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Chapter 1

Introduction to Network Analysis

A network, in the context of electronics, is a collection of interconnected components.
Network analysis is the process of finding the voltages across, and the currents through,
every component in the network. There are a number of different techniques for
achieving this. However, for the most part, they assume that the components of the
network are all linear. The methods described here are only applicable to /inear network
analysis except where explicitly stated.

Definitions

Component
A device with two or more terminals into which, or out of which, charge may flow.

Node
A point at which terminals of more than two components are joined. A conductor with a
substantially zero resistance is considered to be a node for the purpose of analysis.

Branch
The component(s) joining two nodes.

Mesh
A group of branches within a network joined so as to form a complete loop.

Port
Two terminals where the current into one is identical to the current out of the other.

Circuit

A current from one terminal of a generator, through load component(s) and back into the
other terminal. A circuit is, in this sense, a one-port network and is a trivial case to
analyse. If there is any connection to any other circuits then a non-trivial network has
been formed and at least two ports must exist. Often, "circuit" and "network" are used
interchangeably, but many analysts reserve "network" to mean an idealised model
consisting of ideal components.
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Transfer function

The relationship of the currents and/or voltages between two ports. Most often, an input
port and an output port are discussed and the transfer function is described as gain or
attenuation.

Component transfer function

For a two-terminal component (i.e. one-port component), the current and voltage are
taken as the input and output and the transfer function will have units of impedance or
admittance (it is usually a matter of arbitrary convenience whether voltage or current is
considered the input). A three (or more) terminal component effectively has two (or
more) ports and the transfer function cannot be expressed as a single impedance. The
usual approach is to express the transfer function as a matrix of parameters. These
parameters can be impedances, but there is a large number of other approaches.
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Equivalent circuits

V1 Circuit 1

Vs Circuit 2

A useful procedure in network analysis is to simplify the network by reducing the number
of components. This can be done by replacing the actual components with other notional
components that have the same effect. A particular technique might directly reduce the
number of components, for instance by combining impedances in series. On the other
hand it might merely change the form in to one in which the components can be reduced
in a later operation. For instance, one might transform a voltage generator into a current
generator using Norton's theorem in order to be able to later combine the internal
resistance of the generator with a parallel impedance load.
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A resistive circuit is a circuit containing only resistors, ideal current sources, and ideal
voltage sources. If the sources are constant (DC) sources, the result is a DC circuit. The
analysis of a circuit refers to the process of solving for the voltages and currents present
in the circuit. The solution principles outlined here also apply to phasor analysis of AC
circuits.

Two circuits are said to be equivalent with respect to a pair of terminals if the voltage
across the terminals and current through the terminals for one network have the same
relationship as the voltage and current at the terminals of the other network.

If V, = Vi implies I, = I for all (real) values of V;, then with respect to terminals ab and
Xy, circuit 1 and circuit 2 are equivalent.

The above is a sufficient definition for a one-port network. For more than one port, then it
must be defined that the currents and voltages between all pairs of corresponding ports
must bear the same relationship. For instance, star and delta networks are effectively
three port networks and hence require three simultaneous equations to fully specify their
equivalence.

Impedances in series and in parallel

Any two terminal network of impedances can eventually be reduced to a single
impedance by successive applications of impendances in series or impendances in
parallel.

Impedances in series: Zeq =i+ 4o+ - + 2.
1 1 N 1 - 1
Impedances in parallel: Zﬂ:l Z Zy Zn

VAVA,

w — - .
The above simplified for only two impedances in parallel: Zy+ Zy
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Delta-wye transformation

C C

ac bc C

— RaR b
a 2 b a b

ab

“Delta” “Star”

A network of impedances with more than two terminals cannot be reduced to a single
impedance equivalent circuit. An n-terminal network can, at best, be reduced to n
impedances. For a three terminal network, the three impedances can be expressed as a
three node delta (A) network or a four node star (Y) network. These two networks are
equivalent and the transformations between them are given below. A general network
with an arbitrary number of terminals cannot be reduced to the minimum number of
impedances using only series and parallel combinations. In general, Y-A and A-Y
transformations must also be used. It can be shown that this is sufficient to find the
minimal network for any arbitrary network with successive applications of series,
parallel, Y-A and A-Y; no more complex transformations are required.

For equivalence, the impedances between any pair of terminals must be the same for both
networks, resulting in a set of three simultaneous equations. The equations below are
expressed as resistances but apply equally to the general case with impedances.

Delta-to-star transformation equations

R Ral:n
ac + Rﬁ + Rbc

Ry =

R+ R‘}% + R
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Star-to-delta transformation equations

_ R.Ry,+ R,R.+ R.R,

R
ac R
o _ BaBo+ BB+ R,
abh —
R
R,R, + R,R. + R.R,
Rbc —

R,
General form of network node elimination

The star-to-delta and series-resistor transformations are special cases of the general
resistor network node elimination algorithm. Any node connected by N resistors (R; .. Ry)

J.I?\Ir

to nodes 1 .. N can be replaced by ( 2 )resistors interconnecting the remaining N nodes.
The resistance between any two nodes x and y is given by:

N
1
i=1 !

For a star-to-delta (N = 3) this reduces to:

r 1 1 R.Ry(R. Ry + R.R.+ RyR,) _ R.Ry+ RyR.+ R.R,

Ry = ReBi( 5 +7 45 ) R, R

For a series reduction (N = 2) this reduces to:

1 1 B RﬂRb(R& + Rb)

Rﬂb — RﬂRb(E& + Eb — RﬂRb

:Ra‘l_Rb

For a dangling resistor (N = 1) it results in the elimination of the resistor because
1
=0
2

Source transformation

R
Ayt a
t[.. o [T
vl W = Lt} |ER v
) 1 =

+
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A generator with an internal impedance (ie non-ideal generator) can be represented as
either an ideal voltage generator or an ideal current generator plus the impedance. These
two forms are equivalent and the transformations are given below. If the two networks
are equivalent with respect to terminals ab, then V and I must be identical for both
networks. Thus,

v,
V.= RlLa" " R

e Norton's theorem states that any two-terminal network can be reduced to an ideal
current generator and a parallel impedance.

e Thévenin's theorem states that any two-terminal network can be reduced to an
ideal voltage generator plus a series impedance.

Simple networks

Some very simple networks can be analysed without the need to apply the more
systematic approaches.

Voltage division of series components
Consider n impedances that are connected in series. The voltage V; across any impedance

Z,' 1S
7
H:&I:( * )V
Lybidgrboet Iy

Current division of parallel components

Consider n impedances that are connected in parallel. The current /; through any
impedance Z; is
( zs) T

@)+ @)+t ()

It':

fori=1,2,....n.

Special case: Current division of two parallel components

Z
Fr—if= =8 .}
! (a+zJ
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Pl 9L Y}
2 (zl+.zg)

Nodal analysis
1. Label all nodes in the circuit. Arbitrarily select any node as reference.

2. Define a voltage variable from every remaining node to the reference. These voltage
variables must be defined as voltage rises with respect to the reference node.

3. Write a KCL equation for every node except the reference.

4. Solve the resulting system of equations.

Mesh analysis

Mesh — a loop that does not contain an inner loop.

1. Count the number of “window panes” in the circuit. Assign a mesh current to each
window pane.

2. Write a KVL equation for every mesh whose current is unknown.

3. Solve the resulting equations
Superposition

In this method, the effect of each generator in turn is calculated. All the generators other
than the one being considered are removed; either short-circuited in the case of voltage
generators, or open circuited in the case of current generators. The total current through,
or the total voltage across, a particular branch is then calculated by summing all the
individual currents or voltages.

There is an underlying assumption to this method that the total current or voltage is a
linear superposition of its parts. The method cannot, therefore, be used if non-linear
components are present. Note that mesh analysis and node analysis also implicitly use
superposition so these too, are only applicable to linear circuits.

Choice of method

Choice of method is to some extent a matter of taste. If the network is particularly simple
or only a specific current or voltage is required then ad-hoc application of some simple
equivalent circuits may yield the answer without recourse to the more systematic
methods.
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e Superposition is possibly the most conceptually simple method but rapidly leads
to a large number of equations and messy impedance combinations as the network
becomes larger.

o Nodal analysis: The number of voltage variables, and hence simultaneous
equations to solve, equals the number of nodes minus one. Every voltage source
connected to the reference node reduces the number of unknowns (and equations)
by one. Nodal analysis is thus best for voltage sources.

e Mesh analysis: The number of current variables, and hence simultaneous
equations to solve, equals the number of meshes. Every current source in a mesh
reduces the number of unknowns by one. Mesh analysis is thus best for current
sources. Mesh analysis, however, cannot be used with networks which cannot be
drawn as a planar network, that is, with no crossing components.

Transfer function

A transfer function expresses the relationship between an input and an output of a
network. For resistive networks, this will always be a simple real number or an
expression which boils down to a real number. Resistive networks are represented by a
system of simultaneous algebraic equations. However in the general case of linear
networks, the network is represented by a system of simultaneous linear differential
equations. In network analysis, rather than use the differential equations directly, it is
usual practice to carry out a Laplace transform on them first and then express the result in
terms of the Laplace parameter s, which in general is complex. This is described as
working in the s-domain. Working with the equations directly would be described as
working in the time (or t) domain because the results would be expressed as time varying
quantities. The Laplace transform is the mathematical method of transforming between
the s-domain and the t-domain.

This approach is standard in control theory and is useful for determining stability of a
system, for instance, in an amplifier with feedback.

Two terminal component transfer functions

For two terminal components the transfer function, otherwise called the constitutive
equation, is the relationship between the current input to the device and the resulting
voltage across it. The transfer function, Z(s), will thus have units of impedance - ohms.
For the three passive components found in electrical networks, the transfer functions are;

Resistor Z(s) = R
Inductor £ (‘3) = sL
1

Capacitor Z(s) = C
e
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For a network to which only steady ac signals are applied, s is replaced with jw and the
more familiar values from ac network theory result.

Resistor Z{jw) = R
Inductor Z(jw) = jwl
i
jwC

Capacitor Z{ jw) =

Finally, for a network to which only steady dc is applied, s is replaced with zero and dc
network theory applies.

Resistor 7 = R}
Inductor 7 = ()
Capacitor / = oo

Two port network transfer function

Transfer functions, in general, in control theory are given the symbol H(s). Most
commonly in electronics, transfer function is defined as the ratio of output voltage to
input voltage and given the symbol A(s), or more commonly (because analysis is
invariably done in terms of sine wave response), A(jo), so that;

v
Aljw) = =

(W) =
The A standing for attenuation, or amplification, depending on context. In general, this
will be a complex function of jw, which can be derived from an analysis of the
impedances in the network and their individual transfer functions. Sometimes the analyst
is only interested in the magnitude of the gain and not the phase angle. In this case the
complex numbers can be eliminated from the transfer function and it might then be
written as;

r
I'(I'.l‘

Two port parameters

The concept of a two-port network can be useful in network analysis as a black box
approach to analysis. The behaviour of the two-port network in a larger network can be
entirely characterised without necessarily stating anything about the internal structure.
However, to do this it is necessary to have more information than just the A(jo) described
above. It can be shown that four such parameters are required to fully characterise the
two-port network. These could be the forward transfer function, the input impedance, the
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reverse transfer function (ie, the voltage appearing at the input when a voltage is applied
to the output) and the output impedance. There are many others, one of these expresses
all four parameters as impedances. It is usual to express the four parameters as a matrix;

[TG] _ [z(j"-v‘)u z(jw)lz] [11]

Vo z(jw)m E(j'i’-")zz Iy

The matrix may be abbreviated to a representative element;
[:(.?"""’)]orjust [3]

These concepts are capable of being extended to networks of more than two ports.
However, this is rarely done in reality as in many practical cases ports are considered
either purely input or purely output. If reverse direction transfer functions are ignored, a
multi-port network can always be decomposed into a number of two-port networks.

Distributed components

Where a network 1s composed of discrete components, analysis using two-port networks
is a matter of choice, not essential. The network can always alternatively be analysed in
terms of its individual component transfer functions. However, if a network contains
distributed components, such as in the case of a transmission line, then it is not possible
to analyse in terms of individual components since they do not exist. The most common
approach to this is to model the line as a two-port network and characterise it using two-
port parameters (or something equivalent to them). Another example of this technique is
modelling the carriers crossing the base region in a high frequency transistor. The base
region has to be modelled as distributed resistance and capacitance rather than lumped
components.

Image analysis

Transmission lines and certain types of filter design use the image method to determine
their transfer parameters. In this method, the behaviour of an infinitely long cascade
connected chain of identical networks is considered. The input and output impedances
and the forward and reverse transmission functions are then calculated for this infinitely
long chain. Although, the theoretical values so obtained can never be exactly realised in
practice, in many cases they serve as a very good approximation for the behaviour of a
finite chain as long as it is not too short.

Non-linear networks

Most electronic designs are, in reality, non-linear. There is very little that does not
include some semiconductor devices. These are invariably non-linear, the transfer
function of an ideal semiconductor pn junction is given by the very non-linear
relationship;
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i=I{e% —1)
where;

e iand v are the instantaneous current and voltage.

e [, 1s an arbitrary parameter called the reverse leakage current whose value
depends on the construction of the device.

e Vris a parameter proportional to temperature called the thermal voltage and equal
to about 25mV at room temperature.

There are many other ways that non-linearity can appear in a network. All methods
utilising linear superposition will fail when non-linear components are present. There are
several options for dealing with non-linearity depending on the type of circuit and the
information the analyst wishes to obtain.

Constitutive equations

The diode equation above is an example of a constitutive equation of the general form,
flv,i) =0

This can be thought of as a non-linear resistor. The corresponding constitutive equations
for non-linear inductors and capacitors are respectively;

flv,0) =0
flv,q) =0

where f'is any arbitrary function, ¢ is the stored magnetic flux and ¢ is the stored charge.
Existence, uniqueness and stability

An important consideration in non-linear analysis is the question of uniqueness. For a
network composed of linear components there will always be one, and only one, unique
solution for a given set of boundary conditions. This is not always the case in non-linear
circuits. For instance, a linear resistor with a fixed voltage applied to it has only one
solution for the current through it. On the other hand, the non-linear tunnel diode has up
to three solutions for the current for a given voltage. That is, a particular solution for the
current through the diode is not unique, there may be others, equally valid. In some cases
there may not be a solution at all: the question of existence of solutions must be
considered.

Another important consideration is the question of stability. A particular solution may
exist, but it may not be stable, rapidly departing from that point at the slightest
stimulation. It can be shown that a network that is absolutely stable for all conditions
must have one, and only one, solution for each set of conditions.
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Methods
Boolean analysis of switching networks

A switching device is one where the non-linearity is utilised to produce two opposite
states. CMOS devices in digital circuits, for instance, have their output connected to
either the positive or the negative supply rail and are never found at anything in between
except during a transient period when the device is actually switching. Here the non-
linearity is designed to be extreme, and the analyst can actually take advantage of that
fact. These kinds of networks can be analysed using Boolean algebra by assigning the
two states ("on"/"off", "positive"/"negative" or whatever states are being used) to the
boolean constants "0" and "1".

The transients are ignored in this analysis, along with any slight discrepancy between the
actual state of the device and the nominal state assigned to a boolean value. For instance,
boolean "1" may be assigned to the state of +5V. The output of the device may actually
be +4.5V but the analyst still considers this to be boolean "1". Device manufacturers will
usually specify a range of values in their data sheets that are to be considered undefined
(ie the result will be unpredictable).

The transients are not entirely uninteresting to the analyst. The maximum rate of
switching 1s determined by the speed of transition from one state to the other. Happily for
the analyst, for many devices most of the transition occurs in the linear portion of the
devices transfer function and linear analysis can be applied to obtain at least an
approximate answer.

It is mathematically possible to derive boolean algebras which have more than two states.
There is not too much use found for these in electronics, although three-state devices are
passingly common.

