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Chapter- 1 

Fluid Mechanics 

 

 

 
Fluid mechanics is the study of fluids and the forces on them. (Fluids include liquids, 
gases, and plasmas.) Fluid mechanics can be divided into fluid kinematics, the study of 
fluid motion, and fluid dynamics, the study of the effect of forces on fluid motion, which 
can further be divided into fluid statics, the study of fluids at rest, and fluid kinetics, the 
study of fluids in motion. It is a branch of continuum mechanics, a subject which models 
matter without using the information that it is made out of atoms, that is, it models matter 
from a macroscopic viewpoint rather than from a microscopic viewpoint. Fluid 
mechanics, especially fluid dynamics, is an active field of research with many unsolved 
or partly solved problems. Fluid mechanics can be mathematically complex. Sometimes 
it can best be solved by numerical methods, typically using computers. A modern 
discipline, called computational fluid dynamics (CFD), is devoted to this approach to 
solving fluid mechanics problems. Also taking advantage of the highly visual nature of 
fluid flow is particle image velocimetry, an experimental method for visualizing and 
analyzing fluid flow. 

Brief history 

The study of fluid mechanics goes back at least to the days of ancient Greece, when 
Archimedes investigated fluid statics and buoyancy and formulated his famous law 
known now as the Archimedes Principle. Rapid advancement in fluid mechanics began 
with Leonardo da Vinci (observation and experiment), Evangelista Torricelli (barometer), 
Isaac Newton (viscosity) and Blaise Pascal (hydrostatics), and was continued by Daniel 
Bernoulli with the introduction of mathematical fluid dynamics in Hydrodynamica 
(1738). Inviscid flow was further analyzed by various mathematicians (Leonhard Euler, 
d'Alembert, Lagrange, Laplace, Poisson) and viscous flow was explored by a multitude 
of engineers including Poiseuille and Gotthilf Heinrich Ludwig Hagen. Further 
mathematical justification was provided by Claude-Louis Navier and George Gabriel 
Stokes in the Navier–Stokes equations, and boundary layers were investigated (Ludwig 
Prandtl), while various scientists (Osborne Reynolds, Andrey Kolmogorov, Geoffrey 
Ingram Taylor) advanced the understanding of fluid viscosity and turbulence. 
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Relationship to continuum mechanics 

Fluid mechanics is a subdiscipline of continuum mechanics, as illustrated in the 
following table. 

Continuum 
mechanics 
The study of the 
physics of 
continuous materials 

Solid mechanics 
The study of the physics of 
continuous materials with a 
defined rest shape. 

Elasticity 
Describes materials that return to their rest shape after 
an applied stress. 
Plasticity 
Describes materials that 
permanently deform after a 
sufficient applied stress. 

Rheology 
The study of materials 
with both solid and fluid 
characteristics. 

Fluid mechanics 
The study of the physics of 
continuous materials which 
take the shape of their 
container. 

Non-Newtonian fluids 

Newtonian fluids 

In a mechanical view, a fluid is a substance that does not support shear stress; that is why 
a fluid at rest has the shape of its containing vessel. A fluid at rest has no shear stress. 

Assumptions 

Like any mathematical model of the real world, fluid mechanics makes some basic 
assumptions about the materials being studied. These assumptions are turned into 
equations that must be satisfied if the assumptions are to be held true. For example, 
consider an incompressible fluid in three dimensions. The assumption that mass is 
conserved means that for any fixed closed surface (such as a sphere) the rate of mass 
passing from outside to inside the surface must be the same as rate of mass passing the 
other way. (Alternatively, the mass inside remains constant, as does the mass outside). 
This can be turned into an integral equation over the surface. 

Fluid mechanics assumes that every fluid obeys the following: 

• Conservation of mass 
• Conservation of energy 
• Conservation of momentum 
• The continuum hypothesis, detailed below. 

Further, it is often useful (at subsonic conditions) to assume a fluid is incompressible – 
that is, the density of the fluid does not change. Liquids can often be modelled as 
incompressible fluids, whereas gases cannot. 

Similarly, it can sometimes be assumed that the viscosity of the fluid is zero (the fluid is 
inviscid). Gases can often be assumed to be inviscid. If a fluid is viscous, and its flow 
contained in some way (e.g. in a pipe), then the flow at the boundary must have zero 
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velocity. For a viscous fluid, if the boundary is not porous, the shear forces between the 
fluid and the boundary results also in a zero velocity for the fluid at the boundary. This is 
called the no-slip condition. For a porous media otherwise, in the frontier of the 
containing vessel, the slip condition is not zero velocity, and the fluid has a discontinuous 
velocity field between the free fluid and the fluid in the porous media (this is related to 
the Beavers and Joseph condition). 

The continuum hypothesis 

Fluids are composed of molecules that collide with one another and solid objects. The 
continuum assumption, however, considers fluids to be continuous. That is, properties 
such as density, pressure, temperature, and velocity are taken to be well-defined at 
"infinitely" small points, defining a REV (Reference Element of Volume), at the 
geometric order of the distance between two adjacent molecules of fluid. Properties are 
assumed to vary continuously from one point to another, and are averaged values in the 
REV. The fact that the fluid is made up of discrete molecules is ignored. 

The continuum hypothesis is basically an approximation, in the same way planets are 
approximated by point particles when dealing with celestial mechanics, and therefore 
results in approximate solutions. Consequently, assumption of the continuum hypothesis 
can lead to results which are not of desired accuracy. That said, under the right 
circumstances, the continuum hypothesis produces extremely accurate results. 

Those problems for which the continuum hypothesis does not allow solutions of desired 
accuracy are solved using statistical mechanics. To determine whether or not to use 
conventional fluid dynamics or statistical mechanics, the Knudsen number is evaluated 
for the problem. The Knudsen number is defined as the ratio of the molecular mean free 
path length to a certain representative physical length scale. This length scale could be, 
for example, the radius of a body in a fluid. (More simply, the Knudsen number is how 
many times its own diameter a particle will travel on average before hitting another 
particle). Problems with Knudsen numbers at or above unity are best evaluated using 
statistical mechanics for reliable solutions. 

Navier–Stokes equations 

The Navier–Stokes equations (named after Claude-Louis Navier and George Gabriel 
Stokes) are the set of equations that describe the motion of fluid substances such as 
liquids and gases. These equations state that changes in momentum (force) of fluid 
particles depend only on the external pressure and internal viscous forces (similar to 
friction) acting on the fluid. Thus, the Navier–Stokes equations describe the balance of 
forces acting at any given region of the fluid. 

The Navier–Stokes equations are differential equations which describe the motion of a 
fluid. Such equations establish relations among the rates of change of the variables of 
interest. For example, the Navier–Stokes equations for an ideal fluid with zero viscosity 
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states that acceleration (the rate of change of velocity) is proportional to the derivative of 
internal pressure. 

This means that solutions of the Navier–Stokes equations for a given physical problem 
must be sought with the help of calculus. In practical terms only the simplest cases can be 
solved exactly in this way. These cases generally involve non-turbulent, steady flow 
(flow does not change with time) in which the Reynolds number is small. 

For more complex situations, such as global weather systems like El Niño or lift in a 
wing, solutions of the Navier–Stokes equations can currently only be found with the help 
of computers. This is a field of sciences by its own called computational fluid dynamics. 

General form of the equation 

The general form of the Navier–Stokes equations for the conservation of momentum is: 

 

where 

• is the fluid density, 

• is the substantive derivative (also called the material derivative), 
• is the velocity vector, 
• is the body force vector, and 
• is a tensor that represents the surface forces applied on a fluid particle (the stress 

tensor). 

Unless the fluid is made up of spinning degrees of freedom like vortices, is a symmetric 
tensor. In general, (in three dimensions) has the form: 

 

where 

• are normal stresses, 
• are tangential stresses (shear stresses). 

The above is actually a set of three equations, one per dimension. By themselves, these 
aren't sufficient to produce a solution. However, adding conservation of mass and 
appropriate boundary conditions to the system of equations produces a solvable set of 
equations. 
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Newtonian versus non-Newtonian fluids 

A Newtonian fluid (named after Isaac Newton) is defined to be a fluid whose shear 
stress is linearly proportional to the velocity gradient in the direction perpendicular to the 
plane of shear. This definition means regardless of the forces acting on a fluid, it 
continues to flow. For example, water is a Newtonian fluid, because it continues to 
display fluid properties no matter how much it is stirred or mixed. A slightly less rigorous 
definition is that the drag of a small object being moved slowly through the fluid is 
proportional to the force applied to the object. (Compare friction). Important fluids, like 
water as well as most gases, behave — to good approximation — as a Newtonian fluid 
under normal conditions on Earth. 

