial dispersion are negligi-
ble in the system,
a) List few advantages and disadvantages of the use of micro/milli scale reactors.
b) Determine the rate constant, at each temperature, assuming first-order kinetics

with respect to αγ-DCP and zero order with respect to sodium hydroxide. Make
an Arrhenius plot for determining the activation energy and pre-exponential fac-
tor for this kinetic model.

c) Determine the rate constant, at each temperature, assuming first-order kinetics
with respect to both αγ-DCP and NaOH. Make an Arrhenius plot for determining
the activation energy and pre-exponential factor for this kinetic model.

d) Based on the data obtained in b) and c), which one is the most appropriate kinetic
model for describing the experimental data?

e) Now that you have chosen the kinetic model, determine the activation energy and
the pre-exponential factor from the data without making an Arrhenius plot.
NOTE: in this case, you need to use equation (8.49).

f) Make a 3D sensitivity plot of the parameters estimated in item e).

Note: Solved solutions to the exercises can be downloaded from http://web.abo.fi/fak/tkf/tek/cre/
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g) BONUS! Think about a condensed reaction mechanism that would describe the dehy-
drochlorination reaction showed in Figure 1. Derive the dehydrochlorination reaction
rate and check if it coincides with the ones discussed in items a) or b).

NOTE! For the sake of simplicity, the solution of this exercise may be accomplished by
analysing the data of the decay of αγ-DCP along the reactor length. Remember that so-
dium hydroxide and αγ-DCP are present at equimolar concentrations. Due to the design
characteristics of the millireactor, a certain amount of αγ-DCP had already reacted at
the residence time “zero.” Nevertheless, this should not disturb the parameter estima-
tion. For further details about the reactor design and the dehydrochlorination reaction,
please check de Araujo Filho et al., Chem. Eng. Sci., 149 (31), 35–41, 2016.

Table 1: Experimental data obtained for the dehydrochlorination in millireactor.

T =  °C T =  °C

Residence Time (s) αγ-DCP (mmol/L) Residence Time (s) αγ-DCP (mmol/L)

. . . .
. . . .
. . . .
. . . .
. . . .
. . . .
. . . .

. . . .
. . . .

T =  °C T =  °C

Residence Time (s) αγ-DCP (mmol/L) Residence Time (s) αγ-DCP (mmol/L)

. . . .
. . . .
. . . .
. . . .
. . . .
. . . .
. . . .

. . . .
. . . .
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XII Multiple liquid-phase reaction system

Grénman et al. studied the reactions of triazole in a liquid phase batch reactor
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Figure 1: The reaction schemes. The desired product, PC and PT, are formed when the triazole B1 attaches
to the reactants AC and AT. The unwanted side products are SC and ST and are formed when triazole in the
form B2 reacts.
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a) Investigate the system thoroughly and reveal which constants/merged constants
can be estimated preliminary by means of linear regression assuming that all re-
actions are elementary.

b) Experimental observations suggested that the isomerization reactions 5, 6 and 7
are very slow. On the other hand, the equilibrium step 8 is stablished at the very
beginning of the reaction. Rewrite the mass balance equations for this particular
case. Estimate everything you can by simple linear regression. Prepare illustrative
linear plots.

c) Estimate the final values of the parameters by means of nonlinear regression.

Table 1: Kinetic data from H. Grénman et al., Org. Proc. Res. Dev., 7 (6), 942–950, 2003.

 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . .  

 . . . .  

 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .

 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . .  

 . . . .  

 . . . .  .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .

 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . .  .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
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Table 1 (continued)

 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . . . .
 . . . . . .
 . . . . . .

 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
 . . . . . .
  . . . . .
  . . . . .
  . . . . .

 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . .  

 . . . . . .
 . . . . . .
 . . . . . .
  . . . . .
  . . . . .
  . . . . .
   . . . .
   . . . .

 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . . . .
 . . . . . .
 . . . . . .
  . . . . .
  . . . . .
   . . . .
   . . . .
   . . . .
   . . . .
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 °C

Time (min) AT (mol/kg) AC (mol/kg) PT (mol/kg) PC (mol/kg) ST (mol/kg) SC (mol/kg)

 . . . . . .
 . . . . . .
  . . . . .
  . . . . .
   . . . .
   . . . .
   . . . .
   . . . .
   . . . .

Table 1 (continued)
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XIII Gas-liquid reactions in a semi-batch reactor

Butanoic acid is chlorinated in the presence of a homogeneous catalyst, chlorosul-
phonic acid, to α-monochloro butanoic acid according to reaction (1):

O

OH

+ CI CI

CI
O

OH

HCI+

(MCA)(CA)

(1)

The chlorination experiments were conducted in a semi-batch laboratory scale reac-
tor by bubbling gaseous chlorine through the liquid batch, which initially consisted of
pure butanoic acid and the homogeneous catalyst. The chlorine concentration in the
liquid phase was constant during the course of the reaction. The reaction rates of (1)
is given by the expression:

dxMCA

dt
= k0 + k1x

1=2
MCA (2)

where k0 and k1 are constants and xMCA is the mole fraction ofMCA in the liquid phase.
The catalyst concentration is included in k1 and k0. In the experiments, the mole frac-
tions ofMCA were registered as a function of the reaction time. The results are listed in
Table 1.