Separation of bias and signal analyses

This technique is used where the operation of the circuit is to be essentially linear, but the
devices used to implement it are non-linear. A transistor amplifier is an example of this
kind of network. The essence of this technique is to separate the analysis in to two parts.
Firstly, the dc biases are analysed using some non-linear method. This establishes the
quiescent operating point of the circuit. Secondly, the small signal characteristics of the
circuit are analysed using linear network analysis. Examples of methods that can be used
for both these stages are given below.

Graphical method of dc analysis
In a great many circuit designs, the dc bias is fed to a non-linear component via a resistor
(or possibly a network of resistors). Since resistors are linear components, it is

particularly easy to determine the quiescent operating point of the non-linear device from
a graph of its transfer function. The method is as follows: from linear network analysis
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the output transfer function (that is output voltage against output current) is calculated for
the network of resistor(s) and the generator driving them. This will be a straight line and
can readily be superimposed on the transfer function plot of the non-linear device. The
point where the lines cross is the quiescent operating point.

Perhaps the easiest practical method is to calculate the (linear) network open circuit
voltage and short circuit current and plot these on the transfer function of the non-linear
device. The straight line joining these two point is the transfer function of the network.

In reality, the designer of the circuit would proceed in the reverse direction to that
described. Starting from a plot provided in the manufacturers data sheet for the non-linear
device, the designer would choose the desired operating point and then calculate the
linear component values required to achieve it.

It is still possible to use this method if the device being biased has its bias fed through
another device which is itself non-linear - a diode for instance. In this case however, the
plot of the network transfer function onto the device being biased would no longer be a
straight line and is consequently more tedious to do.

Small signal equivalent circuit

This method can be used where the deviation of the input and output signals in a network
stay within a substantially linear portion of the non-linear devices transfer function, or
else are so small that the curve of the transfer function can be considered linear. Under a
set of these specific conditions, the non-linear device can be represented by an equivalent
linear network. It must be remembered that this equivalent circuit is entirely notional and
only valid for the small signal deviations. It is entirely inapplicable to the dc biasing of
the device.

For a simple two-terminal device, the small signal equivalent circuit may be no more than
two components. A resistance equal to the slope of the v/i curve at the operating point
(called the dynamic resistance), and tangent to the curve. A generator, because this
tangent will not, in general, pass through the origin. With more terminals, more
complicated equivalent circuits are required.

A popular form of specifying the small signal equivalent circuit amongst transistor
manufacturers is to use the two-port network parameters known as [h] parameters. These
are a matrix of four parameters as with the [z] parameters but in the case of the [h]
parameters they are a hybrid mixture of impedances, admittances, current gains and
voltage gains. In this model the three terminal transistor is considered to be a two port
network, one of its terminals being common to both ports. The [h] parameters are quite
different depending on which terminal is chosen as the common one. The most important
parameter for transistors is usually the forward current gain, hy;, in the common emitter
configuration. This is designated hg on data sheets.
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The small signal equivalent circuit in terms of two-port parameters leads to the concept of
dependent generators. That is, the value of a voltage or current generator depends linearly
on a voltage or current elsewhere in the circuit. For instance the [z] parameter model
leads to dependent voltage generators as shown in this diagram;

R12|2 I2

© <& O O

I1 R21|1

[z] parameter equivalent circuit showing dependent voltage generators

There will always be dependent generators in a two-port parameter equivalent circuit.
This applies to the [h] parameters as well as to the [z] and any other kind. These
dependencies must be preserved when developing the equations in a larger linear network
analysis.

Piecewise linear method

In this method, the transfer function of the non-linear device is broken up into regions.
Each of these regions is approximated by a straight line. Thus, the transfer function will
be linear up to a particular point where there will be a discontinuity. Past this point the
transfer function will again be linear but with a different slope.

A well known application of this method is the approximation of the transfer function of
a pn junction diode. The actual transfer function of an ideal diode has been given at the
top of this (non-linear) section. However, this formula is rarely used in network analysis,
a piecewise approximation being used instead. It can be seen that the diode current
rapidly diminishes to -1, as the voltage falls. This current, for most purposes, is so small it
can be ignored. With increasing voltage, the current increases exponentially. The diode is
modelled as an open circuit up to the knee of the exponential curve, then past this point as
a resistor equal to the bulk resistance of the semiconducting material.

The commonly accepted values for the transition point voltage are 0.7V for silicon
devices and 0.3V for germanium devices. An even simpler model of the diode,
sometimes used in switching applications, is short circuit for forward voltages and open
circuit for reverse voltages.
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The model of a forward biased pn junction having an approximately constant 0.7V is also
a much used approximation for transistor base-emitter junction voltage in amplifier
design.

The piecewise method is similar to the small signal method in that linear network
analysis techniques can only be applied if the signal stays within certain bounds. If the
signal crosses a discontinuity point then the model is no longer valid for linear analysis
purposes. The model does have the advantage over small signal however, in that it is
equally applicable to signal and dc bias. These can therefore both be analysed in the same
operations and will be linearly superimposable.

Time-varying components

In linear analysis, the components of the network are assumed to be unchanging, but in
some circuits this does not apply, such as sweep oscillators, voltage controlled amplifiers,
and variable equalisers. In many circumstances the change in component value is
periodic. A non-linear component excited with a periodic signal, for instance, can be
represented as periodically varying /inear component. Sidney Darlington disclosed a
method of analysing such periodic time varying circuits. He developed canonical circuit
forms which are analogous to the canonical forms of Ronald Foster and Wilhelm Cauer
used for analysing linear circuits.
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Chapter 2

Equivalent Impedance Transforms

An equivalent impedance is an equivalent circuit of an electrical network of impedance
elements which presents the same impedance between all pairs of terminals as did the
given network. Here we, describes mathematical transformations between some passive,
linear impedance networks commonly found in electronic circuits.

There are a number of very well known and often used equivalent circuits in linear
network analysis. These include resistors in series, resistors in parallel and the extension
to series and parallel circuits for capacitors, inductors and general impedances. Also well
known are the Norton and Thévenin equivalent current generator and voltage generator
circuits respectively, as is the Y-A transform. None of these are discussed in detail here;
the individual linked articles should be consulted.

The number of equivalent circuits that a linear network can be transformed into is
unbounded. Even in the most trivial cases this can be seen to be true, for instance, by
asking how many different combinations of resistors in parallel are equivalent to a given
combined resistor. Wilhelm Cauer found a transformation that could generate all possible
equivalents of a given rational, passive, linear one-port, or in other words, any given two-
terminal impedance. Transformations of 4-terminal, especially 2-port, networks are also
commonly found and transformations of yet more complex networks are possible.

The vast scale of the topic of equivalent circuits is underscored in a story told by Sidney
Darlington. According to Darlington, a large number of equivalent circuits were found by
Ronald Foster, following his and George Campbell's 1920 paper on non-dissipative four-
ports. In the course of this work they looked at the ways four ports could be
interconnected with ideal transformers. They found a number of combinations which
might have practical applications and asked the AT&T patent department to have them
patented. The patent department replied that it was pointless just patenting some of the
circuits if a competitor could use an equivalent circuit to get around the patent; they
should patent all of them or not bother. Foster therefore set to work calculating every last
one of them. He arrived at an enormous total of 83,539 equivalents. This was too many to
patent, so instead the information was released into the public domain in order to prevent
any of AT&T's competitors from patenting them in the future.
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2-terminal, 2-element-kind networks

A single impedance has two terminals to connect to the outside world, hence can be
described as a 2-terminal, or a one-port, network. Despite the simple description, there is
no limit to the number of meshes, and hence complexity and number of elements, that the
impedance network may have. 2-element-kind networks are common in circuit design;
filters, for instance, are often LC-kind networks and printed circuit designers favour RC-
kind networks because inductors are less easy to manufacture. Transformations are
simpler and easier to find than for 3-element-kind networks. One-element-kind networks
can be thought of as a special case of two-element-kind. It is possible to use the
transformations in this section on a certain few 3-element-kind networks by substituting a
network of elements for element Z,. However, this is limited to a maximum of two
impedances being substituted; the remainder will not be a free choice. All the
transformation equations given in this section are due to Otto Zobel.

3-element networks

One-element networks are trivial and two-element, two-terminal networks are either two
elements in series or two elements in parallel, also trivial. The smallest number of
elements that is non-trivial is three, and there are two 2-element-kind non-trivial
transformations possible, one being both the reverse transformation and the topological
dual, of the other.

Description

Network

Transform equations

Transformed network

Transform 1.1

Transform 1.2 is the reverse of this transform.

mi 41

WORLD TECHNOLOGIES




1= 1—|—m1,
P2 :mlt:]-—'_??;’l) 1
pa=(14+mq)".

P141

pP2Z1 p3lo

Transform 1.2
The reverse transform, and topological dual, of Transform 1.1.

mi 241

my
P2 = g

= ()
Pa= 11 m, .
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Example 1.
An example of Transform 1.2. The reduced size of the inductor has practical advantages.

2C1
|

WORLD TECHNOLOGIES




4-element networks

3C1

There are four non-trivial 4-element transformations for 2-element-kind networks. Two
of these are the reverse transformations of the other two and two are the dual of a
different two. Further transformations are possible in the special case of Z, being made
the same element kind as Z;, that is, when the network is reduced to one-element-kind.
The number of possible networks continues to grow as the number of elements is
increased. For all entries in the following table it is defined:

¢ = 1+my+mo

g2 == \/E}’lz — dmymy.
(1+mq)(1+ my)
(my — mg)?

43 ==

Description

Network

Transform equations

Transformed network

Transform 2.1

Transform 2.2 is the reverse of this transform.
this transform.

—— g2 — q1 + 2my
t 2¢7 ,

G2+ g1 —2my
I 2>

Transform 2.3 is the topological dual of
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mi141 Mot
o—e — —O

Z2

1+ g2 _— gz Mg Mg
1= 0 ) =
2qs 2q4

p141  p3da

P2Z1  Ppalo

Transform 2.2
Transform 2.1 is the reverse of this transform. Transform 2.4 is the topological dual of
this transform.
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mi1/41 Mmoo

P241 Palo

P3Z2

Transform 2.3
Transform 2.4 is the reverse of this transform. Transform 2.1 is the topological dual of
this transform.
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Q—QZZ e—O

mi Zl m222

qa(q1 + @2) gs(q1 — q2)

B= 2m. B2 = 2mg "Pa=qs,Ps =G5 .

P141 P24

P34 Paslo

Transform 2.4
Transform 2.3 is the reverse of this transform. Transform 2.2 is the topological dual of
this transform.
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Z1 m1Z1

Zg m2Z2

pr=14+m ,pg=m1Q3(1+m1),p3:1+mg,

Pa = maga(l + myp) .

P141

® &
o—@ pSZZ &—O

D241 pao

Example 2.
An example of Transform 2.2.
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2-terminal, n-element, 3-element-kind networks

|1 (D (2)

I I

Fig. 1. Simple example of a network of impedances using resistors only for clarity.
However, analysis of networks with other impedance elements proceed by the same
principles. Two meshes are shown, with numbers in circles. The sum of impedances
around each mesh, p, will form the diagonal of the entries of the matrix, Z,,. The
impedance of branches shared by two meshes, p and q, will form the entries -Zq. Zpq,
p#q, will always have a minus sign provided that the convention of loop currents are
defined in the same (conventionally counter-clockwise) direction and the mesh contains
no ideal transformers or mutual inductors.

Simple networks with just a few elements can be dealt with by formulating the network
equations "by hand" with the application of simple network theorems such as Kirchhoff's
laws. Equivalence is proved between two networks by directly comparing the two sets of
equations and equating coefficients. For large networks more powerful techniques are
required. A common approach is to start by expressing the network of impedances as a
matrix. This approach is only good for rational networks. Any network that includes
distributed elements, such as a transmission line, cannot be represented by a finite matrix.
Generally, an n-mesh network requires an nxn matrix to represent it. For instance the
matrix for a 3-mesh network might look like;

le ZlE ZIE
[Z] - ZEI ZEE ZES
ZSI ZSE 233

The entries of the matrix are chosen so that the matrix forms a system of linear equations
in the mesh voltages and currents (as defined for mesh analysis);
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(V] = [Z][1]

The example diagram in Figure 1, for instance, can be represented as an impedance
matrix by;

[Z] = Rl s RE _RE
—HR; Hy + Hj

and the associated system of linear equations are,
1’{]. . Rl T RE —RQ I 1
0 — Ry Ry + Rz | I

In the most general case, each branch, Z,, of the network may be made up of three
elements so that,

ZF' :SLP—I—RP—FE

P
where L, R and C represent inductance, resistance, and capacitance respectively

and s is the complex frequency operator s=o+iw.

This is the conventional way of representing a general impedance but for the purposes it
is mathematically more convenient to deal with elastance, D, the inverse of capacitance,
C. In those terms the general branch impedance can be represented by,

57y =8 Lydshy =D,

Likewise, each entry of the impedance matrix can consist of the sum of three elements.
Consequently, the matrix can be decomposed into three nxn matrices, one for each of the
three element kinds;

s[Z] = s*[L] + s[R] + [D]

It is desired that the matrix [Z] represent an impedance, Z(s). For this purpose, the loop of
one of the meshes is cut and Z(s) is the impedance measured between the points so cut. It
is conventional to assume the external connection port is in mesh 1, and is therefore
connected across matrix entry Z;;, although it would be perfectly possible to formulate
this with connections to any desired nodes. In the following discussion Z(s) taken across
71 1s assumed. Z(s) may be calculated from [Z)] by;

Z
2(s) = 2
11
where z;; is the complement of Z); and |Z] is the determinant of [Z].
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For the example network above;

|Z| = (Ri + R2)(Ry+ Ra) — Ry> = RiRy + RiR3 + RoRy
z11 = Zoy = Ha 4+ Ra ng,

R R,
Zls)=R = =
(S} e Ry + Rjy

This result is easily verified to be correct by the more direct method of resistors in series
and parallel. However, such methods rapidly become tedious and cumbersome with the
growth of the size and complexity of the network under analysis.

The entries of [R], [L] and [D] cannot be set arbitrarily. For [Z] to be able to realise the
impedance Z(s) then [R],[L] and [D] must all be positive-definite matrices. Even then,
the realisation of Z(s) will, in general, contain ideal transformers within the network.
Finding only those transforms that do not require mutual inductances or ideal
transformers is a more difficult task. Similarly, if starting from the "other end" and
specifying an expression for Z(s), this again cannot be done arbitrarily. To be realisable
as a rational impedance, Z(s) must be positive-real. The positive-real (PR) condition is
both necessary and sufficient but there may be practical reasons for rejecting some
topologies.

A general impedance transform for finding equivalent rational one-ports from a given
instance of [Z] is due to Wilhelm Cauer. The group of real affine transformations,

2] = [T]"[Z][T]

where, )
[T] = TEI TEE e Tiﬂ.
_Tnl Tﬂ? e Tﬂﬂ-_

is invariant in Z(s). That is, all the transformed networks are equivalents according to the
definition given here. If the Z(s) for the initial given matrix is realisable, that is, it meets
the PR condition, then all the transformed networks produced by this transformation will
also meet the PR condition.
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3 and 4-terminal networks

10—

Iz

——O 3
I3 = 3A

——0 4

Iy |Port Port
1 2
2 O—-—
£1
1 O—P—
LH=1A 4-terminal
network
2 Op—
Is = —2A

I:— —2A

Fig. 2. A 4-terminal network connected by ports (top) has equal and opposite currents in
each pair of terminals. The bottom network does not meet the port condition and cannot
be treated as a 2-port. It could, however, be treated as an unbalanced 3-port by splitting
one of the terminals into three common terminals shared between the ports.