By contrast, stirring a non-Newtonian fluid can leave a "hole" behind. This will gradually 
fill up over time – this behaviour is seen in materials such as pudding, oobleck, or sand 
(although sand isn't strictly a fluid). Alternatively, stirring a non-Newtonian fluid can 
cause the viscosity to decrease, so the fluid appears "thinner" (this is seen in non-drip 
paints). There are many types of non-Newtonian fluids, as they are defined to be 
something that fails to obey a particular property — for example, most fluids with long 
molecular chains can react in a non-Newtonian manner. 

Equations for a Newtonian fluid 

The constant of proportionality between the shear stress and the velocity gradient is 
known as the viscosity. A simple equation to describe Newtonian fluid behaviour is 

 

where 

τ is the shear stress exerted by the fluid ("drag") 
μ is the fluid viscosity – a constant of proportionality 

is the velocity gradient perpendicular to the direction of shear. 

For a Newtonian fluid, the viscosity, by definition, depends only on temperature and 
pressure, not on the forces acting upon it. If the fluid is incompressible and viscosity is 
constant across the fluid, the equation governing the shear stress (in Cartesian 
coordinates) is 

 

where 
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τij is the shear stress on the ith face of a fluid element in the jth direction 
vi is the velocity in the ith direction 
xj is the jth direction coordinate. 

If a fluid does not obey this relation, it is termed a non-Newtonian fluid, of which there 
are several types. 

Among fluids, two rough broad divisions can be made: ideal and non-ideal fluids. An 
ideal fluid really does not exist, but in some calculations, the assumption is justifiable. An 
Ideal fluid is non viscous- offers no resistance whatsoever to a shearing force. 

One can group real fluids into Newtonian and non-Newtonian. Newtonian fluids agree 
with Newton's law of viscosity. Non-Newtonian fluids can be either plastic, bingham 
plastic, pseudoplastic, dilatant, thixotropic, rheopectic, viscoelatic. 
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Chapter- 2 

Navier–Stokes Equations 

 

 

 
In physics the Navier–Stokes equations, named after Claude-Louis Navier and George 
Gabriel Stokes, describe the motion of fluid substances. These equations arise from 
applying Newton's second law to fluid motion, together with the assumption that the fluid 
stress is the sum of a diffusing viscous term (proportional to the gradient of velocity), 
plus a pressure term. 

The equations are useful because they describe the physics of many things of academic 
and economic interest. They may be used to model the weather, ocean currents, water 
flow in a pipe and air flow around a wing. The Navier–Stokes equations in their full and 
simplified forms help with the design of aircraft and cars, the study of blood flow, the 
design of power stations, the analysis of pollution, and many other things. Coupled with 
Maxwell's equations they can be used to model and study magnetohydrodynamics. 

The Navier–Stokes equations are also of great interest in a purely mathematical sense. 
Somewhat surprisingly, given their wide range of practical uses, mathematicians have not 
yet proven that in three dimensions solutions always exist (existence), or that if they do 
exist, then they do not contain any singularity (smoothness). These are called the Navier–
Stokes existence and smoothness problems. The Clay Mathematics Institute has called 
this one of the seven most important open problems in mathematics and has offered a 
US$1,000,000 prize for a solution or a counter-example. 

The Navier–Stokes equations dictate not position but rather velocity. A solution of the 
Navier–Stokes equations is called a velocity field or flow field, which is a description of 
the velocity of the fluid at a given point in space and time. Once the velocity field is 
solved for, other quantities of interest (such as flow rate or drag force) may be found. 
This is different from what one normally sees in classical mechanics, where solutions are 
typically trajectories of position of a particle or deflection of a continuum. Studying 
velocity instead of position makes more sense for a fluid; however for visualization 
purposes one can compute various trajectories. 



_________________WORLD TECHNOLOGIES_________________

WT

Properties 

Nonlinearity 

The Navier–Stokes equations are nonlinear partial differential equations in almost every 
real situation. In some cases, such as one-dimensional flow and Stokes flow (or creeping 
flow), the equations can be simplified to linear equations. The nonlinearity makes most 
problems difficult or impossible to solve and is the main contributor to the turbulence that 
the equations model. 

The nonlinearity is due to convective acceleration, which is an acceleration associated 
with the change in velocity over position. Hence, any convective flow, whether turbulent 
or not, will involve nonlinearity. An example of convective but laminar (nonturbulent) 
flow would be the passage of a viscous fluid (for example, oil) through a small 
converging nozzle. Such flows, whether exactly solvable or not, can often be thoroughly 
studied and understood. 

Turbulence 

Turbulence is the time dependent chaotic behavior seen in many fluid flows. It is 
generally believed that it is due to the inertia of the fluid as a whole: the culmination of 
time dependent and convective acceleration; hence flows where inertial effects are small 
tend to be laminar (the Reynolds number quantifies how much the flow is affected by 
inertia). It is believed, though not known with certainty, that the Navier–Stokes equations 
describe turbulence properly. 

The numerical solution of the Navier–Stokes equations for turbulent flow is extremely 
difficult, and due to the significantly different mixing-length scales that are involved in 
turbulent flow, the stable solution of this requires such a fine mesh resolution that the 
computational time becomes significantly infeasible for calculation. Attempts to solve 
turbulent flow using a laminar solver typically result in a time-unsteady solution, which 
fails to converge appropriately. To counter this, time-averaged equations such as the 
Reynolds-averaged Navier-Stokes equations (RANS), supplemented with turbulence 
models, are used in practical computational fluid dynamics (CFD) applications when 
modeling turbulent flows. Some models include the Spalart-Allmaras, k-ω (k-omega), k-ε 
(k-epsilon), and SST models which add a variety of additional equations to bring closure 
to the RANS equations. Another technique for solving numerically the Navier–Stokes 
equation is the Large eddy simulation (LES). This approach is computationally more 
expensive than the RANS method (in time and computer memory), but produces better 
results since the larger turbulent scales are explicitly resolved. 

Applicability 

Together with supplemental equations (for example, conservation of mass) and well 
formulated boundary conditions, the Navier–Stokes equations seem to model fluid 
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motion accurately; even turbulent flows seem (on average) to agree with real world 
observations. 

The Navier–Stokes equations assume that the fluid being studied is a continuum not 
moving at relativistic velocities. At very small scales or under extreme conditions, real 
fluids made out of discrete molecules will produce results different from the continuous 
fluids modeled by the Navier–Stokes equations. Depending on the Knudsen number of 
the problem, statistical mechanics or possibly even molecular dynamics may be a more 
appropriate approach. 

Another limitation is very simply the complicated nature of the equations. Time tested 
formulations exist for common fluid families, but the application of the Navier–Stokes 
equations to less common families tends to result in very complicated formulations which 
are an area of current research. For this reason, these equations are usually written for 
Newtonian fluids. Studying such fluids is "simple" because the viscosity model ends up 
being linear; truly general models for the flow of other kinds of fluids (such as blood) do 
not, as of 2011, exist. 

Derivation and description 

The derivation of the Navier–Stokes equations begins with an application of Newton's 
second law: conservation of momentum (often alongside mass and energy conservation) 
being written for an arbitrary portion of the fluid. In an inertial frame of reference, the 
general form of the equations of fluid motion is: 

 

where is the flow velocity, ρ is the fluid density, p is the pressure, is the (deviatoric) 
stress tensor, and represents body forces (per unit volume) acting on the fluid and is 
the del operator. This is a statement of the conservation of momentum in a fluid and it is 
an application of Newton's second law to a continuum; in fact this equation is applicable 
to any non-relativistic continuum and is known as the Cauchy momentum equation. 

This equation is often written using the material derivative Dv/Dt, making it more 
apparent that this is a statement of Newton's second law: 

 

The left side of the equation describes acceleration, and may be composed of time 
dependent or convective effects (also the effects of non-inertial coordinates if present). 
The right side of the equation is in effect a summation of body forces (such as gravity) 
and divergence of stress (pressure and shear stress). 
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Convective acceleration 

 
 
An example of convection. Though the flow may be steady (time independent), the fluid 
decelerates as it moves down the diverging duct (assuming incompressible flow), hence 
there is an acceleration happening over position. 