Estimate the constants k0 and k1 from the experimental data using regression
analysis. Estimate also the temperature dependence of the constants k0 and k1 using
the Arrhenius’ law.
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Table 1: Experimental data from the chlorination of butanoic acid.

T= 90 �C T= 110 �C

t=min xMCA t=min xMCA

0 0  

. . . .
. . . .
. . . .
. . . .

. . . .
. . . .

T= 120 �C T= 130 �C

t=min xMCA t=min xMCA

0 0 0 0
. . . .
. . . .
. . . .
. . . .

. . . .
. . . .
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XIV Gas-phase reaction in a differential reactor

Hydrogenation of toluene to methylcyclohexane is an important model reaction for
dearomatization processe

3 H2+

CH3 CH3

Toluene (T) Methylcyclohexane (MCH)

(1)

The hydrogenation reaction is carried out on a supported Ni-catalyst. Kinetic experi-
ments were performed out in a laboratory scale differential reactor operating at at-
mospheric pressure and at constant temperatures. The experimental data are shown
in Table 1. In the present case, the hydrogenation process can be regarded as an irre-
versible reaction, and three different kinetic equations have been proposed for the
forward reaction:

R1 = k · pHm · pTn (2)

R2 =
kKTKH

3pTpH3

1+KTpT + KHpHð Þ1=2
� �7 (3)

R2 =
kKTKHpTpH

1+ 3KTpT + KHpHð Þ1=2
� �3 (4)

where k is the rate parameter, and KH and KT denote the adsorption parameters of
hydrogen and methylcyclohexane, respectively. The temperature dependence of the
reaction parameter is given by

k =A · e
−Ea
RT (5)

where A and Ea denote the frequency factor and the activation energy, respectively;
the adsorptions terms may be assumed constant.
a) Which are the basic parameters that can be estimated from the experimental

data?
b) Estimate the parameter values by regression analysis.
c) Which of the models is the best one?
d) Is it possible to estimate the temperature dependences of the adsorption constants

from the kinetic data provided in Table 1? Comment.
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Table 1: Experimentally measured reaction rates on toluene hydrogenation.

T= 120 �C T= 135 �C

N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ
1 . . . 1 . . .
2 . . . 2 . . .
3 . . . 3 . . .
4 . . . 4 . . .
5 . . . 5 . . .
6 . . .  . . .
7 . . . 7 . . .
8 . . . 8 . . .
9 . . . 9 . . .
10 . . . 10 . . .
11 . . . 11 . . .
12 . . . 12 . . .
13 . . . 13 . . .
14 . . . 14 . . .

T= 151 �C T= 171 �C

N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ

1 . . . 1 . . .
2 . . . 2 . . .
3 . . . 3 . . .
4 . . . 4 . . .
5 . . . 5 . . .
6 . . . 6 . . .
7 . . . 7 . . .
8 . . . 8 . . .
9 . . . 9 . . .
10 . . . 10 . . .
11 . . . 11 . . .
12 . . . 12 . . .
13 . . . 13 . . .
14 . . . 14 . . .

T= 186 �C T= 200 �C

N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ

1 . . . 1 . . .
2 . . . 2 . . .
3 . . . 3 . . .
4 . . . 4 . . .
5 . . . 5 . . .
6 . . . 6 . . .
7 . . . 7 . . .
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Table 1 (continued)

T= 120 �C T= 135 �C

N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ N0 pH2 atmð Þ pT atmð Þ 106 ·R mol= kg · sð Þð Þ
8 . . . 8 . . .
9 . . . 9 . . .
10 . . . 10 . . .
11 . . . 11 . . .
12 . . . 12 . . .
13 . . . 13 . . .
14 . . . 14 . . .

*Exercise inspired by the work of Lindfors et al., Ind. Eng. Chem. Res., 32, 34–42, 1993.

Exercises 215



XV Three-phase reactions in a semi-batch reactor

Hydrogenation of a sugar molecule A is conducted in a three-phase slurry reactor (au-
toclave) over a metal catalyst. The (simplified) overall reaction scheme is

Reversible

A

B

C

D

+H2

+H2

isomerization

Under the reaction conditions, two hydrogenation products are possible, B and C.
Parallel to the hydrogenation, A can undergo isomerization to D.

Assume that the following surface reaction model is valid and leads to the rate
equations,

RB,RDS =
k3KA

ffiffiffiffiffiffi
KH

p
cA

ffiffiffiffiffiffiffi
cH2

p

1+KAcA +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
KHcH2

p
+KBcB +KCcC +KDcD

� �2 (1)

RC,RDS =
k5KA

ffiffiffiffiffiffi
KH

p
cA

ffiffiffiffiffiffiffi
cH2

p

1+KAcA +
ffiffiffiffiffiffiffiffiffiffiffiffiffi
KHcH2

p
+KBcB +KCcC +KDcD

� �2 (2)

Step  A+✶A✶
Step  H2 + 2✶2H✶
Step  A✶+H✶ ! B0✶+✶
Step  B0✶+H✶ ! B✶+✶
Step  A✶+H✶ ! C0✶+✶
Step  C0✶+H✶ ! C✶+✶
Step  A✶D✶
Step  B✶B+✶
Step  C✶C +✶
Step  D✶D+✶
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RD,RDS =
k7 KAcA −

KDcD
K7

� �
1+KAcA +

ffiffiffiffiffiffiffiffiffiffiffiffiffi
KHcH2

p
+KBcB +KCcC +KDcD

(3)

where ✶ represents an adsorption site, RB,RDS, RC,RDS and RD,RDS are the rate of forma-
tion of B, C and D respectively.
a) Derive RB,RDS, RC,RDS and RD,RDS based on the surface reaction model, assuming

that steps 3, 5 and 7 are the rate determining steps of the hydrogenation and
isomerization reactions.

b) Assume that the products B, C and D have a very weak affinity to the catalyst sur-
face, and therefore, desorb immediately as they are produced. Rewrite the rate
equations (1–3) for this particular case.

c) Estimate the parameters of the rate equations derived in b) from the data pro-
vided in Table 1. Assume that the reactor is saturated with hydrogen at all times
and that no internal or external diffusion limitations exist.