When discussing 4-terminal networks, network analysis often proceeds in terms of 2-port
networks, which covers a vast array of practically useful circuits. "2-port", in essence,
refers to the way the network has been connected to the outside world: that the terminals
have been connected in pairs to a source or load. It is possible to take exactly the same
network and connect it to external circuitry in such a way that it is no longer behaving as
a 2-port. This idea is demonstrated in Figure 2.
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Unbalanced form Balanced form

> - & O

L topology C topology

(]

T topology

M topology Box topology

Equivalent unbalanced and balanced networks. The impedance of the series elements in
the balanced version is half the corresponding impedance of the unbalanced version.
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e ———0 3
Port Port
1 2
2(}'—T" TO4
VA
1 O— —0 3
Port Port
1 2
20 l O 4

Fig. 3. To be balanced, a network must have the same impedance in each "leg" of the
circuit.

A 3-terminal network can also be used as a 2-port. To achieve this, one of the terminals is
connected in common to one terminal of both ports. In other words, one terminal has
been split into two terminals and the network has effectively been converted to a 4-
terminal network. This topology is known as unbalanced topology and is opposed to
balanced topology. Balanced topology requires, referring to Figure 3, that the impedance
measured between terminals 1 and 3 is equal to the impedance measured between 2 and
4. This is the pairs of terminals not forming ports: the case where the pairs of terminals
forming ports have equal impedance is referred to as symmetrical. Strictly speaking, any
network that does not meet the balance condition is unbalanced, but the term is most
often referring to the 3-terminal topology described above and in Figure 3. Transforming
an unbalanced 2-port network into a balanced network is usually quite straightforward:
all series connected elements are divided in half with one half being relocated in what
was the common branch. Transforming from balanced to unbalanced topology will often
be possible with the reverse transformation but there are certain cases of certain
topologies which cannot be transformed in this way.

An example of a 3-terminal network transform that is not restricted to 2-ports is the Y-A
transform. This is a particularly important transform for finding equivalent impedances.
Its importance arises from the fact that the total impedance between two terminals cannot
be determined solely by calculating series and parallel combinations except for a certain
restricted class of network. In the general case additional transformations are required.
The Y-A transform, its inverse the A-Y transform, and the n-terminal analogues of these
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two transforms (star-polygon transforms) represent the minimal additional transforms
required to solve the general case. Series and parallel are, in fact, the 2-terminal versions
of star and polygon topology. A common simple topology that cannot be solved by series
and parallel combinations is the input impedance to a bridge network (except in the
special case when the bridge is in balance). The rest of the transforms in this section are
all restricted to use with 2-ports only.

Lattice transforms

Symmetric 2-port networks can be transformed into lattice networks using Bartlett's
bisection theorem. The method is limited to symmetric networks but this includes many
topologies commonly found in filters, attenuators and equalisers. The lattice topology is
intrinsically balanced, there is no unbalanced counterpart to the lattice and it will usually
require more components than the transformed network.

Some common networks transformed to lattices (X-networks)

Description Network Transi:orm Transformed network
equations

Transform A z Z A= Zl : Za

3 . 1 [ el Z B = Z 1 —l— o - [ 1 o
Transform ﬁ[ \m\\ ;f";y_
57

"

of T Za Zr - B
network to f- N
lattice ¢ . 5 c — o

network.

Transform

Transform [ [ .. . Zy +
\T‘ Za Z2 )

of I1
network to
lattice
network.

Transform Z e VA Za
33 ——{ A ™
Zy +
Transform o ' 4
of Bridged- Zo Zo
T network Zs
to lattice
network.

Zy = Zy +
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Reverse transformations from a lattice to an unbalanced topology are not always possible
in terms of passive components. For instance, this transform,

Description Network Transformed network
Transform 3.4 L L L
Transform of a _m_t_m_
lattice phase = 17

equalisertoa T
network.

cannot be realised with passive components because of the negative values arising in the
transformed circuit. It can however be realised if mutual inductances and ideal
transformers are permitted, for instance, in this circuit. Another possibility is to permit
the use of active components which would enable negative impedances to be directly
realised as circuit components.

It can sometimes be useful to make such a transformation, not for the purposes of actually
building the transformed circuit, but rather, for the purposes of aiding understanding of
how the original circuit is working. The following circuit in bridged-T topology is a
modification of a mid-series m-derived filter T-section. The circuit is due to Hendrik
Bode who claims that the addition of the bridging resistor of a suitable value will cancel
the parasitic resistance of the shunt inductor. The action of this circuit is clear if it is
transformed into T topology - in this form there is a negative resistance in the shunt
branch which can be made to be exactly equal to the positive parasitic resistance of the
inductor.
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Description Network Transformed network

Transform 2Ry

3.5 AR

Transform , -
}[m—I—mmL

ofa I I

bridged-T 1 S ™M

low-pass _L

filter section T O

toaT- .

section.

Any symmetrical network can be transformed into any other symmetrical network by the
same method, that is, by first transforming into the intermediate lattice form (omitted for
clarity from the above example transform) and from the lattice form into the required
target form. As with the example, this will generally result in negative elements except in
special cases.

Eliminating resistors

A theorem due to Sidney Darlington states that any PR function Z(s) can be realised as a
lossless two-port terminated in a positive resistor R. That is, regardless of how many
resistors feature in the matrix [Z] representing the impedance network, a transform can be
found that will realise the network entirely as an LC-kind network with just one resistor
across the output port (which would normally represent the load). No resistors within the
network are necessary in order to realise the specified response. Consequently, it is
always possible to reduce 3-element-kind 2-port networks to 2-element-kind (LC) 2-port
networks provided the output port is terminated in a resistance of the required value.

Eliminating ideal transformers
An elementary transformation that can be done with ideal transformers and some other

impedance element is to shift the impedance to the other side of the transformer. In all the
following transforms, 7 is the turns ratio of the transformer.

Description Network Transformed network
;l“liansform ) z/ X
- >—1—|—|_ — = —
Serles = —];jl i
impedance =15 g,j =
through a = =]
step-down .r —I‘_ ::_17 L‘
transformer.
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Transform
4.2

Shunt
impedance
through a
step-down
transformer.

Transform
4.3

Shunt and
series
impedance
network
through a
step-up
transformer.

o r. 1 o pe - T 1 o]
[ IQ [
z F; Qf‘ |E Z/r?
21 ?‘231
o — o lir
22 ’—lél Tigz

These transforms do not just apply to single elements; entire networks can be passed
through the transformer. In this manner, the transformer can be shifted around the
network to a more convenient location.

Darlington gives an equivalent transform that can eliminate an ideal transformer
altogether. This technique requires that the transformer is next to (or capable of being
moved next to) an "L" network of same-kind impedances. The transform in all variants
results in the "L" network facing the opposite way, that is, topologically mirrored.

Description

Transform 5.1
Elimination of a

step-down
transformer.

Transform 5.2
Elimination of a

step-up
transformer.

Network Transformed network
Zl I,!f‘
«'.3—| £
Z
r(r—1)
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Example 3. cy 021 10C,

Example of , - ,
transform 5.1. | él—
T H}G]_ |\|_‘ T Cl T 9':H:'lll

Example 3 shows the result is a II-network rather than an L-network. The reason for this
is that the shunt element has more capacitance than is required by the transform so some
is still left over after applying the transform. If the excess were instead, in the element
nearest the transformer, this could be dealt with by first shfting the excess to the other
side of the transformer before carrying out the transform.

WORLD TECHNOLOGIES




Chapter 3

Voltage Divider

7
out

Z

Figure 1: Voltage divider

In electronics, a voltage divider (also known as a potential divider) is a simple linear
circuit that produces an output voltage (Vo) that is a fraction of its input voltage (Viy).
Voltage division refers to the partitioning of a voltage among the components of the
divider.

The formula governing a voltage divider is similar to that for a current divider, but the
ratio describing voltage division places the selected impedance in the numerator, unlike
current division where it is the unselected components that enter the numerator.

A simple example of a voltage divider consists of two resistors in series or a
potentiometer. It is commonly used to create a reference voltage, and may also be used as
a signal attenuator at low frequencies.

General case

A voltage divider referenced to ground is created by connecting two electrical
impedances in series, as shown in Figure 1. The input voltage is applied across the series
impedances Z; and Z; and the output is the voltage across Z,. Z; and Z, may be
composed of any combination of elements such as resistors, inductors and capacitors.

Applying Ohm's Law, the relationship between the input voltage, Vi,, and the output
voltage, V,ui, can be found:
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. Zy
1_;0.1 — . I:n
' Zy+ Z;

Proof:

Vin =1-(Z1 + Z3)
Vout = { Zy

J= "
1+ Zy 7
Vi, :T,.r;n._z
‘ VAR A

The transfer function (also known as the divider's voltage ratio) of this circuit is simply:

D;u.t _ Z 2

H= =
1"f-rz'-n Zl + ZQ

In general this transfer function is a complex, rational function of frequency.

Resistive divider

Vout

Figure 2: Simple resistive voltage divider

A resistive divider is a special case where both impedances, Z; and Z,, are purely
resistive (Figure 2).

Substituting Z; = R; and Z, = R; into the previous expression gives:

' Iy

vout —

r

2y,
Ri+ Ry

As in the general case, R; and R, may be any combination of series/parallel resistors.
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Examples

Resistive divider

As a simple example, if R; = R, then

1
r — ;
fout = 5 - Vi

2

As a more specific and/or practical example, if Vo, =6V and Vi,=9V (both commonly
used voltages), then:

Vi Ry
Vi Ri+ R,

LI o

6
9

and by solving using algebra, R, must be twice the value of R;.
To solve for R1:

R1:M—R2

Lr-lr:rl;lt
To solve for R2:

Ity
(=)

Vout

Rg:

Any ratio between 0 and 1 is possible. That is, using resistors alone it is not possible to
either invert the voltage or increase Vo, above Viy.
Low-pass RC filter

Vin ’

Vout

‘T

Figure 3: Resistor/capacitor voltage divider
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Consider a divider consisting of a resistor and capacitor as shown in Figure 3.

Comparing with the general case, we see Z; = R and Z, is the impedance of the capacitor,
given by

.1
“L=-iXe =30

where Xc is the reactance of the capacitor, C is the capacitance of the capacitor, j is the
imaginary unit, and @ (omega) is the radian frequency of the input voltage.

This divider will then have the voltage ratio:

Vo _ % T 1
Vin Zi+ 2% C,-|—R 1+ jw RC

The product of 7 (tau) = RC is called the time constant of the circuit.

The ratio then depends on frequency, in this case decreasing as frequency increases. This
circuit is, in fact, a basic (first-order) lowpass filter. The ratio contains an imaginary
number, and actually contains both the amplitude and phase shift information of the filter.
To extract just the amplitude ratio, calculate the magnitude of the ratio, that is:

1
~ /1t (WRO)P

-
T";out

Vi

Inductive divider
Inductive dividers split DC input according to resistive divider rules above.

Inductive dividers split AC input according to inductance:

Ly

I“r::m = Lr;-n B
t Ly + Ly

The above equation is for ideal conditions. In the real world the amount of mutual
inductance will alter the results.

Capacitive divider
Capacitive dividers do not pass DC input.

For an AC input a simple capacitive equation is:
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. Cy
Vout = Vin -
t Cy + Ch

Capacitive dividers are limited in current by the capacitance of the elements used.

This effect is opposite to resistive division and inductive division.

Loading effect

The voltage output of a voltage divider is not fixed but varies according to the load. To
obtain a reasonably stable output voltage the output current should be a small fraction of
the input current. The drawback of this is that most of the input current is wasted as heat
in the resistors.

The following example describes the effect when a voltage divider is used to drive an
amplifier:

RS (2N Vo er!

g vt

Rin Rp

Figure 3: A simple voltage amplifier (gray outline) demonstrating input loading (blue
outline) and output loading (green outline)

The gain of an amplifier generally depends on its source and load terminations, so-called
loading effects that reduce the gain. The analysis of the amplifier itself is conveniently
treated separately using idealized drivers and loads, and then supplemented by the use of
voltage and current division to include the loading effects of real sources and loads. The
choice of idealized driver and idealized load depends upon whether current or voltage is
the input/output variable for the amplifier at hand, as described next.

In terms of sources, amplifiers with voltage input (voltage and transconductance
amplifiers) typically are characterized using ideal zero-impedance voltage sources. In
terms of terminations, amplifiers with voltage output (voltage and transresistance
amplifiers) typically are characterized in terms of an open circuit output condition.

Similarly, amplifiers with current input (current and transresistance amplifiers) are
characterized using ideal infinite impedance current sources, while amplifiers with
current output (current and transconductance amplifiers) are characterized by a short-
circuit output condition,
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As stated above, when any of these amplifiers is driven by a non-ideal source, and/or
terminated by a finite, non-zero load, the effective gain is lowered due to the loading
effect at the input and/or the output. Figure 3 illustrates loading by voltage division at
both input and output for a simple voltage amplifier. For any of the four types of
amplifier (current, voltage, transconductance or transresistance), these loading effects can
be understood as a result of voltage division and/or current division, as described next.

Input loading

A general voltage source can be represented by a Thévenin equivalent circuit with
Thévenin series impedance Rs. For a Thévenin driver, the input voltage v; is reduced
from vg by voltage division to a value

R,
Vi = UVs
RS T R‘m
where R;, is the amplifier input resistance, and the overall gain is reduced below the
idealized gain by the same voltage division factor.

In the same manner, the ideal input current for an ideal driver ; is realized only for an
infinite-resistance current driver. For a Norton driver with current i and source
impedance Rs, the input current i; is reduced from ig by current division to a value

Rs

i =ig——o

RS 3 Ri-n
where R;, is the amplifier input resistance, and the overall gain is reduced below the gain
estimated using an ideal driver by the same current division factor.

More generally, complex frequency-dependent impedances can be used instead of the
driver and amplifier resistances.

Output loading

For a finite load, R; an output voltage is reduced by voltage division by the factor Ry / (
R; + R, ), where R, is the amplifier output resistance. Likewise, as the term short-
circuit implies, the output current delivered to a load R is reduced by current division by
the factor R,/ ( R + R, ). The overall gain is reduced below the gain estimated using
an ideal load by the same current division factor.

More generally, complex frequency-dependent impedances can be used instead of the
load and amplifier resistances.
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Loaded gain - voltage amplifier case

Including both the input and output voltage division factors for the voltage amplifier of
Figure 4, the ideal voltage gain 4, realized with an ideal driver and an open-circuit load is
reduced to the loaded gain A;y,4.4:

Aloaded Vs RS T Rz-_n Rﬂui T RL g .

The resistor ratios in the above expression are called the loading factors.

RS R out
Usg A U; . A v VA Uy
O R S rs
* =Py ¢

Figure 4: G-parameter voltage amplifier two-port; feedback provided by dependent
current-controlled current source of gain f A/A

Unilateral versus bilateral amplifiers

Figure 3 and the associated discussion refers to a unilateral amplifier. In a more general
case where the amplifier is represented by a two port, the input resistance of the amplifier
depends on its load, and the output resistance on the source impedance. The loading
factors in these cases must employ the true amplifier impedances including these bilateral
effects. For example, taking the unilateral voltage amplifier of Figure 3, the
corresponding bilateral two-port network is shown in Figure 4 based upon g-parameters.
Carrying out the analysis for this circuit, the voltage gain with feedback Ay is found to be

vr, Apaded

vs 1+ B(Rs/Rr)Awaded

r].fb -

That is, the ideal current gain 4; is reduced not only by the loading factors, but due to the
bilateral nature of the two-port by an additional factor (1 + £ (Rs/ Rr ) Aivadea ), Which is
typical of negative feedback amplifier circuits. The factor f(Rs/ Ry) is the voltage
feedback provided by the current feedback source of current gain f (A/A). For instance,
for an ideal voltage source with Rs = 0 €, the current feedback has no influence, and for
R; = o Q, there is zero load current, again disabling the feedback.
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Applications

Reference voltage

Voltage dividers are often used to produce stable reference voltages. The term reference
voltage implies that little or no current is drawn from the divider output node by an
attached load. Thus, use of the divider as a reference requires a load device with a high
input impedance to avoid loading the divider, that is, to avoid disturbing its output
voltage. A simple way of avoiding loading (for low power applications) is to simply input
the reference voltage into the non-inverting input of an op-amp buffer. Another way is to
"neutralize" the load impedance by an equivalent negative impedance (INIC).