A very significant feature of the Navier–Stokes equations is the presence of convective 
acceleration: the effect of time independent acceleration of a fluid with respect to space. 
While individual fluid particles are indeed experiencing time dependent acceleration, the 
convective acceleration of the flow field is a spatial effect, one example being fluid 
speeding up in a nozzle. Convective acceleration is represented by the nonlinear quantity: 
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which may be interpreted either as or as with the tensor 
derivative of the velocity vector Both interpretations give the same result, independent 
of the coordinate system — provided is interpreted as the covariant derivative. 

Interpretation as (v·∇)v 

The convection term is often written as 

 

where the advection operator is used. Usually this representation is preferred 
because it is simpler than the one in terms of the tensor derivative  

Interpretation as v·(∇v) 

Here is the tensor derivative of the velocity vector, equal in Cartesian coordinates to 
the component by component gradient. The convection term may, by a vector calculus 
identity, be expressed without a tensor derivative: 

 

The form has use in irrotational flow, where the curl of the velocity (called vorticity) 
is equal to zero. 

Regardless of what kind of fluid is being dealt with, convective acceleration is a 
nonlinear effect. Convective acceleration is present in most flows (exceptions include 
one-dimensional incompressible flow), but its dynamic effect is disregarded in creeping 
flow (also called Stokes flow) . 

Stresses 

The effect of stress in the fluid is represented by the and terms; these are gradients 
of surface forces, analogous to stresses in a solid. is called the pressure gradient and 
arises from the isotropic part of the stress tensor. This part is given by normal stresses 
that turn up in almost all situations, dynamic or not. The anisotropic part of the stress 
tensor gives rise to , which conventionally describes viscous forces; for 
incompressible flow, this is only a shear effect. Thus, is the deviatoric stress tensor, and 
the stress tensor is equal to: 

 

where is the 3×3 identity matrix. Interestingly, only the gradient of pressure matters, not 
the pressure itself. The effect of the pressure gradient is that fluid flows from high 
pressure to low pressure. 
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The stress terms p and are yet unknown, so the general form of the equations of motion 
is not usable to solve problems. Besides the equations of motion—Newton's second 
law—a force model is needed relating the stresses to the fluid motion. For this reason, 
assumptions on the specific behavior of a fluid are made (based on natural observations) 
and applied in order to specify the stresses in terms of the other flow variables, such as 
velocity and density. 

The Navier–Stokes equations result from the following assumptions on the deviatoric 
stress tensor : 

• the deviatoric stress vanishes for a fluid at rest, and – by Galilean invariance – 
also does not depend directly on the flow velocity itself, but only on spatial 
derivatives of the flow velocity 

• in the Navier–Stokes equations, the deviatoric stress is expressed as the product of 
the tensor gradient of the flow velocity with a viscosity tensor , i.e. : 

 
• the fluid is assumed to be isotropic, as valid for gases and simple liquids, and 

consequently is an isotropic tensor; furthermore, since the deviatoric stress 
tensor is symmetric, it turns out that it can be expressed in terms of two scalar 
dynamic viscosities μ and μ”: where 

is the rate-of-strain tensor and is the 
rate of expansion of the flow 

• the deviatoric stress tensor has zero trace, so for a three-dimensional flow 
2μ + 3μ” = 0 

As a result, in the Navier–Stokes equations the deviatoric stress tensor has the following 
form: 

 

with the quantity between brackets the non-isotropic part of the rate-of-strain tensor 
The dynamic viscosity μ does not need to be constant – in general it depends on 

conditions like temperature and pressure, and in turbulence modelling the concept of 
eddy viscosity is used to approximate the average deviatoric stress. 

The pressure p is modelled by use of an equation of state. For the special case of an 
incompressible flow, the pressure constrains the flow in such a way that the volume of 
fluid elements is constant: isochoric flow resulting in a solenoidal velocity field with 

 

Other forces 

The vector field represents body forces. Typically these consist of only gravity forces, 
but may include other types (such as electromagnetic forces). In a non-inertial coordinate 
system, other "forces" such as that associated with rotating coordinates may be inserted. 
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Often, these forces may be represented as the gradient of some scalar quantity. Gravity in 
the z direction, for example, is the gradient of − ρgz. Since pressure shows up only as a 
gradient, this implies that solving a problem without any such body force can be mended 
to include the body force by modifying pressure. 

Other equations 

The Navier–Stokes equations are strictly a statement of the conservation of momentum. 
In order to fully describe fluid flow, more information is needed (how much depends on 
the assumptions made), this may include boundary data (no-slip, capillary surface, etc.), 
the conservation of mass, the conservation of energy, and/or an equation of state. 

Regardless of the flow assumptions, a statement of the conservation of mass is generally 
necessary. This is achieved through the mass continuity equation, given in its most 
general form as: 

 

or, using the substantive derivative: 

 

Incompressible flow of Newtonian fluids 

A simplification of the resulting flow equations is obtained when considering an 
incompressible flow of a Newtonian fluid. The assumption of incompressibility rules out 
the possibility of sound or shock waves to occur; so this simplification is invalid if these 
phenomena are important. The incompressible flow assumption typically holds well even 
when dealing with a "compressible" fluid — such as air at room temperature — at low 
Mach numbers (even when flowing up to about Mach 0.3). Taking the incompressible 
flow assumption into account and assuming constant viscosity, the Navier–Stokes 
equations will read, in vector form: 

 

Here f represents "other" body forces (forces per unit volume), such as gravity or 
centrifugal force. The shear stress term becomes the useful quantity (  is the 
vector Laplacian) when the fluid is assumed incompressible, homogeneous and 
Newtonian, where is the (constant) dynamic viscosity. 

It's well worth observing the meaning of each term (compare to the Cauchy momentum 
equation): 
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Note that only the convective terms are nonlinear for incompressible Newtonian flow. 
The convective acceleration is an acceleration caused by a (possibly steady) change in 
velocity over position, for example the speeding up of fluid entering a converging nozzle. 
Though individual fluid particles are being accelerated and thus are under unsteady 
motion, the flow field (a velocity distribution) will not necessarily be time dependent. 

Another important observation is that the viscosity is represented by the vector Laplacian 
of the velocity field (interpreted here as the difference between the velocity at a point and 
the mean velocity in a small volume around). This implies that Newtonian viscosity is 
diffusion of momentum, this works in much the same way as the diffusion of heat seen 
in the heat equation (which also involves the Laplacian). 

If temperature effects are also neglected, the only "other" equation (apart from 
initial/boundary conditions) needed is the mass continuity equation. Under the 
incompressible assumption, density is a constant and it follows that the equation will 
simplify to: 

 

This is more specifically a statement of the conservation of volume. 

These equations are commonly used in 3 coordinates systems: Cartesian, cylindrical, and 
spherical. While the Cartesian equations seem to follow directly from the vector equation 
above, the vector form of the Navier–Stokes equation involves some tensor calculus 
which means that writing it in other coordinate systems is not as simple as doing so for 
scalar equations (such as the heat equation). 

Cartesian coordinates 

Writing the vector equation explicitly, 
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Note that gravity has been accounted for as a body force, and the values of gx,gy,gz will 
depend on the orientation of gravity with respect to the chosen set of coordinates. 

The continuity equation reads: 

 

When the flow is at steady-state, ρ does not change with respect to time. The continuity 
equation is reduced to: 

 

When the flow is incompressible, ρ is constant and does not change with respect to space. 
The continuity equation is reduced to: 

 

The velocity components (the dependent variables to be solved for) are typically named 
u, v, w. This system of four equations comprises the most commonly used and studied 
form. Though comparatively more compact than other representations, this is still a 
nonlinear system of partial differential equations for which solutions are difficult to 
obtain. 