Table 1: Concentration of reactants and products. Experiments performed at 120 °C.

 bar

Time (min) A (mol/L) B (mol/L) C (mol/L) D (mol/L)

 .   

 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .

 bar

Time (min) A (mol/L) B (mol/L) C (mol/L) D (mol/L)

 .   

 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .

 bar

Time (min) A (mol/L) B (mol/L) C (mol/L) D (mol/L)

 .   

 . . . .
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Table 1 (continued)

 bar

Time (min) A (mol/L) B (mol/L) C (mol/L) D (mol/L)

 . . . .
 . . . .
 . . . .
 . . . .
 . . . .

 bar

Time (min) A (mol/L) B (mol/L) C (mol/L) D (mol/L)

 .   

 . . . .
 . . . .
 . . . .
 . . . .
 . . . .
 . . . .

Table 2: Data.

Temperature  °C

Henry constant Hydrogen@120�Cð Þ 1.2 · 10− 5 mol= L · barð Þ
ρB catalyst loadingð Þ 8 g=L
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XVI Non-isothermal liquid phase reaction in a CSTR

The kinetics of the homogeneous liquid-phase decomposition of hydrogen peroxide in
presence of thiosulfate

2S2O3
2− + 4H2O2 ! S3O6

2− + SO4
2− + 4H2O (1)

was studied in an adiabatic CSTR, operating at transient conditions, by measuring the
reactor temperature during the reaction. The temperature data are shown in Table 1.
The inlet concentrations of thiosulphate and hydrogen peroxide were determined by
chemical analysis prior to the experiments; no chemical analysis was performed dur-
ing the experiments. At the initial state, the reactor was filled with pure solvent.

Reaction (1) follows approximately a second-order kinetics:

R= kcS2O3cH2O2 (2)

The heat capacity of the solution is virtually constant during the reaction.
a) In which way the mass and energy balances can be coupled to obtain the reactor

temperature as a single variable in the system?
b) Estimate the frequency factor (A) and the activation energy parameter (Ea=R) of

the second-order rate constant k.

Table 1: The experimental data from the decomposition of H2O2.

R=8.3143 J · K−1 ·mol−1 Experimental data
cP = 4.186 kJ · kg−1 · K−1

t=min T=�C
ρ= 1000 kg ·m−3

 .ΔHR = − 1004.3 kJ ·mol−1
. .T0 = 25.2�C
. .c0A = 316.8mol ·m− 3,A= S2O3

−2

. .c0B = 2c0A, B=H2O2
. .VR = 110 · 10−6 m3

. ._V0 = 130 · 10−6 m3=min
. .
. .
. .
. .
. .
. .
. .
. .
. .
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k =A · exp −
Ea

RT

� �
(3)

by nonlinear regression analysis using the following transient temperature data.
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XVII Oxidation of sulphur dioxide in an optimal
multi-bed reactor system

The industrial production of sulphuric acid is based on the oxidation of sulphur diox-
ide on a V5O5 –catalyst:

SO2 +
1
2
O2 $ SO3 (1)

Reaction (1) is carried out in an adiabatic multibed reactor system which consists of
fixed beds with intermediate heat exchangers. The reactor system operates at atmo-
spheric pressure and nitrogen is used as inert gas.

The catalyst is rather inactive at lower temperatures, thus the minimum tempera-
ture in the reactor system is 703 K. The conversion of SO2 at the multibed outlet
should be 0.95.

Optimize the intermediate conversions of SO2 in the reactor system in such a
way that the total space time (τ) becomes as short as possible (τ =VR= _V0Þ. The reac-
tor system should consist of three adiabatic beds in series with intermediate heat
exchangers.

Table 1: Data.

Reaction kinetics R= k1pSO2p
1=2
O2

− k2pSO3
A1 = 5.412mol= s · kg · Pa3=2

� �
Ea1 = 129.8 kJ=mol
A2 = 7.490 · 107 mol= s · kg · Pað Þ
Ea2 = 224.4 kJ=mol

Reaction thermodynamics ΔHR = − 102.99 · 103 +8.33 · T [J/mol]
cp = 1046.7 J · kg−1 · K−1

Inlet gas conditions T01 = 703 K
P0 = 101.3 · 103

y0, SO2 =0.085
y0,O2 =0.090
y0,N2 =0.825
n
· = 20.67mol=s
M=31.42 g/mol

Inlet temperatures of second
and third beds

T02 = 703 K
T03 = 733 K

Catalyst bulk density ρB =600 kg ·m−3
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XVIII Modelling of a monolith channel

The basic part of an automotive exhaust catalyst, a monolith, consists of a cylindrical
channel where the exhaust gas flows and reacts in a thin catalyst layer (see Figure 1).