Voltage source

While voltage dividers may be used to produce precise reference voltages (that is, when
no current is drawn from the reference node), they make poor voltage sources (that is,
when current is drawn from the reference node). The reason for poor source behavior is
that the current drawn by the load passes through resistor R;, but not through R;, causing
the voltage drop across R; to change with the load current, and thereby changing the
output voltage.

In terms of the above equations, if current flows into a load resistance Ry (attached at the
output node where the voltage is V), that load resistance R must be considered in
parallel with R, to determine the voltage at V. In this case, the voltage at Vo, is
calculated as follows:

Rs|| Ry, - Ry
Ry (1 + %) + Ry

1 1)—1 RyR;

where Ro||Rp 2 — + — = —_—,
it (4 ) = pie

-

out = Ry + Ry|| Ry,

L‘;n

where Ry is a load resistor in parallel with R,. From this result it is clear that Vi 1s
decreased by Ry unless R, // R = R, , that is, unless R, >> R».

In other words, for high impedance loads it is possible to use a voltage divider as a
voltage source, as long as R has very small value compared to the load. This technique
leads to considerable power dissipation in the divider.

A voltage divider is commonly used to set the DC Biasing of a common emitter

amplifier, where the current drawn from the divider is the relatively low base current of
the transistor.
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Chapter 4

Current Divider

T
= Vi
* R, +R,

Figure 1: Schematic of an electrical circuit illustrating current division. Notation Rz
refers to the fotal resistance of the circuit to the right of resistor Ry.

' 1

T

In electronics, a current divider is a simple linear circuit that produces an output current
(Ix) that is a fraction of its input current (/7). Current division refers to the splitting of
current between the branches of the divider. The currents in the various branches of such
a circuit will always divide in such a way as to minimize the total energy expended. This
can be shown by calculus.

The formula describing a current divider is similar in form to that for the voltage divider.
However, the ratio describing current division places the impedance of the unconsidered
branches in the numerator, unlike voltage division where the considered impedance is in
the numerator. This is because in current dividers, total energy expended is minimized,
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resulting in currents that go through paths of least impedance, therefore the inverse
relationship with impedance. On the other hand, voltage divider is used to satisfy
Kirchoff's Voltage Law. The voltage around a loop must sum up to zero, so the voltage
drops must be divided evenly in a direct relationship with the impedance.

To be specific, if two or more impedances are in parallel, the current that enters the
combination will be split between them in inverse proportion to their impedances
(according to Ohm's law). It also follows that if the impedances have the same value the
current is split equally.

Resistive divider

A general formula for the current Iy in a resistor Ry that is in parallel with a combination
of other resistors of total resistance Ry is (see Figure 1):

Rr

Iy= "Iy
Rx + Ry

where /7 is the total current entering the combined network of Ry in parallel with Ry.

Notice that when Ry is composed of a parallel combination of resistors, say R;, R;, ... etc.,

then the reciprocal of each resistor must be added to find the total resistance Ry:

1 1 1 1

R—TZE—FR—Q—FE—F....

General case

Although the resistive divider is most common, the current divider may be made of
frequency dependent impedances. In the general case the current Ix is given by:

Zr
I."— = —I— .
d\ Z"k!_ —|_ ZT T L
Using Admittance

Instead of using impedances, the current divider rule can be applied just like the voltage
divider rule if admittance (the inverse of impedance) is used.

IJ{ — YX

YTDf&f

It
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Take care to note that Yo is a straightforward addition, not the sum of the inverses
inverted (as you would do for a standard parallel resistive network). For Figure 1, the
current Ix would be

Example: RC combination

Y
r 4

1
1+ Jjw CR

Figure 2: A low pass RC current divider

TIR IT

Figure 2 shows a simple current divider made up of a capacitor and a resistor. Using the
formula above, the current in the resistor is given by:

1

T BT 55

R+ =

Ju
1

e o
1+ jwCR T’
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where Z¢ = 1/(jowC) is the impedance of the capacitor.

The product 7 = CR is known as the time constant of the circuit, and the frequency for
which @CR = 1 is called the corner frequency of the circuit. Because the capacitor has
zero impedance at high frequencies and infinite impedance at low frequencies, the current
in the resistor remains at its DC value /7 for frequencies up to the corner frequency,
whereupon it drops toward zero for higher frequencies as the capacitor effectively short-
circuits the resistor. In other words, the current divider is a low pass filter for current in
the resistor.

Loading effect

I i

iS <T> RS ng | <T> Rout RL

I,=A;

[ 2 0 I°1 ¥

v NN

Figure 3: A current amplifier (gray box) driven by a Norton source (is, Rs) and with a
resistor load R;. Current divider in blue box at input (Rs,R;,) reduces the current gain, as
does the current divider in green box at the output (R,..,Rr)

The gain of an amplifier generally depends on its source and load terminations. Current
amplifiers and transconductance amplifiers are characterized by a short-circuit output
condition, and current amplifiers and transresistance amplifiers are characterized using
ideal infinite impedance current sources. When an amplifier is terminated by a finite,
non-zero termination, and/or driven by a non-ideal source, the effective gain is reduced
due to the loading effect at the output and/or the input, which can be understood in terms
of current division.

Figure 3 shows a current amplifier example. The amplifier (gray box) has input resistance
R;, and output resistance R,,, and an ideal current gain 4,. With an ideal current driver
(infinite Norton resistance) all the source current is becomes input current to the
amplifier. However, for a Norton driver a current divider is formed at the input that
reduces the input current to

Rs .

;= ———1g ,
Rs + Ri, 5
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which clearly is less than is. Likewise, for a short circuit at the output, the amplifier
delivers an output current i, = 4, i; to the short-circuit. However, when the load is a non-
zero resistor Ry, the current delivered to the load is reduced by current division to the
value:

: Hom :
T, — ;mflﬁt' .

Rouwt + Ry

Combining these results, the ideal current gain 4; realized with an ideal driver and a
short-circuit load is reduced to the loaded gain 4;,,4.4:

“Hoaded i Hs+ RinFou + RL‘ b

The resistor ratios in the above expression are called the loading factors.

Unilateral versus bilateral amplifiers

R;, I U, I
VNN

I,=Ajl;

T® < <D é

R uﬂ,=ﬁuU R

Figure 4: Current amplifier as a bilateral two-port network; feedback through dependent
voltage source of gain B V/V

Figure 3 and the associated discussion refers to a unilateral amplifier. In a more general
case where the amplifier is represented by a two port, the input resistance of the amplifier
depends on its load, and the output resistance on the source impedance. The loading
factors in these cases must employ the true amplifier impedances including these bilateral
effects. For example, taking the unilateral current amplifier of Figure 3, the
corresponding bilateral two-port network is shown in Figure 4 based upon h-parameters.
Carrying out the analysis for this circuit, the current gain with feedback 4y is found to be

iy, At

i B 1+ B(R/Rs) Awvadea

flfb -
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That is, the ideal current gain 4; is reduced not only by the loading factors, but due to the
bilateral nature of the two-port by an additional factor ( 1 + 3 (RL/ Rs ) Aloaded ), Which is
typical of negative feedback amplifier circuits. The factor § (Ry / Rg ) is the current
feedback provided by the voltage feedback source of voltage gain § V/V. For instance,
for an ideal current source with Rs = o Q, the voltage feedback has no influence, and for
R, =0 Q, there is zero load voltage, again disabling the feedback.
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Chapter 5
Nodal Analysis

Kirchhoff's current law is the basis of nodal analysis

In electric circuits analysis, nodal analysis, node-voltage analysis, or the branch
current method is a method of determining the voltage (potential difference) between
"nodes" (points where elements or branches connect) in an electrical circuit in terms of
the branch currents.

In analyzing a circuit using Kirchhoff's circuit laws, one can either do nodal analysis
using Kirchhoff's current law (KCL) or mesh analysis using Kirchhoff's voltage law
(KVL). Nodal analysis writes an equation at each electrical node, requiring that the
branch currents incident at a node must sum to zero. The branch currents are written in
terms of the circuit node voltages. As a consequence, each branch constitutive relation
must give current as a function of voltage; an admittance representation. For instance, for
a resistor, Ipranch = Voranch ¥ G, Where G (=1/R) is the admittance (conductance) of the
resistor.

Nodal analysis is possible when all the circuit elements' branch constitutive relations
have an admittance representation. Nodal analysis produces a compact set of equations
for the network, which can be solved by hand if small, or can be quickly solved using
linear algebra by computer. Because of the compact system of equations, many circuit
simulation programs (e.g. SPICE) use nodal analysis as a basis. When elements do not
have admittance representations, a more general extension of nodal analysis, modified
nodal analysis, can be used.
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While simple examples of nodal analysis focus on linear elements, more complex
nonlinear networks can also be solved with nodal analysis by using Newton's method to
turn the nonlinear problem into a sequence of linear problems.

Method

1. Note all connected wire segments in the circuit. These are the nodes of nodal
analysis.

2. Select one node as the ground reference. The choice does not affect the result and
is just a matter of convention. Choosing the node with most connections can
simplify the analysis.

3. Assign a variable for each node whose voltage is unknown. If the voltage is
already known, it is not necessary to assign a variable.

4. For each unknown voltage, form an equation based on Kirchhoff's current law.
Basically, add together all currents leaving from the node and mark the sum equal
to zero.

5. If there are voltage sources between two unknown voltages, join the two nodes as
a supernode. The currents of the two nodes are combined in a single equation, and
a new equation for the voltages is formed.

6. Solve the system of simultaneous equations for each unknown voltage.

Examples
Basic case
Ry =100 W Ry = 2009
+
+ Vo=50V I, = 20mA

Basic example circuit with one unknown voltage, V,
The only unknown voltage in this circuit is V;. There are three connections to this node
and consequently three currents to consider. The direction of the currents in calculations

is chosen to be away from the node.

1. Current through resistor R;: (Vi - Vs) / R,
2. Current through resistor R: Vi / R;
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3. Current through current source Is: -Ig

With Kirchhoff's current law, we get:

Vi-Vs Vi

Is =0
R, R, °

This equation can be solved in respect to V;:

Ve {1
V= ) (=4 L
! (m ) (R1+R2)

Finally, the unknown voltage can be solved by substituting numerical values for the
symbols. Any unknown currents are easy to calculate after all the voltages in the circuit
are known.

Vi = 5V+20mA L 4 L ) <a667v
"\ 1000 1009 2000/

Supernodes

1002 V) RQ;QUOQ-

| S

+
|+ Veo=5HV ' I, = 20mA

In this circuit, V4 is between two unknown voltages, and is therefore a supernode

In this circuit, we initially have two unknown voltages, V| and V. The voltage at V3 is
already known to be Vp because the other terminal of the voltage source is at ground
potential.

The current going through voltage source V4 cannot be directly calculated. Therefore we
can not write the current equations for either V; or V,. However, we know that the same
current leaving node V; must enter node V. Even though the nodes can not be
individually solved, we know that the combined current of these two nodes is zero. This
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combining of the two nodes is called the supernode technique, and it requires one
additional equation: V| =V, + V.

The complete set of equations for this circuit is:

Vi—Vea | V-V |, V2 _
Ry + Ra +Ha_0

A= Va+Va

By substituting V; to the first equation and solving in respect to V2, we get:

(Rl + RZ)RBVB — Ry R3Vy

Vo =
? (Rl + Rg)Ra + R Ry
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Chapter 6
Mesh Analysis

Is R3
&) AWV
1
R Rz
AV NV
Ve (P 2 = lisc 3 Ls

Figure 1: Essential Meshes of the planar circuit labeled 1, 2, and 3. R1, R2, R3, 1/sc, and
Ls represent the impedance of the resistors, capacitor, and inductor values in the s-
domain. Vs and Is are the values of the voltage source and current source respectively.

Mesh analysis (sometimes referred to as loop analysis or mesh current method) is a
method that is used to solve planar circuits for the voltage and currents at any place in the
circuit. Planar circuits are circuits that can be drawn on a plane with no wires overlapping
each other. Mesh analysis uses Kirchhoff’s voltage law to solve these planar circuits. The
advantage of using mesh analysis is that it creates a systematic approach to solving planar
circuits and reduces the number of equations needed to solve the circuit for all of the
voltages and currents.
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Mesh currents and essential meshes

R2
AYATAY AT,
Vs C’D /I—?D == 1/sc //—I_;;D ¥

Figure 2: Circuit with Mesh Currents Labeled as i1, 12, and i3. The arrows show the
direction of the mesh current.

Mesh analysis works by arbitrarily assigning mesh currents in the essential meshes. An
essential mesh is a loop in the circuit that does not contain any other loop. When looking
at a circuit schematic, the essential meshes look like a “window pane”. Figure 1 labels the
essential meshes with one, two, and three. Once the essential meshes are found, the mesh
currents need to be labeled.

A mesh current is a current that loops around the essential mesh. The mesh current might
not have a physical meaning but it is used to set up the mesh analysis equations. When
assigning the mesh currents it is important to have all the mesh currents loop in the same
direction. This will help prevent errors when writing out the equations. The convention is
to have all the mesh currents looping in a clockwise direction. Figure 2 shows the same
circuit shown before but with the mesh currents labeled.

The reason to use mesh currents instead of just using KCL and KVL to solve a problem is
that the mesh currents can account for any unnecessary currents that may be drawn in
when using KCL and KVL. Mesh analysis ensures that the least possible number of
equations regarding currents is used, greatly simplifying the problem.
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Setting up the equations

i
1 /—D R2
AYATAY AT,
UECP /I—?D == 1/sc //—I_;;D \} ¥

Figure 3: Simple Circuit using Mesh Analysis

After labeling the mesh currents, one only needs to write one equation per mesh in order
to solve for all the currents in the circuit. These equations are the sum of the voltage
drops in a complete loop of the mesh current. For other than current and voltage sources,
the voltage drops will be the impedance of the electronic component multiplied by the
mesh current in that loop. It is important to note that if a component exists between two
essential meshes, the component's voltage drop will be the impedance of the component
times the present mesh current minus the neighboring mesh current (computing the
subtraction first).

If a voltage source is present within the mesh loop, the voltage at the source is either
added or subtracted depending on if it is a voltage drop or a voltage rise in the direction
of the mesh current. For a current source that is not contained between two meshes, the
mesh current will take the positive or negative value of the current source depending on if
the mesh current is in the same or opposite direction of the current source. The following
is the same circuit from above with the equations needed to solve for all the currents in
the circuit.

Mesh 1: 7, = 1,
Mesh 2: — 1’; + Rl(?:g — 31} + %(Eg — 33) =10
Mesh 3: ﬁ(!g — 1) + Ro(iz —11) 4+ Lsiz =0

Once the equations are found, the system of linear equations can be solved by using any
technique to solve linear equations.

Special cases

There are two special cases in mesh current: supermesh and dependent sources.
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Supermesh

% Rz
“© i) ”Mﬂ

Figure 4: Circuit with a supermesh. Supermesh occurs because the current source is in
between the essential meshes.

A supermesh occurs when a current source is contained between two essential meshes.
To handle the supermesh, first treat the circuit as if the current source is not there. This
leads to one equation that incorporates two mesh currents. Once this equation is formed,
an equation is needed that relates the two mesh currents with the current source. This will
be an equation where the current source is equal to one of the mesh currents minus the
other. The following is a simple example of dealing with a supermesh.

Mesh 1, 2: — V, + Ry11 + Rots =0

Current source: 1, = 1o — 14

Dependent sources

R1 Rz

AV

Vs KITD R3 lt /I—:-D 3,

Figure 5: Circuit with dependent source. iy is the current that the dependent voltage
source depends on.