Cylindrical coordinates 

A change of variables on the Cartesian equations will yield the following momentum 
equations for r, φ, and z: 

 

 

 

The gravity components will generally not be constants, however for most applications 
either the coordinates are chosen so that the gravity components are constant or else it is 
assumed that gravity is counteracted by a pressure field (for example, flow in horizontal 
pipe is treated normally without gravity and without a vertical pressure gradient). The 
continuity equation is: 
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This cylindrical representation of the incompressible Navier–Stokes equations is the 
second most commonly seen (the first being Cartesian above). Cylindrical coordinates are 
chosen to take advantage of symmetry, so that a velocity component can disappear. A 
very common case is axisymmetric flow with the assumption of no tangential velocity (uφ 
= 0), and the remaining quantities are independent of φ: 

 

 

 

Spherical coordinates 

In spherical coordinates, the r, φ, and θ momentum equations are (note the convention 
used: θ is polar angle, or colatitude, 0 ≤ θ ≤ π): 

 

 

 

 

 

 

Mass continuity will read: 

 

These equations could be (slightly) compacted by, for example, factoring 1 / r2 from the 
viscous terms. However, doing so would undesirably alter the structure of the Laplacian 
and other quantities. 
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Stream function formulation 

Taking the curl of the Navier–Stokes equation results in the elimination of pressure. This 
is especially easy to see if 2D Cartesian flow is assumed (w = 0 and no dependence of 
anything on z), where the equations reduce to: 

 

 

Differentiating the first with respect to y, the second with respect to x and subtracting the 
resulting equations will eliminate pressure and any conservative force. Defining the 
stream function ψ through 

 

results in mass continuity being unconditionally satisfied (given the stream function is 
continuous), and then incompressible Newtonian 2D momentum and mass conservation 
degrade into one equation: 

 

where is the (2D) biharmonic operator and ν is the kinematic viscosity, . We 
can also express this compactly using the Jacobian determinant: 

 

This single equation together with appropriate boundary conditions describes 2D fluid 
flow, taking only kinematic viscosity as a parameter. Note that the equation for creeping 
flow results when the left side is assumed zero. 

In axisymmetric flow another stream function formulation, called the Stokes stream 
function, can be used to describe the velocity components of an incompressible flow with 
one scalar function. 
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Compressible flow of Newtonian fluids 

There are some phenomena that are closely linked with fluid compressibility. One of the 
obvious examples is sound. Description of such phenomena requires more general 
presentation of the Navier–Stokes equation that takes into account fluid compressibility. 
If viscosity is assumed a constant, one additional term appears, as shown here: 

 

where μv is the volume viscosity coefficient, also known as second viscosity coefficient or 
bulk viscosity. This additional term disappears for an incompressible fluid, when the 
divergence of the flow equals zero. 

Application to specific problems 

The Navier–Stokes equations, even when written explicitly for specific fluids, are rather 
generic in nature and their proper application to specific problems can be very diverse. 
This is partly because there is an enormous variety of problems that may be modeled, 
ranging from as simple as the distribution of static pressure to as complicated as 
multiphase flow driven by surface tension. 

Generally, application to specific problems begins with some flow assumptions and 
initial/boundary condition formulation, this may be followed by scale analysis to further 
simplify the problem. For example, after assuming steady, parallel, one dimensional, 
nonconvective pressure driven flow between parallel plates, the resulting scaled 
(dimensionless) boundary value problem is: 
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Visualization of a) parallel flow and b) radial flow. 
 

 

The boundary condition is the no slip condition. This problem is easily solved for the 
flow field: 

 

From this point onward more quantities of interest can be easily obtained, such as viscous 
drag force or net flow rate. 

Difficulties may arise when the problem becomes slightly more complicated. A 
seemingly modest twist on the parallel flow above would be the radial flow between 
parallel plates; this involves convection and thus nonlinearity. The velocity field may be 
represented by a function f(z) that must satisfy: 
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This ordinary differential equation is what is obtained when the Navier–Stokes equations 
are written and the flow assumptions applied (additionally, the pressure gradient is solved 
for). The nonlinear term makes this a very difficult problem to solve analytically (a 
lengthy implicit solution may be found which involves elliptic integrals and roots of 
cubic polynomials). Issues with the actual existence of solutions arise for R > 1.41 
(approximately; this is not the square root of 2), the parameter R being the Reynolds 
number with appropriately chosen scales. This is an example of flow assumptions losing 
their applicability, and an example of the difficulty in "high" Reynolds number flows. 

Exact solutions of the Navier–Stokes equations 

Some exact solutions to the Navier–Stokes equations exist. Examples of degenerate cases 
— with the non-linear terms in the Navier–Stokes equations equal to zero — are 
Poiseuille flow, Couette flow and the oscillatory Stokes boundary layer. But also more 
interesting examples, solutions to the full non-linear equations, exist; for example the 
Taylor–Green vortex. Note that the existence of these exact solutions does not imply they 
are stable: turbulence may develop at higher Reynolds numbers. 

Wyld diagrams 

Wyld diagrams are bookkeeping graphs that correspond to the Navier–Stokes equations 
via a perturbation expansion of the fundamental continuum mechanics. Similar to the 
Feynman diagrams in quantum field theory, these diagrams are an extension of Keldysh's 
technique for nonequilibrium processes in fluid dynamics. In other words, these diagrams 
assign graphs to the (often) turbulent phenomena in turbulent fluids by allowing 
correlated and interacting fluid particles to obey stochastic processes associated to 
pseudo-random functions in probability distributions. 



_________________WORLD TECHNOLOGIES_________________

WT

Chapter- 3 

Fluid Dynamics 

 

 

 

 
 
Typical aerodynamic teardrop shape, assuming a viscous medium passing from left to 
right, the diagram shows the pressure distribution as the thickness of the black line and 
shows the velocity in the boundary layer as the violet triangles. The green vortex 
generators prompt the transition to turbulent flow and prevent back-flow also called flow 
separation from the high pressure region in the back. The surface in front is as smooth as 
possible or even employs shark like skin, as any turbulence here will reduce the energy of 
the airflow. The truncation on the right, known as a Kammback, also prevents back flow 
from the high pressure region in the back across the spoilers to the convergent part. 

In physics, fluid dynamics is a sub-discipline of fluid mechanics that deals with fluid 
flow—the natural science of fluids (liquids and gases) in motion. It has several 
subdisciplines itself, including aerodynamics (the study of air and other gases in motion) 
and hydrodynamics (the study of liquids in motion). Fluid dynamics has a wide range of 
applications, including calculating forces and moments on aircraft, determining the mass 
flow rate of petroleum through pipelines, predicting weather patterns, understanding 
nebulae in interstellar space and reportedly modeling fission weapon detonation. Some of 
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its principles are even used in traffic engineering, where traffic is treated as a continuous 
fluid. 

Fluid dynamics offers a systematic structure that underlies these practical disciplines, that 
embraces empirical and semi-empirical laws derived from flow measurement and used to 
solve practical problems. The solution to a fluid dynamics problem typically involves 
calculating various properties of the fluid, such as velocity, pressure, density, and 
temperature, as functions of space and time. 

Historically, hydrodynamics meant something different than it does today. Before the 
twentieth century, hydrodynamics was synonymous with fluid dynamics. This is still 
reflected in names of some fluid dynamics topics, like magnetohydrodynamics and 
hydrodynamic stability—both also applicable in, as well as being applied to, gases. 

Equations of fluid dynamics 

The foundational axioms of fluid dynamics are the conservation laws, specifically, 
conservation of mass, conservation of linear momentum (also known as Newton's Second 
Law of Motion), and conservation of energy (also known as First Law of 
Thermodynamics). These are based on classical mechanics and are modified in quantum 
mechanics and general relativity. They are expressed using the Reynolds Transport 
Theorem. 

In addition to the above, fluids are assumed to obey the continuum assumption. Fluids are 
composed of molecules that collide with one another and solid objects. However, the 
continuum assumption considers fluids to be continuous, rather than discrete. 
Consequently, properties such as density, pressure, temperature, and velocity are taken to 
be well-defined at infinitesimally small points, and are assumed to vary continuously 
from one point to another. The fact that the fluid is made up of discrete molecules is 
ignored. 

For fluids which are sufficiently dense to be a continuum, do not contain ionized species, 
and have velocities small in relation to the speed of light, the momentum equations for 
Newtonian fluids are the Navier-Stokes equations, which is a non-linear set of differential 
equations that describes the flow of a fluid whose stress depends linearly on velocity 
gradients and pressure. The unsimplified equations do not have a general closed-form 
solution, so they are primarily of use in Computational Fluid Dynamics. The equations 
can be simplified in a number of ways, all of which make them easier to solve. Some of 
them allow appropriate fluid dynamics problems to be solved in closed form. 