ρ = catalyst density

δ = gas-film thickness
(ci, w)out(ci, w)in

δ,kGi
Δl 

kGi = gas film coefficient
D = radial dispersion coefficient

ρ

r

R

Figure 1: A channel in an exhaust catalyst monolith.

At low flow velocities, laminar conditions prevail and the velocity profile is given by
eq. (1):

w rð Þ=w0 1−
r
R

� �2	 

(1)

where w0 is the flow velocity at the axis of the channel r =0ð Þ. Radial concentration
gradients appear spontaneously in the channel due to chemical reactions in the cata-
lyst layer. Because of this, molecules start to diffuse in the radial direction. The gas-
film around the catalyst layer retards the mass transport while the catalyst layer itself
is so thin that no diffusion limitations appear there. The reaction rate can thus be ap-
proximated to be constant inside the catalyst layer.
a) Derive the mass balance for an arbitrary component i in gas-phase at steady

state. Use preferably the notation given in Figure 1.
b) Give the boundary conditions for the mass balance.
c) Describe qualitatively how you would solve the mass balance numerically.
d) Develop an extended model, in which the mass transfer limitations in the porous

catalyst layer are included.
e) How would you solve d) numerically?
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XIX Heterogeneous two-dimensional model for a
catalytic fixed-bed reactor

Derive the mass and energy balances for a catalytic fixed-bed reactor, where both in-
ternal and external mass transfer limitations exist in the catalyst particles and radial
dispersion in the reactor tube appear. Suggest a suitable numerical strategy for solv-
ing this problem.
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XX Dissolution of a solid particle in a batch reactor

Assume that a solid component (A) dissolves in a liquid where it reacts with a liquid
phase component (B) to a dissolved product (P). Stirring in the reactor is not particu-
larly efficient, which leads to the formation of a film around the particle. The chemi-
cal reaction proceeds both in the liquid film and in the liquid bulk. Derive the mass
balance equations of the components in the film and in the liquid bulk. Take in to
account the fact that the film thickness changes as the reaction progresses because
the size of the solid particle diminishes.
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Appendix A
Numerical strategies in the solution
of nonlinear algebraic equations
and ordinary differential equations

Two kinds of numerical tasks appear very often in solving tasks in chemical reaction engi-
neering: nonlinear algebraic equations and ordinary differential equations. For instance,
the steady-state continuous stirred tank reactor (CSTR) model for a multicomponent and
multireaction system is in general a set of nonlinear equations (NLEs); only in case of an
isothermal reactor and first-order kinetics a set of linear equations is obtained. The
steady-state plug flow reactor model is described by ordinary differential equations
(ODEs). The inlet conditions are known, and the problem can be solved numerically for-
ward, having the reactor length, the reactor volume or the space time or the residence
time as the independent variable. The dynamic CSTR model, which describes the transient
behaviour of the reactor is from the numerical viewpoint a straightforward ODE model,
an initial value problem (IVP): the initial concentrations and temperature in the tank are
known and the ODEs are solved numerically as a function of the real time. Many other
models appearing in chemical reaction engineering can be transformed to ODEs. Typical
examples are transient models for plug flow reactors as well as tubular reactors described
with the axial dispersion model. The spatial coordinate (length coordinate) can be discre-
tized by finite differences or by applying finite element methods (e.g. orthogonal colloca-
tion) and the PDEs are thus converted to a large set of ODEs, again an initial value
problem. Some numerical algorithms for ODEs and NLEs are described in detail in the
textbook of Salmi et al. (2019). Here, a brief summary of the methodology is given.

Nonlinear algebraic equations

We consider a nonlinear algebraic equation system of unknown variables (y)

f x, yð Þ=0 (1)

In eq. (1), x denotes a continuity variable (e.g. the space time, τ =VR= _V).
A powerful approach for the numerical solution of the system (1) is the multidi-

mensional Newton-Raphson method, which has good convergence properties, pro-
vided that the initial guess of the solution is close enough to the solution. The
multidimensional Newton-Raphson algorithm is written as

yk = yk−1 − J −1fk − 1 (2)

where k denotes the iteration index, fk, is the function vector and J −1 is the inverted
Jacobian matrix containing the partial derivatives of the functions fi.
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An efficient way to carry out the inversion of J is Gaussian elimination. The de-
rivatives ∂fi=∂yj are obtained either from analytical expressions or by numerical ap-
proximation. The approximation of ∂fi=∂yj can be done with forward differences
accordingly,

∂fi
∂yj

≈
Δfi
Δyj

= fi yj + Δyj
� �

− fi yj
� �

Δyj
(3)

The choice of difference Δyj is critical: the smaller the Δyj is, more accurate the ap-
proximation of the derivative, but if the accuracy of the computer is exceeded, the
denominator of eq. (3) becomes zero. A criterion for the selection of Δyj, is

Δyj =max εc, εR yj
�� ��� �

(4)

where εR is the relative difference given by the program user and εc is the round-off
criterion of the computer.