A dependent source is a current source or voltage source that depends on the voltage or
current on another element in the circuit. When a dependent source is contained within an
essential mesh, the dependent source should be treated like a normal source. After the
mesh equation is formed, a dependent source equation is needed. This equation is
generally called a constraint equation. This is an equation that relates the dependent
source’s variable to the voltage or current that the source depends on in the circuit. The
following is a simple example of a dependent source.
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Mesh 1: — V_; + Rlil -+ Rg(?:l —32) =0
Mesh 2: Rg’ig + 31_.1: + Rg('ig — 11) =10

Dependent variable: 7, =%, — 15
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Chapter 7

Superposition Theorem & Transfer
Function

Superposition theorem

The superposition theorem for electrical circuits states that the response (Voltage or
Current) in any branch of a bilateral linear circuit having more than one independent
source equals the algebraic sum of the responses caused by each independent source
acting alone, while all other independent sources are replaced by their internal
impedances.

To ascertain the contribution of each individual source, all of the other sources first must
be "turned off" (set to zero) by:

1. Replacing all other independent voltage sources with a short circuit (thereby
eliminating difference of potential. i.e. V=0, internal impedance of ideal voltage
source is ZERO (short circuit)).

2. Replacing all other independent current sources with an open circuit (thereby
eliminating current. i.e. [=0, internal impedance of ideal current source is infinite
(open circuit).

This procedure is followed for each source in turn, then the resultant responses are added
to determine the true operation of the circuit. The resultant circuit operation is the
superposition of the various voltage and current sources.

The superposition theorem is very important in circuit analysis. It is used in converting
any circuit into its Norton equivalent or Thevenin equivalent.

Applicable to linear networks (time varying or time invariant) consisting of independent

sources, linear dependent sources, linear passive elements Resistors, Inductors,
Capacitors and linear transformers.
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Transfer function

A transfer function (also known as the system function or network function) is a
mathematical representation, in terms of spatial or temporal frequency, of the relation
between the input and output of a linear time-invariant system. With optical imaging
devices, for example, it is the Fourier transform of the point spread function (hence a
function of spatial frequency) i.e. the intensity distribution caused by a point object in the
field of view.

Explanation

The transfer functions are commonly used in the analysis of single-input single-output
filters, for instance. It is mainly used in signal processing, communication theory, and
control theory. The term is often used exclusively to refer to linear, time-invariant
systems (LTI), as covered here. Most real systems have non-linear input/output
characteristics, but many systems, when operated within nominal parameters (not "over-
driven") have behavior that is close enough to linear that LTI system theory is an
acceptable representation of the input/output behavior.

In its simplest form for continuous-time input signal x(¢) and output y(¢), the transfer
function is the linear mapping of the Laplace transform of the input, X(s), to the output
Y(s):

Y{(s) = H(s) X(s)

or

Y(s) _ £{y(t))
X(s) ~ L{x(D))

H(s) =

where H(s) is the transfer function of the LTI system.

Y(z)
H(z) =
In discrete-time systems, the function is similarly written as X ( z) and is
often referred to as the pulse-transfer function.
Direct derivation from differential equations
Consider a linear differential equation with constant coefficients
T [l i (t)
W === i ———7 ng_1—— utd =TT
din ' dtn—1 P T
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where u and r are suitably smooth functions of #, and L is the operator defined on the
relevant function space, that transforms u into r. That kind of equation can be used to
constrain the output function u in terms of the forcing function r. The transfer function,
written as an operator F[r] = u, is the right inverse of L, since L[F[r]] =r.

Solutions of the homogeneous equation L[u] = 0 can be found by trying u = ¢". That
substitution yields the characteristic polynomial

po(A) = A" + G Pk, g afiohogn

The inhomogeneous case can be easily solved if the input function  is also of the form
r(f) = ¢”. In that case, by substituting u = H(s)e" one finds that L[H(s)e"] = ¢” if and only
if

HE) = =, pul9) £0.

Taking that as the definition of the transfer function requires to carefully disambiguate
between complex vs. real values, is traditionally influenced by the interpretation of
abs(H(s)) as the gain and -atan(H(s)) as the phase lag.

Signal processing

t

Let T ( t.}be the input to a general linear time-invariant system, and y( .)be the output, and

the bilateral Laplace transform of & ( It’)and Y (t.)be

)= Ll /m (t)et dt
o

V()= L0} * [

—o

y(t)e * dt

H(s)

Then the output is related to the input by the transfer function

Y(s) = H(s)X(s)

as

and the transfer function itself is therefore

B Y(s)
X(s),

H{s)

In particular, if a complex harmonic signal with a sinusoidal component with amplitude

. |’ angular frequency Wwand phase arg(X)
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x(f) = X' =| x| e
where X =| X | &*¢Y

is input to a linear time-invariant system, then the corresponding component in the output
1s:

yllri_\l s }fejta.p"f i |]r|e_j|:w“f+argl::}’-;]:l
and Y= Y| &,

Note that, in a linear time-invariant system, the input frequency Wwhas not changed, only
the amplitude and the phase angle of the sinusoid has been changed by the system. The

frequency response H{j ”"‘\1 describes this change for every frequency win terms of gain:
G(w) = ) — |H(jw)

and phase shift:
¢(w) = arg(Y) — arg(X) = arg(H (jw))

The phase delay (i.e., the frequency-dependent amount of delay introduced to the
sinusoid by the transfer function) is:

The group delay (i.e., the frequency-dependent amount of delay introduced to the
envelope of the sinusoid by the transfer function) is found by computing the derivative of
the phase shift with respect to angular frequency w,

oy — _ de{ew
lfw::l i dir

The transfer function can also be shown using the Fourier transform which is only a
special case of the bilateral Laplace transform for the case where s = jo.

Common transfer function families
While any LTI system can be described by some transfer function or another, there are
certain "families" of special transfer functions that are commonly used. Typical infinite

impulse response filters are designed to implement one of these special transfer functions.

Some common transfer function families and their particular characteristics are:
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o Butterworth filter — maximally flat in passband and stopband for the given order

e Chebyshev filter (Type I) — maximally flat in stopband, sharper cutoff than
Butterworth of same order

e Chebysheyv filter (Type II) — maximally flat in passband, sharper cutoff than
Butterworth of same order

o Bessel filter — best pulse response for a given order because it has no group delay
ripple

o Elliptic filter — sharpest cutoff (narrowest transition between pass band and stop
band) for the given order

e  Optimum "L" filter

e Gaussian filter — minimum group delay; gives no overshoot to a step function.

o Hourglass filter

o Raised-cosine filter

Control engineering

In control engineering and control theory the transfer function is derived using the
Laplace transform.

The transfer function was the primary tool used in classical control engineering.
However, it has proven to be unwieldy for the analysis of multiple-input multiple-output
(MIMO) systems, and has been largely supplanted by state space representations for such
systems. In spite of this, a transfer matrix can be always obtained for any linear system,
in order to analyze its dynamics and other properties: each element of a transfer matrix is
a transfer function relating a particular input variable to an output variable.
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Chapter 8

Electrical Resistance

The electrical resistance of an object measures its opposition to the passage of an
electric current. An object of uniform cross section has a resistance proportional to its
resistivity and length and inversely proportional to its cross-sectional area.

Discovered by Georg Ohm in 1827, electrical resistance shares some conceptual parallels
with the mechanical notion of friction. The SI unit of electrical resistance is the ohm ().
Resistance's reciprocal quantity is electrical conductance measured in siemens.

The resistance of an object can be defined as the ratio of voltage to current:

V
R=—
I

For a wide variety of materials and conditions, the electrical resistance R is constant for a
given temperature; it does not depend on the amount of current through or the potential
difference (voltage) across the object. Such materials are called Ohmic materials. For
objects made of ohmic materials the definition of the resistance, with R being a constant
for that resistor, is known as Ohm's law.

In the case of a nonlinear conductor (not obeying Ohm's law), this ratio can change as

current or voltage changes; the inverse slope of a chord to an I-V curve is sometimes
referred to as a "chordal resistance" or "static resistance".

Conductors and resistors

A 65-kQ resistor, as identified by its electronic color code (blue—green—black). An
ohmmeter could be used to verify this value.

Objects such as wires that are designed to have low resistance so that they transfer
current with the least loss of electrical energy are called conductors. Objects that are
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designed to have a specific resistance so that they can dissipate electrical energy or
otherwise modify how a circuit behaves are called resistors. Conductors are made of
highly conductive materials such as metals, in particular copper and aluminum. Resistors,
on the other hand, are made of a wide variety of materials depending on factors such as
the desired resistance, amount of energy that it needs to dissipate, precision, and cost.

DC resistance

The resistance of a given resistor or conductor grows with the length of conductor and
decreases for larger cross-sectional area. The resistance R of a conductor of uniform cross
section, therefore, can be computed as

{
R:pq'

where Fis the length of the conductor, measured in metres [m], 4 is the cross-sectional
area of the conductor measured in square metres [m?], and p (Greek: rho) is the electrical
resistivity (also called specific electrical resistance) of the material, measured in ohm-
metres ({2 m). Resistivity is a measure of the material's ability to oppose electric current.

For practical reasons, any connections to a real conductor will almost certainly mean the
current density is not totally uniform. However, this formula still provides a good
approximation for long thin conductors such as wires.

AC resistance

If a wire conducts high-frequency alternating current, then the effective cross sectional
area of the wire is reduced because of the skin effect. If several conductors are together,
then due to proximity effect, the effective resistance of each is higher than if that
conductor were alone. These effects are so small for low frequency of ordinary household
AC that they should ordinarily be treated as if it were DC resistance.

Measuring resistance
An instrument for measuring resistance is called an ohmmeter. Simple ohmmeters cannot
measure low resistances accurately because the resistance of their measuring leads causes

a voltage drop that interferes with the measurement, so more accurate devices use four-
terminal sensing.

Causes of resistance

In metals

A metal consists of a lattice of atoms, each with a shell of electrons. This is also known
as a positive ionic lattice. The outer electrons are free to dissociate from their parent
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atoms and travel through the lattice, creating a 'sea’ of electrons, making the metal a
conductor. When an electrical potential difference (a voltage) is applied across the metal,
the electrons drift from one end of the conductor to the other under the influence of the
electric field.

Near room temperatures, the thermal motion of ions is the primary source of scattering of
electrons (due to destructive interference of free electron waves on non-correlating
potentials of ions), and is thus the prime cause of metal resistance. Imperfections of
lattice also contribute into resistance, although their contribution in pure metals is
negligible.

The larger the cross-sectional area of the conductor, the more electrons are available to
carry the current, so the lower the resistance. The longer the conductor, the more
scattering events occur in each electron's path through the material, so the higher the
resistance. Different materials also affect the resistance.

In semiconductors and insulators

In metals, the Fermi level lies in the conduction band giving rise to free conduction
electrons. However, in semiconductors the position of the Fermi level is within the band
gap, approximately half-way between the conduction band minimum and valence band
maximum for intrinsic (undoped) semiconductors. This means that at 0 kelvins, there are
no free conduction electrons and the resistance is infinite. However, the resistance will
continue to decrease as the charge carrier density in the conduction band increases. In
extrinsic (doped) semiconductors, dopant atoms increase the majority charge carrier
concentration by donating electrons to the conduction band or accepting holes in the
valence band. For both types of donor or acceptor atoms, increasing the dopant density
leads to a reduction in the resistance. Highly doped semiconductors hence behave
metallic. At very high temperatures, the contribution of thermally generated carriers will
dominate over the contribution from dopant atoms and the resistance will decrease
exponentially with temperature.

In ionic liquids/electrolytes

In electrolytes, electrical conduction happens not by band electrons or holes, but by full
atomic species (ions) traveling, each carrying an electrical charge. The resistivity of ionic
liquids varies tremendously by the concentration - while distilled water is almost an
insulator, salt water is a very efficient electrical conductor. In biological membranes,
currents are carried by ionic salts. Small holes in the membranes, called ion channels, are
selective to specific ions and determine the membrane resistance.
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Resistivity of various materials

Material Resistivity, p

ohm-metre
Metals 107
Semiconductors variable
Electrolytes variable
Insulators 10"

Superconductors 0 (exactly)

Band theory simplified

-,

| conduction
hand

| forhidden
band

| walence
band

-y

Electron energy levels in an insulator

Quantum mechanics states that the energy of an electron in an atom cannot be any
arbitrary value. Rather, there are fixed energy levels which the electrons can occupy, and
values in between these levels are impossible. The energy levels are grouped into two
bands: the valence band and the conduction band (the latter is generally above the
former). Electrons in the conduction band may move freely throughout the substance in
the presence of an electrical field.

In insulators and semiconductors, the atoms in the substance influence each other so that
between the valence band and the conduction band there exists a forbidden band of
energy levels, which the electrons cannot occupy. In order for a current to flow, a
relatively large amount of energy must be furnished to an electron for it to leap across
this forbidden gap and into the conduction band. Thus, even large voltages can yield
relatively small currents.

Differential resistance

When the current—voltage dependence is not linear, differential resistance, incremental
resistance or slope resistance is defined as the slope of the V-1 graph at a particular
point, thus:
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dv

=
dl

This quantity is sometimes called simply resistance, although the two definitions are

equivalent only for an ohmic component such as an ideal resistor. For example, a diode is

a circuit element for which the resistance depends on the applied voltage or current.

If the V-1 graph is not monotonic (i.e. it has a peak or a trough), the differential resistance
will be negative for some values of voltage and current. This property is often known as
negative resistance, although it is more correctly called negative differential resistance,
since the absolute resistance V71 is still positive. An example of such an element is the
tunnel diode.

Differential resistance is only useful to compare a nonlinear device with a linear
source/load in some small interval; for example if it is necessary to evaluate a zener
diode's voltage stability under different current values.

Temperature dependence

Near room temperature, the electric resistance of a typical metal increases linearly with
rising temperature, while the electrical resistance of a typical semiconductor decreases
with rising temperature. The amount of that change in resistance can be calculated using
the temperature coefficient of resistivity of the material using the following formula:

R = Ryla(T - Tp) + 1]

where 7 is its temperature, 7 is a reference temperature (usually room temperature), R, is
the resistance at 7, and « is the percentage change in resistivity per unit temperature. The
constant a depends only on the material being considered. The relationship stated is
actually only an approximate one, the true physics being somewhat non-linear, or looking
at it another way, « itself varies with temperature. For this reason it is usual to specify the
temperature that ¢ was measured at with a suffix, such as a5 and the relationship only
holds in a range of temperatures around the reference.

At lower temperatures (less than the Debye temperature), the resistance of a metal
decreases as T° due to the electrons scattering off of phonons. At even lower
temperatures, the dominant scattering mechanism for electrons is other electrons, and the
resistance decreases as 7°. At some point, the impurities in the metal will dominate the
behavior of the electrical resistance which causes it to saturate to a constant value.
Matthiessen's Rule (first formulated by Augustus Matthiessen in the 1860s; the equation
below gives its modern form) says that all of these different behaviors can be summed up
to get the total resistance as a function of temperature,

B=Hypsg doaTo WPl
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where R;n, is the temperature independent electrical resistivity due to impurities, and a, b,
and c are coefficients which depend upon the metal's properties. This rule can be seen as
the motivation to Heike Kamerlingh Onnes's experiments that led in 1911 to discovery of
superconductivity.

Intrinsic semiconductors become better conductors as the temperature increases; the
electrons are bumped to the conduction energy band by thermal energy, where they flow
freely and in doing so leave behind holes in the valence band which also flow freely. The
electric resistance of a typical intrinsic (non doped) semiconductor decreases
exponentially with the temperature:

R — ROE—GT

Extrinsic (doped) semiconductors have a far more complicated temperature profile. As
temperature increases starting from absolute zero they first decrease steeply in resistance
as the carriers leave the donors or acceptors. After most of the donors or acceptors have
lost their carriers the resistance starts to increase again slightly due to the reducing
mobility of carriers (much as in a metal). At higher temperatures it will behave like
intrinsic semiconductors as the carriers from the donors/acceptors become insignificant
compared to the thermally generated carriers.

The electric resistance of electrolytes and insulators is highly nonlinear, and case by case
dependent, therefore no generalized equations are given.