In addition to the mass, momentum, and energy conservation equations, a 
thermodynamical equation of state giving the pressure as a function of other 
thermodynamic variables for the fluid is required to completely specify the problem. An 
example of this would be the perfect gas equation of state: 
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where p is pressure, ρ is density, Ru is the gas constant, M is the molar mass and T is 
temperature. 

Compressible vs incompressible flow 

All fluids are compressible to some extent, that is changes in pressure or temperature will 
result in changes in density. However, in many situations the changes in pressure and 
temperature are sufficiently small that the changes in density are negligible. In this case 
the flow can be modeled as an incompressible flow. Otherwise the more general 
compressible flow equations must be used. 

Mathematically, incompressibility is expressed by saying that the density ρ of a fluid 
parcel does not change as it moves in the flow field, i.e., 

 

where D / Dt is the substantial derivative, which is the sum of local and convective 
derivatives. This additional constraint simplifies the governing equations, especially in 
the case when the fluid has a uniform density. 

For flow of gases, to determine whether to use compressible or incompressible fluid 
dynamics, the Mach number of the flow is to be evaluated. As a rough guide, 
compressible effects can be ignored at Mach numbers below approximately 0.3. For 
liquids, whether the incompressible assumption is valid depends on the fluid properties 
(specifically the critical pressure and temperature of the fluid) and the flow conditions 
(how close to the critical pressure the actual flow pressure becomes). Acoustic problems 
always require allowing compressibility, since sound waves are compression waves 
involving changes in pressure and density of the medium through which they propagate. 

Viscous vs inviscid flow 

Viscous problems are those in which fluid friction has significant effects on the fluid 
motion. 

The Reynolds number, which is a ratio between inertial and viscous forces, can be used 
to evaluate whether viscous or inviscid equations are appropriate to the problem. 

Stokes flow is flow at very low Reynolds numbers, Re<<1, such that inertial forces can 
be neglected compared to viscous forces. 

On the contrary, high Reynolds numbers indicate that the inertial forces are more 
significant than the viscous (friction) forces. Therefore, we may assume the flow to be an 
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inviscid flow, an approximation in which we neglect viscosity completely, compared to 
inertial terms. 

This idea can work fairly well when the Reynolds number is high. However, certain 
problems such as those involving solid boundaries, may require that the viscosity be 
included. Viscosity often cannot be neglected near solid boundaries because the no-slip 
condition can generate a thin region of large strain rate (known as Boundary layer) which 
enhances the effect of even a small amount of viscosity, and thus generating vorticity. 
Therefore, to calculate net forces on bodies (such as wings) we should use viscous flow 
equations. As illustrated by d'Alembert's paradox, a body in an inviscid fluid will 
experience no drag force. The standard equations of inviscid flow are the Euler equations. 
Another often used model, especially in computational fluid dynamics, is to use the Euler 
equations away from the body and the boundary layer equations, which incorporates 
viscosity, in a region close to the body. 

The Euler equations can be integrated along a streamline to get Bernoulli's equation. 
When the flow is everywhere irrotational and inviscid, Bernoulli's equation can be used 
throughout the flow field. Such flows are called potential flows. 

Steady vs unsteady flow 

 
 

Hydrodynamics simulation of the Rayleigh–Taylor instability 
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When all the time derivatives of a flow field vanish, the flow is considered to be a steady 
flow. Steady-state flow refers to the condition where the fluid properties at a point in the 
system do not change over time. Otherwise, flow is called unsteady. Whether a particular 
flow is steady or unsteady, can depend on the chosen frame of reference. For instance, 
laminar flow over a sphere is steady in the frame of reference that is stationary with 
respect to the sphere. In a frame of reference that is stationary with respect to a 
background flow, the flow is unsteady. 

Turbulent flows are unsteady by definition. A turbulent flow can, however, be 
statistically stationary. According to Pope: 

The random field U(x,t) is statistically stationary if all statistics are invariant under a shift 
in time. 

This roughly means that all statistical properties are constant in time. Often, the mean 
field is the object of interest, and this is constant too in a statistically stationary flow. 

Steady flows are often more tractable than otherwise similar unsteady flows. The 
governing equations of a steady problem have one dimension fewer (time) than the 
governing equations of the same problem without taking advantage of the steadiness of 
the flow field. 

Laminar vs turbulent flow 

Turbulence is flow characterized by recirculation, eddies, and apparent randomness. Flow 
in which turbulence is not exhibited is called laminar. It should be noted, however, that 
the presence of eddies or recirculation alone does not necessarily indicate turbulent 
flow—these phenomena may be present in laminar flow as well. Mathematically, 
turbulent flow is often represented via a Reynolds decomposition, in which the flow is 
broken down into the sum of an average component and a perturbation component. 

It is believed that turbulent flows can be described well through the use of the Navier–
Stokes equations. Direct numerical simulation (DNS), based on the Navier–Stokes 
equations, makes it possible to simulate turbulent flows at moderate Reynolds numbers. 
Restrictions depend on the power of the computer used and the efficiency of the solution 
algorithm. The results of DNS have been found to agree well with experimental data for 
some flows. 

Most flows of interest have Reynolds numbers much too high for DNS to be a viable 
option, given the state of computational power for the next few decades. Any flight 
vehicle large enough to carry a human (L > 3 m), moving faster than 72 km/h (20 m/s) is 
well beyond the limit of DNS simulation (Re = 4 million). Transport aircraft wings (such 
as on an Airbus A300 or Boeing 747) have Reynolds numbers of 40 million (based on the 
wing chord). In order to solve these real-life flow problems, turbulence models will be a 
necessity for the foreseeable future. Reynolds-averaged Navier–Stokes equations 
(RANS) combined with turbulence modeling provides a model of the effects of the 
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turbulent flow. Such a modeling mainly provides the additional momentum transfer by 
the Reynolds stresses, although the turbulence also enhances the heat and mass transfer. 
Another promising methodology is large eddy simulation (LES), especially in the guise 
of detached eddy simulation (DES)—which is a combination of RANS turbulence 
modeling and large eddy simulation. 

Newtonian vs non-Newtonian fluids 

Sir Isaac Newton showed how stress and the rate of strain are very close to linearly 
related for many familiar fluids, such as water and air. These Newtonian fluids are 
modeled by a coefficient called viscosity, which depends on the specific fluid. 

However, some of the other materials, such as emulsions and slurries and some visco-
elastic materials (e.g. blood, some polymers), have more complicated non-Newtonian 
stress-strain behaviours. These materials include sticky liquids such as latex, honey, and 
lubricants which are studied in the sub-discipline of rheology. 

Subsonic vs transonic, supersonic and hypersonic flows 

While many terrestrial flows (e.g. flow of water through a pipe) occur at low mach 
numbers, many flows of practical interest (e.g. in aerodynamics) occur at high fractions 
of the Mach Number M=1 or in excess of it (supersonic flows). New phenomena occur at 
these Mach number regimes (e.g. shock waves for supersonic flow, transonic instability 
in a regime of flows with M nearly equal to 1, non-equilibrium chemical behavior due to 
ionization in hypersonic flows) and it is necessary to treat each of these flow regimes 
separately. 

Magnetohydrodynamics 

Magnetohydrodynamics is the multi-disciplinary study of the flow of electrically 
conducting fluids in electromagnetic fields. Examples of such fluids include plasmas, 
liquid metals, and salt water. The fluid flow equations are solved simultaneously with 
Maxwell's equations of electromagnetism. 

Other approximations 

There are a large number of other possible approximations to fluid dynamic problems. 
Some of the more commonly used are listed below. 

• The Boussinesq approximation neglects variations in density except to calculate 
buoyancy forces. It is often used in free convection problems where density 
changes are small. 

• Lubrication theory and Hele-Shaw flow exploits the large aspect ratio of the 
domain to show that certain terms in the equations are small and so can be 
neglected. 
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• Slender-body theory is a methodology used in Stokes flow problems to estimate 
the force on, or flow field around, a long slender object in a viscous fluid. 

• The shallow-water equations can be used to describe a layer of relatively 
inviscid fluid with a free surface, in which surface gradients are small. 

• The Boussinesq equations are applicable to surface waves on thicker layers of 
fluid and with steeper surface slopes. 

• Darcy's law is used for flow in porous media, and works with variables averaged 
over several pore-widths. 