The initial estimate, y0, should be carefully chosen for a successful iteration ac-
cording to the Newton-Raphson algorithm. In many cases, the problem is formulated
in such a way that the solution is desired as a function of the continuity parameter
(x), the mass balances of a CSTR should be solved as a function of the space time
(τ =VR= _V). In such cases, x can be selected as the continuity parameter: the solution of
the equation system (1) obtained for one parameter value of x y0ð Þ can be used as an ini-
tial estimate for the solution of the problem for the subsequent parameter value x+ Δx:

y0 x+ Δxð Þ= y∞ xð Þ (5)

In this way, one can proceed with respect to the continuity parameter, x. The conver-
gence of the Newton-Raphson algorithm is usually quadratic, which guarantees rather
rapid computations. The Newton-Raphson iteration is stopped as a sufficient accuracy is
achieved, typically when the changes of the successive iterations approach zero.

Ordinary differential equations

For first-order ordinary differential equations

dy
dx

= f y, xð Þ (6)

many numerical methods have been solved since the pioneering work of the great
German mathematician Leonard Euler. The following initial condition is assumed,

y= y0 vid x= x0 (7)
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In classical literature of numerical methods devoted to the solution of ODEs, initial value
problems Euler’s method and explicit Runge-Kutta methods are treated in detail. The
drawback of these explicit methods is that they cannot be successfully used as as a gen-
eral approach to simulation tasks appearing in chemical reaction engineering. A very
characteristic feature for problems in reaction engineering is stiffness, which is typically
originated from very different values of the rate constants appearing in the system: some
of the reactions can be very rapid, close to equilibria, while other ones can be extremely
slow. An ultimate example of such cases is a gas-phase system incorporating radical reac-
tions. Non-isothermal conditions and discretization procedures applied to PDEs can in-
crease the stiffness of the system.

Mathematicians have developed robust algorithms for stiff differential equations,
such as semi-implicit Runge-Kutta methods and linear multistep methods (1–7). A
brief summary of some algorithms is given below.

Semi-implicit Runge-Kutta methods

Runge-Kutta methods have the general form (1),

yn = yn−1 +
Xq
i= 1

biki (8)

where yn and yn− 1 give the solution of the differential eq. (1) at x and x+ Δx. The coef-
ficient vector is obtained from

ki = h · f xn, yn +
Xi
l= 1

ailkl

� �
(9)

where h= Δx.
If the coefficient ail =0 for l= i the method is explicit; if ail ≠ 0 for l= i the method

is implicit.

I − Jaiihð Þki = h · f yn +
Xi− 1

l= 1
ailkl

� �
(10)

where I denotes the identity matrix:

I =

1 0 � � � 0

0 1 � � � 0

..

.

0

..

.

0

. .
.

0

..

.

1

2
666664

3
777775 (11)

and J is the Jacobian matrix:
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J =

∂f1=∂y1 ∂f1=∂y2 � � � ∂f1=∂yN

∂f2=∂y1 ∂f2=∂y2 � � � ∂f2=∂yN

..

.

∂fN=∂y1

..

.

∂fN=∂y2

. .
.

� � �
..
.

∂fN=∂yN

2
666664

3
777775 (12)

Analytical expressions for the partial derivatives in the Jacobian can be used, or alter-
natively, they are estimated by using finite differences

∂fi
∂yj

= fi yj + Δyj
� �

− fi yj
� �

Δyj
(13)

After developing of ki in a Taylor series around yn +
Pi− 1

l= 1 ailkl and truncating after
the first term, a semi-implicit Runge-Kutta method is obtained, according to which ki
is calculated from

I − Jaiihð Þki = hΔf yn +
Xi− 1

l= 1
ailkl

� �
+
Xi− 1
l= 1

cilkl (14)

An extension of semi-implicit Runge-Kutta method is the Rosenbrock-Wanner
method (ROW) (4). Coefficients for a fourth-order Rosenbrock-Wanner method are
listed in Table 1.

The linear equation system (10) is solved every time in the calculations of ki. The matrix
I − J aii h is inverted by Gaussian elimination. After obtaining ki according to eq. (9), yn
is easily calculated from eq. (8). The coefficients ail and ki for some other semi-implicit
Runge-Kutta methods, such as the methods of Rosenbrock, Caillaud-Padmanabhan and
Michelsen are listed in the original literature (1–3) and in the ref. [8].

Table 1: Coefficients for the ROW4A-method.

aii =0.395
a21 =0.438 c21 = −1.943744189
a31 =0.9389486785 c31 =0.4169575310
a32 =0.0730795421 c32 = 1.3239678207
b1 =0.72904488 c41 = 1.5195132578
b2 =0.0541069773 c42 = 1.3537081503
b3 =0.2815993624 c43 = −0.8541514953
b4 =0.25

Kaps and Wanner (1981).
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Linear multistep methods

Two kinds of multistep methods are used: Adams-Moulton and backward difference
methods. The Adams-Moulton originates back to old times, whereas the first system-
atic approach to backward difference methods was presented by Henrici in 1962 (6).
For linear multistep methods, the following algorithm is valid for the solution of the
ordinary differential equations presented by eq. (6):

yn =
XK1
i= 1

αiyn− 1 + h ·
XK2
i=0

βifn− i (15)

Depending on the values of K1 and K2, Adams-Moulton (AM) and backward-difference
methods (BD) are obtained (5–6):

α1 = 1 K1 = 1 K2 = q− 1 AMð Þ (16)

K1 = q K2 =0 BDð Þ (17)