Strain dependence

Just as the resistance of a conductor depends upon temperature, the resistance of a
conductor depends upon strain. By placing a conductor under tension (a form of stress
that leads to strain in the form of stretching of the conductor), the length of the section of
conductor under tension increases and its cross-sectional area decreases. Both these
effects contribute to increasing the resistance of the strained section of conductor. Under
compression (strain in the opposite direction), the resistance of the strained section of
conductor decreases.
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Chapter 9

Capacitance

In electromagnetism and electronics, capacitance is the ability of a body to hold an
electrical charge. Capacitance is also a measure of the amount of electrical energy stored
(or separated) for a given electric potential. A common form of energy storage device is a
parallel-plate capacitor. In a parallel plate capacitor, capacitance is directly proportional
to the surface area of the conductor plates and inversely proportional to the separation
distance between the plates. If the charges on the plates are +Q and —Q, and V gives the
voltage between the plates, then the capacitance is given by

c=-9
Vv

The SI unit of capacitance is the farad; 1 farad is 1 coulomb per volt.

The energy (measured in joules) stored in a capacitor is equal to the work done to charge
it. Consider a capacitance C, holding a charge +¢q on one plate and —¢q on the other.
Moving a small element of charge dg from one plate to the other against the potential
difference V' = ¢/C requires the work d/:

o4

AW = = dg

where W is the work measured in joules, ¢ is the charge measured in coulombs and C is
the capacitance, measured in farads.

The energy stored in a capacitance is found by integrating this equation. Starting with an

uncharged capacitance (¢ = 0) and moving charge from one plate to the other until the
plates have charge +Q and —Q requires the work W:

Q 2
; q 1Q 1, . )
H"'c arring = 2T dog= 2= Z(CV* = H,.S rod.
‘harging L cMT 90 T3 tored
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Capacitors

The capacitance of the majority of capacitors used in electronic circuits is several orders
of magnitude smaller than the farad. The most common subunits of capacitance in use
today are the millifarad (mF), microfarad (uF), nanofarad (nF) and picofarad (pF).

The capacitance can be calculated if the geometry of the conductors and the dielectric
properties of the insulator between the conductors are known. For example, the
capacitance of a parallel-plate capacitor constructed of two parallel plates both of area 4
separated by a distance d is approximately equal to the following:

where

C is the capacitance;

A 1is the area of overlap of the two plates;

& 1s the relative static permittivity (sometimes called the dielectric constant) of the
material between the plates (for a vacuum, &, = 1);

&9 1s the electric constant (g9 = 8.854x 10 F m"); and

d is the separation between the plates.

Capacitance is proportional to the area of overlap and inversely proportional to the
separation between conducting sheets. The closer the sheets are to each other, the greater
the capacitance. The equation is a good approximation if d is small compared to the other
dimensions of the plates so the field in the capacitor over most of its area is uniform, and
the so-called fringing field around the periphery provides a small contribution. In CGS
units the equation has the form:

A
B
o frd

where C in this case has the units of length.

Combining the SI equation for capacitance with the above equation for the energy stored
in a capacitance, for a flat-plate capacitor the energy stored is:

Watorea = 50V? = zecco 3 V2

where W is the energy, in joules; C is the capacitance, in farads; and V is the voltage, in
volts.
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Voltage dependent capacitors

The dielectric constant for a number of very useful dielectrics changes as a function of
the applied electrical field, for example ferroelectric materials, so the capacitance for
these devices is more complex. For example, in charging such a capacitor the differential
increase in voltage with charge is governed by:

dQ =C(V)dv,

where the voltage dependence of capacitance, C(V), stems from the field, which in a large
area parallel plate device is given by € = V/d. This field polarizes the dielectric, which
polarization, in the case of a ferroelectric, is a nonlinear S-shaped function of field,
which, in the case of a large area parallel plate device, translates into a capacitance that is
a nonlinear function of the voltage causing the field.

Corresponding to the voltage-dependent capacitance, to charge the capacitor to voltage V'
an integral relation is found:

1%
= ["avow
]

which agrees with Q = CV only when C is voltage independent.

By the same token, the energy stored in the capacitor now is given by
v
dW = QdV = [ dv' o(V')| dv .
0

Integrating:
V
w—/ dvf dv’ CV)_f av' [ av o)

v

_f v’ (V —V)o(V')

where interchange of the order of integration is used.

The nonlinear capacitance of a microscope probe scanned along a ferroelectric surface is
used to study the domain structure of ferroelectric materials.

Another example of voltage dependent capacitance occurs in semiconductor devices such
as semiconductor diodes, where the voltage dependence stems not from a change in
dielectric constant but in a voltage dependence of the spacing between the charges on the
two sides of the capacitor.
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Frequency dependent capacitors

If a capacitor is driven with a time-varying voltage that changes rapidly enough, then the
polarization of the dielectric cannot follow the signal. As an example of the origin of this
mechanism, the internal microscopic dipoles contributing to the dielectric constant cannot
move instantly, and so as frequency of an applied alternating voltage increases, the dipole
response is limited and the dielectric constant diminishes. A changing dielectric constant
with frequency is referred to as dielectric dispersion, and is governed by dielectric
relaxation processes, such as Debye relaxation. Under transient conditions, the
displacement field can be expressed as:

D(t) = [ dt’' e, (t — t)E(t)

g

indicating the lag in response by the time dependence of ¢,, calculated in principle from
an underlying microscopic analysis, for example, of the dipole behavior in the dielectric.
For example, linear response function. The integral extends over the entire past history up
to the present time. A Fourier transform in time then results in:

D(w) = goer (W) E(w)

where ¢(w) 1s now a complex function, with an imaginary part related to absorption of
energy from the field by the medium. The capacitance, being proportional to the
dielectric constant, also exhibits this frequency behavior. Fourier transforming Gauss's
law with this form for displacement field:

I(w) = jwQ(w) = jwj{:D(r, w) - d¥

= [G(w) + jwCW)] V() = =2 |

where j is the imaginary unit, V(®) is the voltage component at angular frequency o,
G(w) 1s the real part of the current, called the conductance, and C(w) determines the
imaginary part of the current and is the capacitance. Z(w) is the complex impedance.

When a parallel-plate capacitor is filled with a dielectric, the measurement of dielectric
properties of the medium is based upon the relation:

f » 1 C(w)
&(w) = &, (w) — jer (w) = jwZ(w)Coq ey

where a single prime denotes the real part and a double prime the imaginary part, Z(w) is
the complex impedance with the dielectric present, C(w) is the so-called complex
capacitance with the dielectric present, and Cy is the capacitance without the dielectric.
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(Measurement "without the dielectric" in principle means measurement in free space, an
unattainable goal inasmuch as even the quantum vacuum is predicted to exhibit nonideal
behavior, such as dichroism. For practical purposes, when measurement errors are taken
into account, often a measurement in terrestrial vacuum, or simply a calculation of Cy, is
sufficiently accurate. )

Using this measurement method, the dielectric constant may exhibit a resonance at
certain frequencies corresponding to characteristic response frequencies (excitation
energies) of contributors to the dielectric constant. These resonances are the basis for a
number of experimental techniques for detecting defects. The conductance method
measures absorption as a function of frequency. Alternatively, the time response of the
capacitance can be used directly, as in deep-level transient spectroscopy.

Another example of frequency dependent capacitance occurs with MOS capacitors,
where the slow generation of minority carriers means that at high frequencies the
capacitance measures only the majority carrier response, while at low frequencies both
types of carrier respond.

At optical frequencies, in semiconductors the dielectric constant exhibits structure related
to the band structure of the solid. Sophisticated modulation spectroscopy measurement
methods based upon modulating the crystal structure by pressure or by other stresses and
observing the related changes in absorption or reflection of light have advanced our
knowledge of these materials.

Capacitance matrix

The discussion above is limited to the case of two conducting plates, although of arbitrary
size and shape. The definition C=Q/V still holds for a single plate given a charge, in
which case the field lines produced by that charge terminate as if the plate were at the
center of an oppositely charged sphere at infinity.

C = Q/ V does not apply when there are more than two charged plates, or when the net
charge on the two plates is non-zero. To handle this case, Maxwell introduced his
"coefficients of potential". If three plates are given charges 01,0,,03, then the voltage of
plate 1 is given by

Vi=PnQ\+ PnQs+ Pi30s,

and similarly for the other voltages. Maxwell showed that the coefficients of potential are
symmetric, so that Py, = P5j, etc. Thus the system can be described by a collection of
coefficients known as the "Reciprocal Capacitance Matrix"is used, which is defined as:
Vi
P?J ji= Y

J
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From this, the mutual capacitance C,, between two objects can be defined by solving for
the total charge Q and using C,, = Q/ V.

v
Ch = ;
(Pll + Py) — (PIE + le}

Since no actual device holds perfectly equal and opposite charges on each of the two
"plates", it is the mutual capacitance that is reported on capacitors. The collection of
coefficients Cj; = Q;/ V; is known as the capacitance matrix and also describes the
capacitance of the system.

Self-capacitance

In electrical circuits, the term capacitance is usually a shorthand for the mutual
capacitance between two adjacent conductors, such as the two plates of a capacitor.
There also exists a property called self-capacitance, which is the amount of electrical
charge that must be added to an isolated conductor to raise its electrical potential by one
volt. The reference point for this potential is a theoretical hollow conducting sphere, of
infinite radius, centered on the conductor. Using this method, the self-capacitance of a
conducting sphere of radius R is given by:

C' = 4dmeoR
Example values of self-capacitance are:
o for the top "plate" of a van de Graaff generator, typically a sphere 20 cm in radius:

20 pF
o the planet Earth: about 709 pF

Elastance

The inverse of capacitance is called elastance. The unit of elastance is the daraf.

Stray capacitance

Any two adjacent conductors can be considered a capacitor, although the capacitance will
be small unless the conductors are close together for long. This (often unwanted) effect is
termed "stray capacitance". Stray capacitance can allow signals to leak between
otherwise isolated circuits (an effect called crosstalk), and it can be a limiting factor for
proper functioning of circuits at high frequency.

Stray capacitance is often encountered in amplifier circuits in the form of "feedthrough"

capacitance that interconnects the input and output nodes (both defined relative to a
common ground). It is often convenient for analytical purposes to replace this
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capacitance with a combination of one input-to-ground capacitance and one output-to-
ground capacitance. (The original configuration — including the input-to-output
capacitance — is often referred to as a pi-configuration.) Miller's theorem can be used to
effect this replacement. Miller's theorem states that, if the gain ratio of two nodes is 1/K,
then an impedance of Z connecting the two nodes can be replaced with a Z/(1-k)
impedance between the first node and ground and a KZ/(K-1) impedance between the
second node and ground. (Since impedance varies inversely with capacitance, the
internode capacitance, C, will be seen to have been replaced by a capacitance of KC from
input to ground and a capacitance of (K-1)C/K from output to ground.) When the input-
to-output gain is very large, the equivalent input-to-ground impedance is very small while
the output-to-ground impedance is essentially equal to the original (input-to-output)
impedance.

Capacitance of simple systems

Calculating the capacitance of a system amounts to solving the Laplace equation Vp=0
with a constant potential ¢ on the surface of the conductors. This is trivial in cases with
high symmetry. There is no solution in terms of elementary functions in more
complicated cases.

For quasi two-dimensional situations analytic functions may be used to map different
geometries to each other.

Capacitance of simple systems

Parallel-plate capacitor
cAfd

A: Area

d: Distance

: Permittivity

Coaxial cable
2mel

In (az/ay)
a;: Inner radius
a,: Outer radius

[: Length

Pair of parallel wires
el mel

arcosh (<) - (zi e 1)
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a: Wire radius
d: Distance, d > 2a
I: Length of pair

Wire parallel to wall

2mel 2el

+ 53_1)

arcosh (f) In (

a: Wire radius
d: Distance, d > a
[: Wire length

2R

Two parallel
coplanar strips

K (m 3 k?)
K (k)

d: Distance
w1, Wy Strip width
ki: d/(2wi+d)

el

k*: kik
K: Elliptic integral
I: Length

Concentric spheres
dmreaias

o — €14
a;: Inner radius
a,: Outer radius

Two spheres,
equal radius

2 sinh (ln (D + m))
n=1 sinh (-n. In (D + m))
1

o {1 1 1 1 3 o( 1 )}
—ema it aptip2 T 8ps T’ps T35 T Y\ e
:2?r£a.{ln2—|—7'—%ln (Q—Q)—I—O(E—Q)}

2mea

(L
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a: Radius
d: Distance, d > 2a
D=d/2a
v: Euler's constant

Sphere in front of wall

x sinll(ln (I)-+—x/ij§T:_I))
#Zisinh (nln (D + vD? - 1))

a: Radius
d: Distance, d > a
D=d/a

dmrea

Sphere

dmea
a: Radius

Circular disc

Bea
a: Radius

Thin straight wire,
finite length

2mel 1 1 > w 1
: {1 +x(1-2)+ =5 1+ (1 -h2) 12] +0 (ﬂa)}
a: Wire radius

[: Length

A: In(//a)
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Chapter 10

Inductance

Inductance is the property of an electrical circuit measuring the induced electric voltage
compared to the rate of change of the electric current in the circuit. This property also is
called self inductance to discriminate it from mutual inductance, describing the voltage
induced in one electrical circuit by the rate of change of the electric current in another
circuit.

The quantitative definition of the self inductance L of an electrical circuit in SI units
(webers per ampere, known as henries) is

di

v=L—,

dt

where v denotes the voltage in volts and i the current in amperes. This is a linear relation
between voltage and current akin to Ohm's law, but with an extra time derivate. The
simplest solutions of this equation are a constant current with no voltage or a current
changing linearilly in time with a constant voltage.

The term 'inductance' was coined by Oliver Heaviside in February 1886. It is customary
to use the symbol L for inductance, possibly in honour of the physicist Heinrich Lenz.
The SI unit of inductance is the henry (H), named after American scientist and magnetic
researcher Joseph Henry. 1 H=1 Wb/A.

Inductance is caused by the magnetic field generated by electric currents according to
Ampere's law. To add inductance to a circuit, electronic components called inductors are
used, typically consisting of coils of wire to concentrate the magnetic field and to collect
the induced voltage. This is analogous to adding capacitance to a circuit by adding
capacitors. Capacitance is caused by the electric field generated by electric charge
according to Gauss's law.

The generalization to the case of K electrical circuits with currents i,, and voltages v,,
reads

K diy,
Upm = Lmﬂ IETRE
2 Lon g
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Inductance here is a symmetric matrix. The diagonal coefficients L,, ,, are called
coefficients of self inductance, the off-diagonal elements are called coefficients of mutual
inductance. The coefficients of inductance are constant as long as no magnetizable
material with nonlinear characteristics is involved. This is a direct consequence of the
linearity of Maxwell's equations in the fields and the current density. The coefticients of
inductance become functions of the currents in the nonlinear case.

Derivation from Faraday's law of inductance

The inductance equations above are a consequence of Maxwell's equations. There is a
straightforward derivation in the important case of electrical circuits consisting of thin
wires.

Consider a system of K wire loops, each with one or several wire turns. The flux linkage
of loop m is given by

‘JT!. 'ﬂl - § :Lm H?H

n=1

Here N,, denotes the number of turns in loop m, ®@,, the magnetic flux through this loop,
and L,, , are some constants. This equation follows from Ampere's law - magnetic fields
and fluxes are linear functions of the currents. By Faraday's law of induction we have

1-
31 — E
L‘-m - m L m.n BETEE

n=1

where v,, denotes the voltage induced in circuit m. This agrees with the definition of
inductance above if the coefficients L,, , are identified with the coefficients of inductance.
Because the total currents N,i, contribute to ®,, it also follows that L, , is proportional to
the product of turns N,,N,.