• In rotating systems, the quasi-geostrophic approximation assumes an almost 
perfect balance between pressure gradients and the Coriolis force. It is useful in 
the study of atmospheric dynamics. 

Terminology in fluid dynamics 

The concept of pressure is central to the study of both fluid statics and fluid dynamics. A 
pressure can be identified for every point in a body of fluid, regardless of whether the 
fluid is in motion or not. Pressure can be measured using an aneroid, Bourdon tube, 
mercury column, or various other methods. 

Some of the terminology that is necessary in the study of fluid dynamics is not found in 
other similar areas of study. In particular, some of the terminology used in fluid dynamics 
is not used in fluid statics. 

Terminology in incompressible fluid dynamics 

The concepts of total pressure and dynamic pressure arise from Bernoulli's equation and 
are significant in the study of all fluid flows. (These two pressures are not pressures in the 
usual sense—they cannot be measured using an aneroid, Bourdon tube or mercury 
column.) To avoid potential ambiguity when referring to pressure in fluid dynamics, 
many authors use the term static pressure to distinguish it from total pressure and 
dynamic pressure. Static pressure is identical to pressure and can be identified for every 
point in a fluid flow field. 

In Aerodynamics, L.J. Clancy writes: To distinguish it from the total and dynamic 
pressures, the actual pressure of the fluid, which is associated not with its motion but 
with its state, is often referred to as the static pressure, but where the term pressure alone 
is used it refers to this static pressure. 

A point in a fluid flow where the flow has come to rest (i.e. speed is equal to zero 
adjacent to some solid body immersed in the fluid flow) is of special significance. It is of 
such importance that it is given a special name—a stagnation point. The static pressure at 
the stagnation point is of special significance and is given its own name—stagnation 
pressure. In incompressible flows, the stagnation pressure at a stagnation point is equal to 
the total pressure throughout the flow field. 
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Terminology in compressible fluid dynamics 

In a compressible fluid, such as air, the temperature and density are essential when 
determining the state of the fluid. In addition to the concept of total pressure (also known 
as stagnation pressure), the concepts of total (or stagnation) temperature and total (or 
stagnation) density are also essential in any study of compressible fluid flows. To avoid 
potential ambiguity when referring to temperature and density, many authors use the 
terms static temperature and static density. Static temperature is identical to temperature; 
and static density is identical to density; and both can be identified for every point in a 
fluid flow field. 

The temperature and density at a stagnation point are called stagnation temperature and 
stagnation density. 

A similar approach is also taken with the thermodynamic properties of compressible 
fluids. Many authors use the terms total (or stagnation) enthalpy and total (or stagnation) 
entropy. The terms static enthalpy and static entropy appear to be less common, but 
where they are used they mean nothing more than enthalpy and entropy respectively, and 
the prefix "static" is being used to avoid ambiguity with their 'total' or 'stagnation' 
counterparts. Because the 'total' flow conditions are defined by isentropically bringing the 
fluid to rest, the total (or stagnation) entropy is by definition always equal to the "static" 
entropy. 
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Chapter- 4 

Fluid Power and Capillary Surface 

 

 

 
Fluid power 
'Fluid power' is the technology of exploiting the properties of fluids to generate, control, 
and transmit power as a result of the pressurization of fluids. 

As the term "fluid" refers either to gases or to liquids, fluid power is also subdivided into 
the categories of "hydraulics" and "pneumatics". The differences being that with 
hydraulics the medium used is a liquid (i.e. mineral oil or water) and for pneumatics it is 
a gas (i.e. air or another inert gas). 

Practical use 

Transport energy 

A fluid power system with a pump driven by a prime mover such as an electric motor or 
IC engine that converts mechanical energy into fluid energy. This fluid flow is used to 
actuate a device specifically designed to operate with fluid energy such as: 

• Cylinder (hydraulic or pneumatic): Provides force in a linear fashion 
• Motor (hydraulic or pneumatic): Provides continuous rotational motion 
• Rotary actuator: Provides rotational motion of less than 360 degrees. 

Application 

Hydraulics and pneumatics are similar in many ways, but there are clear reasons for using 
one over the other. 

• Cost: Pneumatics are considerably cheaper to build and operate. For one, air is 
used as the compressed medium, so no reservoir is needed to store fluid, nor is 
there any need to provide means to drain or recover fluid. With increasing 
working pressures, pneumatics require larger parts than hydraulics. 
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• Precision: Unlike liquids, gases change volume significantly when pressurized 
making it difficult to achieve precision. 

• Safety: Compressed gases tend to expand at high velocities when decompressed, 
thus pneumatics are typically limited in utilities with a working pressure up to 
around 100 psi (7 bar). 

 

Capillary surface 
In fluid mechanics and mathematics, a capillary surface is a surface that represents the 
interface between two different fluids. As a consequence of being a surface, a capillary 
surface has no thickness in slight contrast with most real fluid interfaces. 

Capillary surfaces are of interest in mathematics because the problems involved are very 
nonlinear and have interesting properties, such as discontinuous dependence on boundary 
data at isolated points. In particular, static capillary surfaces with gravity absent have 
constant mean curvature, so that a minimal surface is a special case of static capillary 
surface. 

They are also of practical interest for fluid management in space (or other environments 
free of body forces), where both flow and static configuration are often dominated by 
capillary effects. 

The stress balance equation 

The defining equation for a capillary surface is called the stress balance equation, which 
can be derived by considering the forces and stresses acting on a small volume that is 
partly bounded by a capillary surface. For a fluid meeting another fluid (the "other" fluid 
notated with bars) at a surface S, the equation reads 

 

where is the unit normal pointing toward the "other" fluid (the one whose quantities are 
notated with bars), is the stress tensor (note that on the left is a tensor-vector product), 

is the surface tension associated with the interface, and is the surface gradient. Note 
that the quantity is twice the mean curvature of the surface. 

In fluid mechanics, this equation serves as a boundary condition for interfacial flows, 
typically complementing the Navier–Stokes equations. It describes the discontinuity in 
stress that is balanced by forces at the surface. As a boundary condition, it is somewhat 
unusual in that it introduces a new variable: the surface S that defines the interface. It's 
not too surprising then that the stress balance equation normally mandates its own 
boundary conditions. 
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For best use, this vector equation is normally turned into 3 scalar equations via dot 
product with the unit normal and two selected unit tangents: 

 
 
 

Note that the products lacking dots are tensor products of tensors with vectors (resulting 
in vectors similar to a matrix-vector product), those with dots are dot products. The first 
equation is called the normal stress equation, or the normal stress boundary condition. 
The second two equations are called tangential stress equations. 

The stress tensor 

The stress tensor is related to velocity and pressure. Its actual form will depend on the 
specific fluid being dealt with, for the common case of incompressible Newtonian flow 
the stress tensor is given by 

 

where p is the pressure in the fluid, is the velocity, and μ is the viscosity. 

Static interfaces 

In the absence of motion, the stress tensors yield only hydrostatic pressure so that 
, regardless of fluid type or compressibility. Considering the normal and 

tangential equations, 

 
 

The first equation establishes that curvature forces are balanced by pressure forces. The 
second equation implies that a static interface cannot exist in the presence of nonzero 
surface tension gradient. 

If gravity is the only body force present, the Navier–Stokes equations simplify 
significantly: 
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If coordinates are chosen so that gravity is nonzero only in the z direction, this equation 
degrades to a particularly simple form: 

 

where p0 is an integration constant that represents some reference pressure at z = 0. 
Substituting this into the normal stress equation yields what is known as the Young-
Laplace equation: 

 

where Δp is the (constant) pressure difference across the interface, and Δρ is the 
difference in density. Note that, since this equation defines a surface, z is the z coordinate 
of the capillary surface. This nonlinear partial differential equation when supplied with 
the right boundary conditions will define the static interface. 

The pressure difference above is a constant, but its value will change if the z coordinate is 
shifted. The linear solution to pressure implies that, unless the gravity term is absent, it 
is always possible to define the z coordinate so that Δp = 0. Nondimensionalized, the 
Young-Laplace equation is usually studied in the form  

 

where (if gravity is in the negative z direction) κ is positive if the denser fluid is "inside" 
the interface, negative if it is "outside", and zero if there is no gravity or if there is no 
difference in density between the fluids. 