Application of the conditions (16) and (17) on equation (15) gives the Adams-Moulton
method,

yn = yn− 1 + h ·
Xq− 1

i=0

βqifn− i AMð Þ (18)

and the backward-difference method:

yn =
Xq
i= 1

αqiyn− i + hβq0fn BDð Þ (19)

Both methods are implicit by their nature fn usually is a nonlinear function of yn.
Equations (18) and (19) imply a solution of a nonlinear algebraic equation system of the
type

gn = yn − hβ0fn − an =0 (20)

where an is given by

an = yn− 1 + h ·
Xq− 1

i= 1

βqifn− i AMð Þ (21)

or by

an =
Xq
i= 1

αqiyn− i BDð Þ (22)

Ordinary differential equations 231



For the solution of yn, an is known from the previous solutions; the problem consists
thus of an iterative solution of the equation system (20). This can be done by using the
Newton-Raphson method,

yn k + 1ð Þ = yn kð Þ −P − 1
n gn (23)

where Pn is the Jacobian. Differentiation of eq. (23) gives a useful expression for Pn

Pn = I − hβ0J (24)

where the identity matrix I and the Jacobian are given by eqs. (11) and (12), respec-
tively. The coefficients αi and βi for Adams-Moulton and backward-difference net-
works of various orders are listed in Tables 2 and 3. The simplest backward difference
method, the two-point formula, is called implicit Euler’s method. For stiff differential
equations, the backward difference algorithm should be preferred to the Adams-
Moulton method (5–7).

For the solution of stiff differential equations with linear multistep methods, the well-
known code LSODE with different options was published in 1980s by A. Hindmarsh
(1983) (7). The code is very efficient, and later on, different variations of it have been
developed, for instance, a version for sparse systems (LSODEs).

Table 2: β-coefficients in the Adams-Moulton method.

i      

β1i 

2β2i  

12β3i   −

24β4i   − 

720β5i   −  −

1440β6i   −   

Table 3: α-coefficients in the backward difference method.

i       

α1i  

3α2i   −

11α3i   − 

25α4i   −  −

137α5i   −  − 

147α6i   −  −  −

α10 = β10, α20 = β20, etc.
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Appendix B
Computer simulation of CSTR, PFR
and batch reactor models

Example 1

Solve the algebraic equation system,

y01 − y1 − r1 =0

y02 − y2 − r2 =0

y03 − y3 + r1 − r2 =0

y04 − y4 + r2 =0

y05 − y5 + r1 + r2 =0

which describes a consecutive-competitive reaction, A+B→R+E, R+B→S+E, in a CSTR.
The reaction kinetics is defined by

r1 = k1y1y2x

r2 = k2y3y2x

where x denotes the residence time. The parameters y01, y02, . . ., y05 as well as k1 and
k2 have constant values. The value of the parameter x (residence time) should reside
in between 0 and 5. A Matlab code for solving this problem is listed below and the
concentration profiles of components 1(=A), 2(=B), 3(=R), 4(=S) and 5(=E) are displayed
in Figure 1 and the Python and Matlab codes are listed as follows

-------------------------

# Appendix B example 1

# A+B->R+E

# R+B->S+E

# Python version 3.7, Spyder version 3.3.3

import numpy as np

import matplotlib.pyplot as plt

from scipy.optimize import fsolve

y0 = [1, 1, 0, 0, 0] # Initial values A and B =1 R,S and E zero

ys =np.zeros((100,5)) # result vector

k1=5 # rate constants for reaction 1 and 2

k2=2
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# Define a function which calculates the derivative

def func(state,tau):

cA=state[0] # concentrations in reactor

cB=state[1]

cR=state[2]

cS=state[3]

cE=state[4]

c0A=y0[0] # inlet concentrations

c0B=y0[1]

c0R=y0[2]

c0S=y0[3]

c0E=y0[4]

r1=k1✶cA✶cB✶tau # reaction rates

r2=k2✶cR✶cB✶tau

zeroA= (c0A-cA)-r1 # A CSTR mass balances for each component

zeroB= (c0B-cB)-r1-r2 # B

zeroR= (c0R-cR)+ r1-r2 # R

zeroS= (c0S-cS)+ r2 # S

zeroE= (c0E-cE)+r1+r2 # E

return [zeroA, zeroB, zeroR, zeroS, zeroE]

tau = np.linspace(0,5,100) # residence time from 0 to 5 with 100 points

for i in range(0,100,1):

y = fsolve(func, y0,tau[i])

ys[i,:]=y[:]

plt.figure(1)

plt.plot(tau, ys[:,0],'b-',label='A')

plt.plot(tau, ys[:,1],'r-',label='B')

plt.plot(tau, ys[:,2],'g-',label='R')

plt.plot(tau, ys[:,3],'m-',label='S')

plt.plot(tau, ys[:,4],'k-',label='E')

plt.legend(loc='upper right', shadow=True, fontsize='large')

plt.xlabel(r'$\tau$')

plt.ylabel('concentration')

plt.grid()