Inductance and magnetic field energy

Multiplying the equation for v,, above with i,,dt and summing over m gives the energy
transferred to the system in the time interval df,

K K

S it = 3 i Lndin Z dg f ) i

m m,n=1 n=1

This must agree with the change of the magnetic field energy W caused by the currents.
The integrability condition
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FW /iy = O*W /01,01,

requires Ly, =L, ». The inductance matrix L,, , thus is symmetric. The integral of the
energy transfer is the magnetic field energy as a function of the currents,

1 &
W (I) — E Z l'I"m L’-m._,n In .
m,n=1

This equation also is a direct consequence of the linearity of Maxwell's equations. It is
helpful to associate changing electric currents with a build-up or decrease of magnet field
energy. The corresponding energy transfer requires or generates a voltage. A mechanical
analogy in the K=1 case with magnetic field energy (1/2)Li" is a body with mass M,
velocity u and kinetic energy (1/2)Mu”. The rate of change of velocity (current)
multiplied with mass (inductance) requires or generates a force (an electrical voltage).

Coupled inductors

+

The circuit diagram representation of mutually coupled inductors. The two vertical lines
between the inductors indicate a solid core that the wires of the inductor are wrapped
around. "n:m" shows the ratio between the number of windings of the left inductor to
windings of the right inductor. This picture also shows the dot convention.

Mutual inductance occurs when the change in current in one inductor induces a voltage in
another nearby inductor. It is important as the mechanism by which transformers work,
but it can also cause unwanted coupling between conductors in a circuit.

The mutual inductance, M, is also a measure of the coupling between two inductors. The
mutual inductance by circuit i on circuit j is given by the double integral Neumann

formula

The mutual inductance also has the relationship:

;'1{2 1 = ﬁ'rl P\'Tg P 21
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where

M, is the mutual inductance, and the subscript specifies the relationship of the
voltage induced in coil 2 to the current in coil 1.

N is the number of turns in coil 1,

N, is the number of turns in coil 2,

P»; is the permeance of the space occupied by the flux.

The mutual inductance also has a relationship with the coupling coefficient. The coupling
coefficient is always between 1 and 0, and is a convenient way to specify the relationship
between a certain orientation of inductor with arbitrary inductance:

ﬂf =k L1 L2

where

k is the coupling coefficient and 0 <k < 1,
L, is the inductance of the first coil, and
L, is the inductance of the second coil.

Once the mutual inductance, M, is determined from this factor, it can be used to predict
the behavior of a circuit:

dI dI
Vi =Ly d—l} y ud—f

where

V1 1s the voltage across the inductor of interest,

L, is the inductance of the inductor of interest,

d/,/dt is the derivative, with respect to time, of the current through the inductor of
interest,

d/»/dt is the derivative, with respect to time, of the current through the inductor
that is coupled to the first inductor, and

M is the mutual inductance.

The minus sign arises because of the sense the current /; has been defined in the diagram.
With both currents defined going into the dots the sign of M will be positive.

When one inductor is closely coupled to another inductor through mutual inductance,
such as in a transformer, the voltages, currents, and number of turns can be related in the
following way:
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where

Vs is the voltage across the secondary inductor,

V; 1s the voltage across the primary inductor (the one connected to a power
source),

N; 1s the number of turns in the secondary inductor, and

N, is the number of turns in the primary inductor.

Conversely the current:
N,

I, = <21,

where

I is the current through the secondary inductor,

I, is the current through the primary inductor (the one connected to a power
source),

N; is the number of turns in the secondary inductor, and

N, 1s the number of turns in the primary inductor.

Note that the power through one inductor is the same as the power through the other.
Also note that these equations don't work if both transformers are forced (with power
sources).

When either side of the transformer is a tuned circuit, the amount of mutual inductance
between the two windings determines the shape of the frequency response curve.
Although no boundaries are defined, this is often referred to as loose-, critical-, and over-
coupling. When two tuned circuits are loosely coupled through mutual inductance, the
bandwidth will be narrow. As the amount of mutual inductance increases, the bandwidth
continues to grow. When the mutual inductance is increased beyond a critical point, the
peak in the response curve begins to drop, and the center frequency will be attenuated
more strongly than its direct sidebands. This is known as overcoupling.

Calculation techniques

In the most general case, inductance can be calculated from Maxwell's equations. Many
important cases can be solved using simplifications. Where high frequency currents are
considered, with skin effect, the surface current densities and magnetic field may be
obtained by solving the Laplace equation. Where the conductors are thin wires, self
inductance still depends on the wire radius and the distribution of the current in the wire.
This current distribution is approximately constant (on the surface or in the volume of the
wire) for a wire radius much smaller than other length scales.
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Mutual inductance

The mutual inductance by a filamentary circuit i on a filamentary circuit j is given by the
double integral Neumann formula

_ﬂ.gff dSt"de
dm ek |R'U|

The symbol iy denotes the magnetic constant (4nx 10"’ H/m), 'C; and C; are the curves
spanned by the wires, R is the distance between two points.

Self-inductance

Formally the self-inductance of a wire loop would be given by the above equation with i
=j. However, //R now becomes infinite and thus the finite radius a along with the
distribution of the current in the wire must be taken into account. There remain the
contribution from the integral over all points where |R| > a/2 and a correction term,

Ho
My=Lw f j{ ) L Foy
( o |R| |R|>a/2 2m

Here a and / denote radius and length of the wire, and Y is a constant that depends on the
distribution of the current in the wire: ¥ = 0 when the current flows in the surface of the
wire (skin effect), Y= 1/4 when the current is homogeneous across the wire. This
approximation is accurate when the wires are long compared to their cross-sectional
dimensions. Here is a derivation of this equation.

Method of images
In some cases different current distributions generate the same magnetic field in some
section of space. This fact may be used to relate self inductances (method of images). As

an example consider the two systems:

e A wire at distance d/2 in front of a perfectly conducting wall (which is the return)
o Two parallel wires at distance d, with opposite current

The magnetic field of the two systems coincides (in a half space). The magnetic field

energy and the inductance of the second system thus are twice as large as that of the first
system.
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Relation between inductance and capacitance

Inductance per length L' and capacitance per length C' are related to each other in the
special case of transmission lines consisting of two parallel perfect conductors of
arbitrary but constant cross section,

LC =¢epu.
Here € and p denote dielectric constant and magnetic permeability of the medium the
conductors are embedded in. There is no electric and no magnetic field inside the
conductors (complete skin effect, high frequency). Current flows down on one line and

returns on the other. The signal propagation speed coincides with the propagation speed
of electromagnetic waves in the bulk.

Self-inductance of simple electrical circuits in air

The self-inductance of many types of electrical circuits can be given in closed form.
Examples are listed in the table.

Inductance of simple electrical circuits in air

Type Inductance / py Conmtme
2n72 N:
A O VAL (K (ﬂ) _(l-m)E (i)) Number
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r
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The symbol 1, denotes the magnetic constant (4<nx10~' H/m). For high frequencies the
electric current flows in the conductor surface (skin effect), and depending on the
geometry it sometimes is necessary to distinguish low and high frequency inductances.
This is the purpose of the constant Y: Y= 0 when the current is uniformly distributed over
the surface of the wire (skin effect), Y= 1/4 when the current is uniformly distributed
over the cross section of the wire. In the high frequency case, if conductors approach
each other, an additional screening current flows in their surface, and expressions
containing Y become invalid. Details for some circuit types are available on another

page.

Phasor circuit analysis and impedance

Using phasors, the equivalent impedance of an inductance is given by:
7 =V/I=jLw

where

Jj 1s the imaginary unit,

L is the inductance,

o = 2rf'is the angular frequency,
fis the frequency and

Lo = X, is the inductive reactance.

Nonlinear inductance

Many inductors make use of magnetic materials. These materials over a large enough
range exhibit a nonlinear permeability with such effects as saturation. This in-turn makes
the resulting inductance a function of the applied current. Faraday's Law still holds but
inductance is ambiguous and is different whether you are calculating circuit parameters
or magnetic fluxes.

The secant or large-signal inductance is used in flux calculations. It is defined as:

I (1‘, def N o A

') z

The differential or small-signal inductance, on the other hand, is used in calculating
voltage. It is defined as:
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e A(N®)  dA
L)% =5~ =&

The circuit voltage for a nonlinear inductor is obtained via the differential inductance as
shown by Faraday's Law and the chain rule of calculus.

o _dA _ dAdi il
= = e

There are similar definitions for nonlinear mutual inductances.
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Chapter 11

Electrical Impedance

A Im

A graphical representation of the complex impedance plane

Electrical impedance, or simply impedance, describes a measure of opposition to
alternating current (AC). Electrical impedance extends the concept of resistance to AC
circuits, describing not only the relative amplitudes of the voltage and current, but also
the relative phases. When the circuit is driven with direct current (DC) there is no
distinction between impedance and resistance; the latter can be thought of as impedance
with zero phase angle.

The symbol for impedance is usually Zand it may be represented by writing its
magnitude and phase in the form |Z|£8, However, complex number representation is
more powerful for circuit analysis purposes. The term impedance was coined by Oliver
Heaviside in July 1886. Arthur Kennelly was the first to represent impedance with
complex numbers in 1893.

Impedance is defined as the frequency domain ratio of the voltage to the current. In other
words, it is the voltage—current ratio for a single complex exponential at a particular
frequency . In general, impedance will be a complex number, with the same units as
resistance, for which the SI unit is the ohm. For a sinusoidal current or voltage input, the
polar form of the complex impedance relates the amplitude and phase of the voltage and
current. In particular,
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e The magnitude of the complex impedance is the ratio of the voltage amplitude to
the current amplitude.

o The phase of the complex impedance is the phase shift by which the current is
ahead of the voltage.

The reciprocal of impedance is admittance (i.e., admittance is the current-to-voltage ratio,
and it conventionally carries units of siemens, formerly called mhos).

Complex impedance

Impedance is represented as a complex quantity Zand the term complex impedance may
be used interchangeably; the polar form conveniently captures both magnitude and phase
characteristics,

Z = |Z|Ej9

where the magnitude | Z lrepresents the ratio of the voltage difference amplitude to the
current amplitude, while the argument #gives the phase difference between voltage and
current and Jis the imaginary unit. In Cartesian form,

Z=R+3jX

where the real part of impedance is the resistance Rand the imaginary part is the
reactance X.

Where it is required to add or subtract impedances the cartesian form is more convenient,
but when quantities are multiplied or divided the calculation becomes simpler if the polar
form is used. A circuit calculation, such as finding the total impedance of two
impedances in parallel, may require conversion between forms several times during the
calculation. Conversion between the forms follows the normal conversion rules of
complex numbers.
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Ohm's law

Q

An AC supply applying a voltage V', across a load Z, driving a current I

The meaning of electrical impedance can be understood by substituting it into Ohm's law.
V =1Z = I|Z|e"

The magnitude of the impedance | Zlacts just like resistance, giving the drop in voltage
amplitude across an impedance Zfor a given current I. The phase factor tells us that the
current lags the voltage by a phase of 8(i.e. in the time domain, the current signal is

. g . . .
shifted 7= L to the right with respect to the voltage signal).
Just as impedance extends Ohm's law to cover AC circuits, other results from DC circuit

analysis such as voltage division, current division, Thevenin's theorem, and Norton's
theorem, can also be extended to AC circuits by replacing resistance with impedance.
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Complex voltage and current

N
o
Q

~n, Zr

Generalized impedances in a circuit can be drawn with the same symbol as a resistor (US
ANSI or DIN Euro) or with a labeled box.

In order to simplify calculations, sinusoidal voltage and current waves are commonly
represented as complex-valued functions of time denoted as Vand 1.

V=|V| plwitay)
I = |I|€j{wt+¢1)

Impedance is defined as the ratio of these quantities.

Substituting these into Ohm's law we have
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|1 pilwt+ov) _ |I|Ej{_u:f+¢;] |Z|€iﬂ

= |I|| Z|eftwtHer+e)

Noting that this must hold for all #, we may equate the magnitudes and phases to obtain

V1= 11]12|
Qv = ¢r+ 0

The magnitude equation is the familiar Ohm's law applied to the voltage and current
amplitudes, while the second equation defines the phase relationship.

Validity of complex representation

This representation using complex exponentials may be justified by noting that (by
Euler's formula):

cos(wt + @) = = [Ej{wt+¢_] n E_J.{_WHM]

2

1.e. a real-valued sinusoidal function (which may represent our voltage or current
waveform) may be broken into two complex-valued functions. By the principle of
superposition, we may analyse the behaviour of the sinusoid on the left-hand side by
analysing the behaviour of the two complex terms on the right-hand side. Given the
symmetry, we only need to perform the analysis for one right-hand term; the results will
be identical for the other. At the end of any calculation, we may return to real-valued
sinusoids by further noting that

cos(wt + ¢) = m{ej{utwl }
In other words, we simply take the real part of the result.

Phasors

A phasor is a constant complex number, usually expressed in exponential form,
representing the complex amplitude (magnitude and phase) of a sinusoidal function of
time. Phasors are used by electrical engineers to simplify computations involving
sinusoids, where they can often reduce a differential equation problem to an algebraic
one.

The impedance of a circuit element can be defined as the ratio of the phasor voltage
across the element to the phasor current through the element, as determined by the
relative amplitudes and phases of the voltage and current. This is identical to the
definition from Ohm's law given above, recognising that the factors of e?*tcancel.
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Device examples

Capacitor V - | Phase Relationship

T T T T I I
— Voltage |]
— Current

Time
Inductor V - | Phase Relationship

1 T T T T T T T = i |
— \oltage
— Current

05 -

The phase angles in the equations for the impedance of inductors and capacitors indicate
that the voltage across a capacitor lags the current through it by a phase of n / 2, while the
voltage across an inductor leads the current through it by nt / 2. The identical voltage and
current amplitudes tell us that the magnitude of the impedance is equal to one.

The impedance of an ideal resistor is purely real and is referred to as a resistive
impedance:

Z R — R
Ideal inductors and capacitors have a purely imaginary reactive impedance:
Z, = jwL,
1
ZCV - .
- JwC

Note the following identities for the imaginary unit and its reciprocal:
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Thus we can rewrite the inductor and capacitor impedance equations in polar form:

g I
7 =wle’?

)

wC

The magnitude tells us the change in voltage amplitude for a given current amplitude
through the impedance, while the exponential factors give the phase relationship.

Deriving the device specific impedances
What follows below is a derivation of impedance for each of the three basic circuit
elements, the resistor, the capacitor, and the inductor. Although the idea can be extended
to define the relationship between the voltage and current of any arbitrary signal, these
derivations will assume sinusoidal signals, since any arbitrary signal can be approximated
as a sum of sinusoids through Fourier Analysis.
Resistor
For a resistor, we have the relation:
This is simply a statement of Ohm's Law.
Considering the voltage signal to be

" —_— ,-'r 3 ]

vr(t) = Vj sin(wt) ,

it follows that

vg (1) _ Vpsin(wt)

ig (t)  Ipsin(wt) =i

This tells us that the ratio of AC voltage amplitude to AC current amplitude across a
resistor is R, and that the AC voltage leads the AC current across a resistor by 0 degrees.

This result is commonly expressed as
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Zresistcrr - R .

Capacitor

For a capacitor, we have the relation:

dvc(t)
dt -

Considering the voltage signal to be
ve(t) = Vpsin(wt)

it follows that

dve(t) _ .
T wV, cos (wt) .
And thus
ve (t)  Vpsin(wt) sin(wt)

ic(t)  wV,Ccos(wt) wCsin(wt+I)’

This tells us that the ratio of AC voltage amplitude to AC current amplitude across a

1
capacitor is &, and that the AC voltage leads the AC current across a capacitor by -90
degrees (or the AC current leads the AC voltage across a capacitor by 90 degrees).

This result is commonly expressed in polar form, as

e I3

Z it — ——€E
capacitor wC

or, by applying Euler's formula, as

1 1
anpacitor = —1 oC = _}l.u‘C .

Inductor

For the inductor, we have the relation:

diy (¢)
dt

v(t) =L
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This time, considering the current signal to be
iL(t) = I, sin(wt),
it follows that

diy,(t)
dt

And thus

= wl, cos (wt) .

v (t)  wl,Leos(wt) wLsin (wt+ J)
i () Ipsin(wt) sin(wt)

This tells us that the ratio of AC voltage amplitude to AC current amplitude across an
inductor is wL, and that the AC voltage leads the AC current across an inductor by 90
degrees.