This nonlinear equation has some rich properties, especially in terms of existence of 
unique solutions. For example, the nonexistence of solution to some boundary value 
problem implies that, physically, the problem can't be static. If a solution does exist, 
normally it'll exist for very specific values of λ, which is representative of the pressure 
jump across the interface. This is interesting because there isn't another physical equation 
to determine the pressure difference. In a capillary tube, for example, implementing the 
contact angle boundary condition will yield a unique solution for exactly one value of λ. 
Solutions often aren't unique, this implies that there are multiple static interfaces possible; 
while they may all solve the same boundary value problem, the minimization of energy 
will normally favor one. Different solutions are called configurations of the interface. 

Energy consideration 

A deep property of capillary surfaces is the surface energy that is imparted by surface 
tension: 
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where A is the area of the surface being considered, and the total energy is the summation 
of all energies. Note that every interface imparts energy. For example, if there are two 
different fluids (say liquid and gas) inside a solid container with gravity and other energy 
potentials absent, the energy of the system is 

 

where the subscripts LG, SG, and SL respectively indicate the liquid-gas, solid-gas, and 
solid-liquid interfaces. Note that inclusion of gravity would require consideration of the 
volume enclosed by the capillary surface and the solid walls. 

 
 
Illustration of distributed forces at the contact line, with the contact line perpendicular to 
the image. The vertical part of γLG is balanced by a slight deformation of the solid (not 
shown and inconsequential to this context). 

Typically the surface tension values between the solid-gas and solid-liquid interfaces are 
not known. This does not pose a problem; since only changes in energy are of primary 
interest. If the net solid area ASG + ASL is a constant, and the contact angle is known, it 
may be shown that (again, for two different fluids in a solid container) 

 

so that 

 

where θ is the contact angle and the capital delta indicates the change from one 
configuration to another. To obtain this result, it's necessary to sum (distributed) forces at 
the contact line (where solid, gas, and liquid meet) in a direction tangent to the solid 
interface and perpendicular to the contact line: 
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where the sum is zero because of the static state. When solutions to the Young-Laplace 
equation aren't unique, the most physically favorable solution is the one of minimum 
energy, though experiments (especially low gravity) show that metastable surfaces can be 
surprisingly persistent, and that the most stable configuration can become metastable 
through mechanical jarring without too much difficulty. On the other hand, a metastable 
surface can sometimes spontaneously achieve lower energy without any input (seemingly 
at least) given enough time. 

Boundary conditions 

Boundary conditions for stress balance describe the capillary surface at the contact line: 
the line where a solid meets the capillary interface; also, volume constraints can serve as 
boundary conditions (a suspended drop, for example, has no contact line but clearly must 
admit a unique solution). 

For static surfaces, the most common contact line boundary condition is the 
implementation of the contact angle, which specifies the angle that one of the fluids 
meets the solid wall. The contact angle condition on the surface S is normally written as: 

 

where θ is the contact angle. This condition is imposed on the boundary (or boundaries) 
of the surface. is the unit outward normal to the solid surface, and is a unit normal to 

S. Choice of depends on which fluid the contact angle is specified for. 

For dynamic interfaces, the boundary condition showed above works well if the contact 
line velocity is low. If the velocity is high, the contact angle will change ("dynamic 
contact angle"), and as of 2007 the mechanics of the moving contact line (or even the 
validity of the contact angle as a parameter) is not known and an area of active research. 
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Viscosity 

 

 

 
Viscosity 

 
Clear liquid above has lower viscosity than the substance below 
SI symbol: μ, η 
SI unit: Pa·s = kg/(s·m) 
Derivations from other quantities: μ = G·t 

Viscosity is a measure of the resistance of a fluid which is being deformed by either shear 
stress or tensile stress. In everyday terms (and for fluids only), viscosity is "thickness" or 
"internal friction". Thus, water is "thin", having a lower viscosity, while honey is "thick", 
having a higher viscosity. Put simply, the less viscous the fluid is, the greater its ease of 
movement (fluidity). 

Viscosity describes a fluid's internal resistance to flow and may be thought of as a 
measure of fluid friction. For example, high-viscosity felsic magma will create a tall, 
steep stratovolcano, because it cannot flow far before it cools, while low-viscosity mafic 
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lava will create a wide, shallow-sloped shield volcano. All real fluids (except superfluids) 
have some resistance to stress and therefore are viscous, but a fluid which has no 
resistance to shear stress is known as an ideal fluid or inviscid fluid. 

The study of flowing matter is known as rheology, which includes viscosity and related 
concepts. 

Etymology 

The word "viscosity" derives from the Latin word "viscum alba" for mistletoe. A viscous 
glue called birdlime was made from mistletoe berries and used for lime-twigs to catch 
birds. 

Properties and behavior 

Overview 

 
 
Laminar shear of fluid between two plates. Friction between the fluid and the moving 
boundaries causes the fluid to shear. The force required for this action is a measure of the 
fluid's viscosity. This type of flow is known as a Couette flow. 
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Laminar shear, the non-constant gradient, is a result of the geometry the fluid is flowing 
through (e.g. a pipe). 

In general, in any flow, layers move at different velocities and the fluid's viscosity arises 
from the shear stress between the layers that ultimately opposes any applied force. 

The relationship between the shear stress and the velocity gradient can be obtained by 
considering two plates closely spaced at a distance y, and separated by a homogeneous 
substance. Assuming that the plates are very large, with a large area A, such that edge 
effects may be ignored, and that the lower plate is fixed, let a force F be applied to the 
upper plate. If this force causes the substance between the plates to undergo shear flow 
with a velocity gradient u (as opposed to just shearing elastically until the shear stress in 
the substance balances the applied force), the substance is called a fluid. 

The applied force is proportional to the area and velocity gradient in the fluid and 
inversely proportional to the distance between the plates. Combining these three relations 
results in the equation: 

, 

where μ is the proportionality factor called viscosity. 

This equation can be expressed in terms of shear stress . Thus as expressed in 
differential form by Isaac Newton for straight, parallel and uniform flow, the shear stress 
between layers is proportional to the velocity gradient in the direction perpendicular to 
the layers: 
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Hence, through this method, the relation between the shear stress and the velocity 
gradient can be obtained. 

Note that the rate of shear deformation is which can be also written as a shear velocity, 

. 

James Clerk Maxwell called viscosity fugitive elasticity because of the analogy that 
elastic deformation opposes shear stress in solids, while in viscous fluids, shear stress is 
opposed by rate of deformation. 

Types of viscosity 

 
 

Viscosity, the slope of each line, varies among materials 
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Newton's law of viscosity, given above, is a constitutive equation (like Hooke's law, 
Fick's law, Ohm's law). It is not a fundamental law of nature but an approximation that 
holds in some materials and fails in others. Non-Newtonian fluids exhibit a more 
complicated relationship between shear stress and velocity gradient than simple linearity. 
Thus there exist a number of forms of viscosity: 

• Newtonian: fluids, such as water and most gases which have a constant viscosity. 
• Shear thickening: viscosity increases with the rate of shear. 
• Shear thinning: viscosity decreases with the rate of shear. Shear thinning liquids 

are very commonly, but misleadingly, described as thixotropic. 
• Thixotropic: materials which become less viscous over time when shaken, 

agitated, or otherwise stressed. 
• Rheopectic: materials which become more viscous over time when shaken, 

agitated, or otherwise stressed. 
• A Bingham plastic is a material that behaves as a solid at low stresses but flows 

as a viscous fluid at high stresses. 
• A magnetorheological fluid is a type of "smart fluid" which, when subjected to a 

magnetic field, greatly increases its apparent viscosity, to the point of becoming a 
viscoelastic solid. 

Viscosity coefficients 

Viscosity coefficients can be defined in two ways: 

• Dynamic viscosity, also absolute viscosity, the more usual one (typical units 
Pa·s, Poise, P); 

• Kinematic viscosity is the dynamic viscosity divided by the density (typical units 
m2/s, Stokes, St). 

Viscosity is a tensorial quantity that can be decomposed in different ways into two 
independent components. The most usual decomposition yields the following viscosity 
coefficients: 

• Shear viscosity, the most important one, often referred to as simply viscosity, 
describing the reaction to applied shear stress; simply put, it is the ratio between 
the pressure exerted on the surface of a fluid, in the lateral or horizontal direction, 
to the change in velocity of the fluid as you move down in the fluid (this is what is 
referred to as a velocity gradient). 