Matlab
% Appendix B example 1

% A+B->R+E

% R+B->S+E
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function appendixB1

global y0 k1 k2 tau

y0 = [1, 1, 0, 0, 0]; % Initial values A and B =1 R,S and E zero

k1=5; % rate constants for reaction 1 and 2

k2=2;

x=(0:.05:5)

for i=1:101

tau=x(i);

y(i,:)=fsolve(@cstr,[1 1 0 0 0]);

end

plot(x,y);

xlabel('residence time');ylabel('concentration');

grid on;

legend('A','B','R','S','E');

end

function zero=cstr(y)

global y0 k1 k2 tau

cA=y(1); %concentrations in reactor

cB=y(2);

cR=y(3);

cS=y(4);

cE=y(5);

c0A=y0(1); % inlet concentrations

c0B=y0(2);

c0R=y0(3);

c0S=y0(4);

c0E=y0(5);

r1=k1✶cA✶cB✶tau; %reaction rates

r2=k2✶cR✶cB✶tau;

zero(1,1)= (c0A-cA)-r1; % A CSTR mass balances for each component

zero(2,1)= (c0B-cB)-r1-r2; % B

zero(3,1)= (c0R-cR)+r1-r2; % R

zero(4,1)= (c0S-cS)+r2; % S

zero(5,1)= (c0E-cE)+r1+r2; % E

end
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Example 2

Solve the following differential equations,

dy1
dx

= − r1

dy2
dx

= − r1 − r2

dy3
dx

= r1 − r2

dy4
dx

= r2

dy5
dx

= r1 + r2

with the initial conditions at x=0,

y01 = 1.0

y02 = 1.0

y03 = y04 = y05 =0
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Figure 1: Simulated concentration profiles of Example 1, steady-state CSTR, τ = residence time.
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The terms, r1 and r2 are defined as

r1 = k1y1y2

r2 = k1y3y2

The equations describe a consecutive-competitive reaction, A+B ! R+E, R+B ! S+E,
in a plug flow or batch reactor (compare with Example 1).

The parameters k1 and k2 obtain constant values. The value of the independent var-
iable, x (residence time), should be varied between 0 and 5 (in arbitrary units).

A Python and a Matlab code for solving this problem is listed below and the concen-
tration profiles of components 1(=A), 2(=B), 3(=R), 4(=S) and 5(=E) are displayed in
Figure 2.

Python
# Appendix B example 2

# A+B->R+E

# R+B->S+E

# Python version 3.7, Spyder version 3.3.3

import numpy as np

import matplotlib.pyplot as plt

from scipy.integrate import odeint

y0 = [1, 1, 0, 0, 0] # Initial values A and B =1 R,S and E zero

k1=5 # rate constants for reaction 1 and 2

k2=2

# Define a function which calculates the derivative

def dcdt(state, t):

cA=state[0]

cB=state[1]

cR=state[2]

# reaction rates

r1=k1✶cA✶cB

r2=k2✶cR✶cB

# mass balances for each component in a batch reactor

dcAdt=r1 # A

dcBdt=r1-r2 # B

dcRdt= r1-r2 # R

dcSdt= r2 # S

dcEdt= r1+r2 # E

return [dcAdt, dcBdt, dcRdt, dcSdt, dcEdt]

xs = np.linspace(0,5,100)

ys = odeint(dcdt, y0, xs)
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plt.figure(1)

plt.plot(xs, ys[:,0],'b-',label='A')

plt.plot(xs, ys[:,1],'r-',label='B')

plt.plot(xs, ys[:,2],'g-',label='R')

plt.plot(xs, ys[:,3],'m-',label='S')

plt.plot(xs, ys[:,4],'k-',label='E')

plt.legend(loc='upper right', shadow=True, fontsize='large')

plt.xlabel('residence time')

plt.ylabel('concentration')

plt.grid()

Matlab
% A+B->R+E

% R+B->S+E

function appendixB2

% solve ode from time=0 to time=5 with

% initial concentrations A=1, B=1 and R,S,E=0

[x,y]=ode45(@pfr,[0 5],[1 1 0 0 0]);

plot(x,y);

xlabel('residence time');ylabel('concentration');

grid on;

legend('A','B','R','S','E');

end

function dy=pfr(t,y)

cA=y(1);

cB=y(2);

cR=y(3);

k1=5;

k2=2;

r1=k1✶cA✶cB;

r2=k2✶cR✶cB;

dy(1,1)= -r1; % A

dy(2,1)= -r1-r2; % B

dy(3,1)= r1-r2; % R

dy(4,1)= r2; % S

dy(5,1)= r1+r2; % E

end
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Figure 2: Simulated concentration profiles of Example 2, steady-state PFR.
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Appendix C
Numerical simulation of non-isothermal
tubular reactors

A dimerization reaction in gas phase

2A ! P

is carried out in a tubular reactor with plug flow. The molar flows and the reactor
temperature should be simulated as a function of the reactor volume. The reaction is
elementary and the data relevant for the simulation are listed below.