This result is commonly expressed in polar form, as
— T elT
Zinductor = wle'?.
Or, more simply, using Euler's formula, as

Zinductx:rr = .?'-"JL

Generalised s-plane impedance

Impedance defined in terms of jw can strictly only be applied to circuits which are
energised with a steady-state AC signal. The concept of impedance can be extended to a
circuit energised with any arbitrary signal by using complex frequency instead of jw.
Complex frequency is given the symbol s and is, in general, a complex number. Signals
are expressed in terms of complex frequency by taking the Laplace transform of the time
domain expression of the signal. The impedance of the basic circuit elements in this more
general notation is as follows:

Element Impedance expression
Resistor [}
Inductor sJ,

Capacitor —
sC

For a DC circuit this simplifies to s = 0. For a steady-state sinusoidal AC signal s = jw.
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Resistance vs reactance

Resistance and reactance together determine the magnitude and phase of the impedance
through the following relations:

Z| =VZZ* = VR + X?

X
§ = arctan [ —
arc ELH(R)

In many applications the relative phase of the voltage and current is not critical so only
the magnitude of the impedance is significant.

Resistance

Resistance Ris the real part of impedance; a device with a purely resistive impedance
exhibits no phase shift between the voltage and current.

R =|Z| cosf
Reactance

Reactance Xis the imaginary part of the impedance; a component with a finite reactance
induces a phase shift #between the voltage across it and the current through it.

X = |Z|sind

A purely reactive component is distinguished by the fact that the sinusoidal voltage
across the component is in quadrature with the sinusoidal current through the component.
This implies that the component alternately absorbs energy from the circuit and then
returns energy to the circuit. A pure reactance will not dissipate any power.

Capacitive reactance

A capacitor has a purely reactive impedance which is inversely proportional to the signal
frequency. A capacitor consists of two conductors separated by an insulator, also known
as a dielectric.

At low frequencies a capacitor is open circuit, as no charge flows in the dielectric. A DC
voltage applied across a capacitor causes charge to accumulate on one side; the electric
field due to the accumulated charge is the source of the opposition to the current. When
the potential associated with the charge exactly balances the applied voltage, the current
goes to zero.
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Driven by an AC supply, a capacitor will only accumulate a limited amount of charge
before the potential difference changes sign and the charge dissipates. The higher the
frequency, the less charge will accumulate and the smaller the opposition to the current.

Inductive reactance

Inductive reactance X Lis proportional to the signal frequency fand the inductance L.
X, =wLl=2rfL

An inductor consists of a coiled conductor. Faraday's law of electromagnetic induction

gives the back emf £(voltage opposing current) due to a rate-of-change of magnetic flux
density Bthrough a current loop.

dP B
dt

For an inductor consisting of a coil with N loops this gives.

d(I)B
— _N
£ N 7

The back-emf is the source of the opposition to current flow. A constant direct current
has a zero rate-of-change, and sees an inductor as a short-circuit (it is typically made
from a material with a low resistivity). An alternating current has a time-averaged rate-of-
change that 1s proportional to frequency, this causes the increase in inductive reactance
with frequency.

Combining impedances

The total impedance of many simple networks of components can be calculated using the
rules for combining impedances in series and parallel. The rules are identical to those
used for combining resistances, except that the numbers in general will be complex
numbers. In the general case however, equivalent impedance transforms in addition to
series and parallel will be required.

Series combination

For components connected in series, the current through each circuit element is the same;
the total impedance is simply the sum of the component impedances.
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g =21+ 2o+ + 2y
Or explicitly in real and imaginary terms:
Zeq=R+jX=(Ri+Ro+---+R)+j(Xi+ Xo+---4+ X,,)
Parallel combination

For components connected in parallel, the voltage across each circuit element is the same;
the ratio of currents through any two elements is the inverse ratio of their impedances.

z Yz, Uz

Hence the inverse total impedance is the sum of the inverses of the component
impedances:

1 1 1
Zw Z, 2, 7T 7Z,
or, whenn=2:
def leQ
Lo = L1|| Ly = ———
o 112 Zy + 23

The equivalent impedance €eacan be calculated in terms of the equivalent resistance
Reaand reactance Xea,

Zeq = Req + 1 Xeq
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(X1Ry + XoRy ) ( Xy 4+ Xo) + (RyRy — X1 X)) (R + Ry)

R.. = : _ _
- (Ri+4+ Ra)?2+ (Xi 4+ Xp)2
y o KR+ Xolt)(Hi + ) — (FaRp — X1Xp)(Xi + Xo)
B (Ry 4+ Ry)? + (X; + X;)?
Measurement

According to Ohm’s law the impedance of a device can be calculated by complex
division of the voltage and current. The impedance of the device can be calculated by
applying a sinusoidal voltage to the device in series with a resistor, and measuring the
voltage across the resistor and across the device. Performing this measurement by
sweeping the frequencies of the applied signal provides the impedance phase and
magnitude.

Impulse impedance spectroscopy

The use of an impulse response may be used in combination with the fast Fourier
transform (FFT) to rapidly measure the electrical impedance of various electrical devices.
The technique compares well to other methodologies such as network and impedance
analyzers while providing additional versatility in the electrical impedance measurement.
The technique is theoretically simple, easy to implement and completed with ordinary
laboratory instrumentation for minimal cost.

Variable impedance

In general, neither impedance nor admittance can be time varying as they are defined for
complex exponentials for —o < ¢ < +o0. If the complex exponential voltage—current ratio
changes over time or amplitude, the circuit element cannot be described using the
frequency domain. However, many systems (e.g., varicaps that are used in radio tuners)
may exhibit non-linear or time-varying voltage—current ratios that appear to be LTI for
small signals over small observation windows; hence, they can be roughly described as
having a time-varying impedance. That is, this description is an approximation; over
large signal swings or observation windows, the voltage—current relationship is non-LTI
and cannot be described by impedance.
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Chapter 12

Current Source

Figure 1: An ideal current source, /, driving a resistor, R, and creating a voltage V/

A current source is an electrical or electronic device that delivers or absorbs electric
current. A current source is the dual of a voltage source. The term constant-current sink
is sometimes used for sources fed from a negative voltage supply. Figure 1 shows a
schematic for an ideal current source driving a resistor load.

Ideal current sources

In circuit theory, an ideal current source is a circuit element where the current through it
is independent of the voltage across it. It is a mathematical model, which real devices can
only approach in performance. If the current through an ideal current source can be
specified independently of any other variable in a circuit, it is called an independent
current source. Conversely, if the current through an ideal current source is determined
by some other voltage or current in a circuit, it is called a dependent or controlled
current source. Symbols for these sources are shown in Figure 2.

® ®

Voltage source Current Source

@ P
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Controlled Voltage Source  Controlled Current Source

- 1
- T

Battery of cells Single cell

Figure 2: Source symbols

An independent current source with zero current is identical to an ideal open circuit. For
this reason, the internal resistance of an ideal current source is infinite. The voltage across
an ideal current source is completely determined by the circuit it is connected to. When
connected to a short circuit, there is zero voltage and thus zero power delivered. When
connected to a load resistance, the voltage across the source approaches infinity as the
load resistance approaches infinity (an open circuit). Thus, an ideal current source, if such
a thing existed in reality, could supply unlimited power and so would represent an
unlimited source of energy.

No real current source is ideal (no unlimited energy sources exist) and all have a finite
internal resistance (none can supply unlimited voltage). However, the internal resistance
of a physical current source is effectively modeled in circuit analysis by combining a
non-zero resistance in parallel with an ideal current source (the Norton equivalent
circuit). The connection of an ideal open circuit to an ideal non-zero current source does
not represent any physically realizable system.

Physical current sources

Resistor current source

The simplest current source consists of a voltage source in series with a resistor. The
current available from such a source is given by the ratio of the voltage across the voltage
source to the resistance of the resistor. For a nearly ideal current source, the value of this
resistor should be very large but this implies that, for a specified current, the voltage
source must be very large. Thus, efficiency is low (due to power loss in the resistor) and
it is usually impractical to construct a 'good' current source this way. Nonetheless, it is
often the case that such a circuit will provide adequate performance when the specified
current and load resistance are small. For example, a 5 V voltage source in series with a
4.7 kilohm resistor will provide an approximately constant current of 1 mA (£5%) to a
load resistance in the range of 50 to 450 ohm.

Active current sources

Active current sources have many important applications in electronic circuits. Current
sources (current-stable resistors) are often used in place of ohmic resistors in analog
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integrated circuits to generate a current without causing attenuation at a point in the
signal path to which the current source is attached. The collector of a bipolar transistor,
the drain of a field effect transistor, or the plate of a vacuum tube naturally behave as
current sources (or sinks) when properly connected to an external source of energy (such
as a power supply) because the output impedance of these devices is naturally high when
used in the current source configuration.

JFET and N-FET current source

A JFET can be made to act as a current source by tying its gate to its source. The current
then flowing is the Ipss of the FET. These can be purchased with this connection already
made and in this case the devices are called current regulator diodes or constant current
diodes or current limiting diodes (CLD). An enhancement mode N channel MOSFET can
be used in the circuits listed below.

Simple transistor current source

GND (0W)

Figure 3: Typical constant current source (CCS)

Figure 3 shows a typical constant current source (CCS). DZ1 is a zener diode which,
when reverse biased (as shown in the circuit) has a constant voltage drop across it
irrespective of the current flowing through it. Thus, as long as the zener current (/) is
above a certain level (called holding current), the voltage across the zener diode (V) will
be constant. Resistor R1 supplies the zener current and the base current (/g) of NPN
transistor (Q1). The constant zener voltage is applied across the base of Q1 and emitter
resistor R2. The operation of the circuit is as follows:

Voltage across R2 (Vry) 1s given by Vz - Vg, where Vag is the base-emitter drop of Q1.
The emitter current of Q1 which is also the current through R2 is given by

Vo Vi — Vg
%szg_zmﬁ

Since V7 is constant and Vg is also (approximately) constant for a given temperature, it
follows that Vg, is constant and hence /g is also constant. Due to transistor action, emitter
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current /g is very nearly equal to the collector current /¢ of the transistor (which in turn, is
the current through the load). Thus, the load current is constant (neglecting the output
resistance of the transistor due to the Early effect) and the circuit operates as a constant
current source. As long as the temperature remains constant (or doesn't vary much), the
load current will be independent of the supply voltage, R1 and the transistor's gain. R2
allows the load current to be set at any desirable value and is calculated by

_Ve—Veg o, _ Vz—065

I'ro or TRy , since Vpg is typically 0.65 V for a silicon

R2

device.

(Ir2 1s also the emitter current and is assumed to be the same as the collector or required
load current, provided /g is sufficiently large). Resistance R; at resistor R1 is calculated
as

Ve —Vz
l : -
I7 + K - Ipwhere, K= 1.2 to 2 (so that R, is low enough to ensure adequate
o Io(= Ig = Igs)
5=
Ip), hre (min) and /pgmin) is the lowest acceptable current gain for the

particular transistor type being used.
A more common current source in integrated circuits is the current mirror.

Simple transistor current source with diode compensation

WEL+]
i

GO (0%

Figure 4: Typical constant current source (CCS) with diode compensation

Temperature changes will change the output current delivered by the circuit of Figure 3
because Vg is sensitive to temperature. Temperature dependence can be compensated
using the circuit of Figure 4 that includes a standard diode D (of the same semiconductor
material as the transistor) in series with the Zener diode as shown in the image on the left.
The diode drop (Vp) tracks the Vg changes due to temperature and thus significantly
counteracts temperature dependence of the CCS.
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Resistance R, is now calculated as

:VZ+VD_VBE

H
? T

Since VD = VBE =0.65 V,

R, Vz

Therefore, IRro

(In practice Vp is never exactly equal to Vg and hence it only suppresses the change in
Vgg rather than nulling it out.)

and R; is calculated as

VoMV
.

I;+K-Ip (the compensating diode's forward voltage drop Vp appears in
the equation and is typically 0.65 V for silicon devices.)

This method is most effective for Zener diodes rated at 5.6 V or more. For breakdown
diodes of less than 5.6 V, the compensating diode is usually not required because the
breakdown mechanism is not as temperature dependent as it is in breakdown diodes
above this voltage.

Simple transistor current source with LED

GO (04

Figure 5: Typical constant current source (CCS) using LED instead of zener

Another method is to replace the Zener diode with a light-emitting diode LED1 as shown
in Figure 5. The LED voltage drop (/) is now used to derive the constant voltage and
also has the additional advantage of tracking (compensating) Vg changes due to
temperature. R is calculated as
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iy
j}qz
and R, as
Ve — V;
o e 30
In+K-T B, where I is the LED current.
Feedback

Load

[
=T

Sense

Figure 6: Typical op-amp current source. The transistor is not needed if the required
current doesn't exceed the sourcing ability of the op-amp. The current will be the zener
voltage divided by the sense resistor.

Another common method is to use feedback to set the current and remove the dependence
on the Vbe of the transistor. Figure 6 shows a very common approach using an op amp
with the non-inverting input connected to a voltage source (such as the Zener in an above
example) and the inverting input connected to the same node as the resistor and emitter of
the transistor. This way the generated voltage is across the resistor, rather than both the
resistor and transistor.

Current mirror
Feedback is also used in the two-transistor current mirror with emitter degeneration.

Feedback is a basic feature in some current mirrors using multiple transistors, such as the
Widlar current source and the Wilson current source.

Other practical sources

In the case of opamp circuits sometimes it is desired to inject a precisely known current
to the inverting input (as an offset of signal input for instance) and a resistor connected
between the source voltage and the inverting input will approximate an ideal current
source with value V/R.
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Current source made by a voltage regulator

LM317
1.25 Chm
IN QUT
St e &, Green
¥ 1A
+ current source
— 5V 0..1.8Y
r— 1 100 (open circuit
app. 3.5V)

Figure 7: Constant current source using the LM317 voltage regulator

The circuit of Figure 7 using the LM317 voltage regulator is used to present a constant
current source. The voltage regulator keeps up a constant voltage drop (1.25 V) across a
constant resistor (1.25 Q); so, a constant current (1 A) flows through the resistor and the
load. The LED is on when the voltage across the load exceeds 1.8 V (the indicator circuit
introduces some error).

High voltage current sources

A Van de Graaff generator behaves as a current source because of its very high output
voltage coupled with its very high output resistance and so it supplies the same few
microamperes at any output voltage up to hundreds of thousands of volts (or even tens of
megavolts) for large laboratory versions.

Current and voltage source comparison

Most sources of electrical energy (mains electricity, a battery, ...) are best modeled as
voltage sources. Such sources provide constant voltage, which means that as long as the
amount of current drawn from the source is within the source's capabilities, its output
voltage stays constant. An ideal voltage source provides no energy when it is loaded by
an open circuit (i.e. an infinite impedance), but approaches infinite power and current
when the load resistance approaches zero (a short circuit). Such a theoretical device
would have a zero ohm output impedance in series with the source. A real-world voltage
source has a very low, but non-zero output impedance: often much less than 1 ohm.

Conversely, a current source provides a constant current, as long as the load connected to

the source terminals has sufficiently low impedance. An ideal current source would
provide no energy to a short circuit and approach infinite energy and voltage as the load
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resistance approaches infinity (an open circuit). An ideal current source has an infinite
output impedance in parallel with the source. A real-world current source has a very
high, but finite output impedance. In the case of transistor current sources, impedances of
a few megohms (at DC) are typical.

An ideal current source cannot be connected to an ideal open circuit because this would
create the paradox of running a constant, non-zero current (from the current source)
through an element with a defined zero current (the open circuit). Nor can an ideal
voltage source be connected to an ideal short circuit (R=0), since this would result a
similar paradox of finite non zero voltage across an element with defined zero voltage
(the short circuit).

Because no ideal sources of either variety exist (all real-world examples have finite and
non-zero source impedance), any current source can be considered as a voltage source
with the same source impedance and vice versa. These concepts are dealt with by
Norton's and Thévenin's theorems.
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