Data

_n0A =0.1 mol=s

_n0P =0 mol=s

T0 = 473 K

_m= 2.4 · 10− 3 Kg=s

cP = 1.5 · 103 J=Kg ·K

ΔHr = − 50.0 · 103 J=mol

UA=Vr = 45 J=m3 · s ·K

x0A = 1.0

δA =
υA + υPð Þ
− υA

= − 2+ 1ð Þ
2

= −
1
2

A= e1.5 m3=mol=s

Ea = 50.0 · 103 J=mol

ρ0 = 1.2 kg=m3

_V0 =
_m
ρ0

The molar flows are determined by the mass balances

d _nA
dV

= rA = νA · r (1)

d _nP
dV

= rP = νP · r (2)
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where νA = − 2 and νP = 1.
Since the reaction is irreversible and elementary, the reaction rate is given by

r = k · c2A (3)

which can be expressed in the form

r =A · e− Ea= RTð Þ ·
_nA
_V

� �2

(4)

The volumetric flow rate is updated with the formula

_V
_V0

= 1+ x0AδAηAð Þ T
T0

(5)

where

ηA =
_n0A − _nA
_n0A

= 1−
_nA
_n0A

(6)

The energy balance for a non-isothermal tubular reaction is given by

dT
dV

= 1
_mcP

r − ΔHrð Þ− UA

VR
T −TCð Þ

� �
(7)

The mathematical model consists of eqs. (1)–(2) and (4)–(7). The differential eqs. (1), (2)
and (7) are solved numerically together with the initial conditions at

_nA = _n0A

_nP = _n0P =0

T =T0

V =0, that is, at the reactor inlet.
A MATLAB and a Python code is shown below that simulates the molar flows and

temperature in the reactor

Matlab
% A dimerization 2A --> P in a gas phase PFR

clear all % clear all variable previously used

close all % close all open windows

clc % clears workspace screen

VolumeSpan=linspace(0,1.5,100); % defines the volume domain

Init0=[0.1 0 473]; % defines the ODE initial conditions
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%The molar and the temperature profiles are calculated:

[x,y]=ode45(@ddt, VolumeSpan,Init0);

%The molar flows are plotted with:

hold on

plot(x,y(:,1))

text(1.3,.01,'A')

plot(x,y(:,2))

text(1.3,.05,'P')

xlabel('Volume (m3)')

ylabel('mol/s')

grid on

hold off

%The temperature profile is plotted with:

figure(2);

plot(x,y(:,3))

xlabel('Volume (m3)')

ylabel('T (K)')

grid on

function rhs=ddt(v,n)

% reaction engineering date

n0A=0.1; % mol/s

m=2.4e-3; % kg/s

Cp=1.5e3; % J/kgK

dH=-50.0e3; % J/mol

T0=473; % K

Tc=T0; % K

X0A=1.0;

dA=-0.5;

A=exp(1.5); %m^3/mol/s

Ea=50.0e3; % J/mol

rho=1.2; % kg/m^3

R=8.3143; % J/mol/K

UAVR=45; % J/Km^2s

% volumetric flow rate

V0=m/rho; % m^3/s

% molar flows and temperature
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nA=n(1);

nP=n(2);

T=n(3);

% conversion

etaA=1-nA/n0A;

%update of volumetric flow rate

Vs=(1+X0A✶dA✶etaA)✶T/T0✶V0;

%reaction rate

r=A✶exp(-Ea/R/T)✶(nA/Vs)^2;

%Stoichiometric matrix

SM=[-2 1];

% mass balances

rhs=SM.'✶r;
% energy balance

rhs(3,1)=1/m/Cp✶(r✶(-dH)-UAVR✶(T-Tc));
end

Python
# Appendix C

# Python version 3.7, Spyder version 3.3.3

import numpy as np

import matplotlib.pyplot as plt

from scipy.integrate import odeint

from math import exp

# reaction engineering date

n0A=0.1 # inlet flow of A mol/s

n0P=0.0 # inlet flow of P mol/s

m=2.4e-3 # mas flow kg/s

Cp=1.5e3 # Heat capacity J/kgK

dH=-50.0e3 # Heat of reaction J/mol

T0=473 # feed temperature K

Tc=T0 # Coolant temperature K

X0A=1.0 # fraction of A in feed (only A)
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dA=-0.5 # Change in molarity due to reaction

A=exp(1.5) # frequency factor m^3/mol/s

Ea=50.0e3 # Activation energyJ/mol

rho=1.2 # Density kg/m^3

R=8.3143 # Gas constant J/mol/K

UAVR=45 # Heat transfer J/Km^2s

VolumeSpan=np.linspace(0,1.5,100) # defines the volume domain

Init0=[n0A, n0P, T0] # defines the input flow rates and

temperature

def ds(state, t) : # Define a function which calculates the derivative

nA=state[0] # molar flow of A

nP=state[1] # molar flow of P

T=state[2] # temperature

V0=m/rho # feedflow rate m^3/s

etaA=1-nA/n0A #conversion

Vs=(1+X0A✶dA✶etaA)✶T/T0✶V0 #update of volumetric flow rate

r=A✶exp(-Ea/R/T)✶(nA/Vs)✶✶2 #reaction rate

# mass balances for reactant A and product P

dnA=-2✶r
dnP= r

# energy balance

dT=1/m/Cp✶(r✶(-dH)-UAVR✶(T-Tc))
return [dnA, dnP, dT]

xs = np.linspace(0,5,100)

ys = odeint(ds, Init0, VolumeSpan)

plt.figure(1)

plt.plot(xs, ys[:,0],'b-',label='A')

plt.plot(xs, ys[:,1],'r-',label='P')

plt.grid()

plt.legend(loc='upper right', shadow=True, fontsize='large')

plt.xlabel("Volume")

plt.ylabel("flowrate (mol/s)")

plt.figure(2)

plt.plot(xs, ys[:,2],'r-',label='Temperature')

plt.grid()

plt.xlabel("Volume")

plt.ylabel("Temperature (K)")
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Figure 1: The molar flows and temperature as a function of the reactor volume (in m3) for a tube reactor.
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