• Volume viscosity (also called bulk viscosity or second viscosity) becomes 
important only for such effects where fluid compressibility is essential. Examples 
would include shock waves and sound propagation. It appears in the Stokes' law 
(sound attenuation) that describes propagation of sound in Newtonian liquid. 

Alternatively, 
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• Extensional viscosity, a linear combination of shear and bulk viscosity, describes 
the reaction to elongation, widely used for characterizing polymers. For example, 
at room temperature, water has a dynamic shear viscosity of about 1.0×10−3 
 Pa·s and motor oil of about 250×10−3 
 Pa·s. 

Viscosity measurement 

Viscosity is measured with various types of viscometers and rheometers. A rheometer is 
used for those fluids which cannot be defined by a single value of viscosity and therefore 
require more parameters to be set and measured than is the case for a viscometer. Close 
temperature control of the fluid is essential to accurate measurements, particularly in 
materials like lubricants, whose viscosity can double with a change of only 5 °C. 

For some fluids, viscosity is a constant over a wide range of shear rates (Newtonian 
fluids). The fluids without a constant viscosity (non-Newtonian fluids) cannot be 
described by a single number. Non-Newtonian fluids exhibit a variety of different 
correlations between shear stress and shear rate. 

One of the most common instruments for measuring kinematic viscosity is the glass 
capillary viscometer. 

In paint industries, viscosity is commonly measured with a Zahn cup, in which the efflux 
time is determined and given to customers. The efflux time can also be converted to 
kinematic viscosities (centistokes, cSt) through the conversion equations. 

Also used in paint, a Stormer viscometer uses load-based rotation in order to determine 
viscosity. The viscosity is reported in Krebs units (KU), which are unique to Stormer 
viscometers. 

A Ford viscosity cup measures the rate of flow of a liquid. This, under ideal conditions, is 
proportional to the kinematic viscosity. 

Vibrating viscometers can also be used to measure viscosity. These models such as the 
Dynatrol use vibration rather than rotation to measure viscosity. 

Extensional viscosity can be measured with various rheometers that apply extensional 
stress. 

Volume viscosity can be measured with an acoustic rheometer. 

Apparent viscosity is a calculation derived from tests performed on drilling fluid used in 
oil or gas well development. These calculations and tests help engineers develop and 
maintain the properties of the drilling fluid to the specifications required. 
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Units 

Dynamic viscosity 

The usual symbol for dynamic viscosity used by mechanical and chemical engineers — 
as well as fluid dynamicists — is the Greek letter mu (μ). The symbol η is also used by 
chemists, physicists, and the IUPAC. 

The SI physical unit of dynamic viscosity is the pascal-second (Pa·s), (equivalent to 
N·s/m2, or kg/(m·s)). If a fluid with a viscosity of one Pa·s is placed between two plates, 
and one plate is pushed sideways with a shear stress of one pascal, it moves a distance 
equal to the thickness of the layer between the plates in one second. 

The cgs physical unit for dynamic viscosity is the poise (P), named after Jean Louis 
Marie Poiseuille. It is more commonly expressed, particularly in ASTM standards, as 
centipoise (cP). Water at 20 °C has a viscosity of 1.0020 cP or 0.001002 kg/(m·s). 

1 P = 1 g·cm−1·s−1. 
1 Pa·s = 1 kg·m−1·s−1 = 10 P. 

The relation to the SI unit is 

1 P = 0.1 Pa·s, 
1 cP = 1 mPa·s = 0.001 Pa·s. 

Kinematic viscosity 

In many situations, we are concerned with the ratio of the inertial force to the viscous 
force (i.e. the Reynolds number, Re = VD / ν) , the former characterized by the fluid 
density ρ. This ratio is characterized by the kinematic viscosity (Greek letter nu, ν), 
defined as follows: 

 

The SI unit of ν is m2/s. The SI unit of ρ is kg/m3. 

The cgs physical unit for kinematic viscosity is the stokes (St), named after George 
Gabriel Stokes. It is sometimes expressed in terms of centiStokes (cSt). In U.S. usage, 
stoke is sometimes used as the singular form. 

1 St = 1 cm2·s−1 = 10−4 m2·s−1. 
1 cSt = 1 mm2·s−1 = 10−6m2·s−1. 

Water at 20 °C has a kinematic viscosity of about 1 cSt. 
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The kinematic viscosity is sometimes referred to as diffusivity of momentum, because it 
has the same unit as and is comparable to diffusivity of heat and diffusivity of mass. It is 
therefore used in dimensionless numbers which compare the ratio of the diffusivities. 

Fluidity 

The reciprocal of viscosity is fluidity, usually symbolized by φ = 1 / μ or F = 1 / μ, 
depending on the convention used, measured in reciprocal poise (cm·s·g−1), sometimes 
called the rhe. Fluidity is seldom used in engineering practice. 

The concept of fluidity can be used to determine the viscosity of an ideal solution. For 
two components a and b, the fluidity when a and b are mixed is 

 

which is only slightly simpler than the equivalent equation in terms of viscosity: 

 

where χa and χb is the mole fraction of component a and b respectively, and μa and μb are 
the components pure viscosities. 

Non-standard units 

The Reyn is a British unit of dynamic viscosity. 

Viscosity index is a measure for the change of kinematic viscosity with temperature. It is 
used to characterise lubricating oil in the automotive industry. 

At one time the petroleum industry relied on measuring kinematic viscosity by means of 
the Saybolt viscometer, and expressing kinematic viscosity in units of Saybolt Universal 
Seconds (SUS). Other abbreviations such as SSU (Saybolt Seconds Universal) or SUV 
(Saybolt Universal Viscosity) are sometimes used. Kinematic viscosity in centistoke can 
be converted from SUS according to the arithmetic and the reference table provided in 
ASTM D 2161. 
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Molecular origins 

 
 

Pitch has a viscosity approximately 230 billion (2.3×1011) times that of water. 

The viscosity of a system is determined by how molecules constituting the system 
interact. There are no simple but correct expressions for the viscosity of a fluid. The 
simplest exact expressions are the Green–Kubo relations for the linear shear viscosity or 
the Transient Time Correlation Function expressions derived by Evans and Morriss in 
1985. Although these expressions are each exact in order to calculate the viscosity of a 
dense fluid, using these relations requires the use of molecular dynamics computer 
simulations. 
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Gases 

Viscosity in gases arises principally from the molecular diffusion that transports 
momentum between layers of flow. The kinetic theory of gases allows accurate 
prediction of the behavior of gaseous viscosity. 

Within the regime where the theory is applicable: 

• Viscosity is independent of pressure and 
• Viscosity increases as temperature increases. 

James Clerk Maxwell published a famous paper in 1866 using the kinetic theory of gases 
to study gaseous viscosity. To understand why the viscosity is independent of pressure 
consider two adjacent boundary layers (A and B) moving with respect to each other. The 
internal friction (the viscosity) of the gas is determined by the probability a particle of 
layer A enters layer B with a corresponding transfer of momentum. Maxwell's 
calculations showed him that the viscosity coefficient is proportional to both the density, 
the mean free path and the mean velocity of the atoms. On the other hand, the mean free 
path is inversely proportional to the density. So an increase of pressure doesn't result in 
any change of the viscosity. 

Relation to mean free path of diffusing particles 

In relation to diffusion, the kinematic viscosity provides a better understanding of the 
behavior of mass transport of a dilute species. Viscosity is related to shear stress and the 
rate of shear in a fluid, which illustrates its dependence on the mean free path, λ, of the 
diffusing particles. 

From fluid mechanics, for a Newtonian fluid, the shear stress, τ, on a unit area moving 
parallel to itself, is found to be proportional to the rate of change of velocity with distance 
perpendicular to the unit area: 

 

for a unit area parallel to the x-z plane, moving along the x axis. We will derive this 
formula and show how μ is related to λ. 

Interpreting shear stress as the time rate of change of momentum, p, per unit area A (rate 
of momentum flux) of an arbitrary control surface gives 

 



_________________WORLD TECHNOLOGIES_________________

WT

where is the average velocity along x of fluid molecules hitting the unit area, with 
respect to the unit area. 

Further manipulation will show 

 

, assuming that molecules hitting the unit area come from all 
distances between 0 and λ (equally distributed), and that their average velocities 
change linearly with distance (always true for small enough λ). From this follows: 

 

where 

is the rate of fluid mass hitting the surface, 
ρ is the density of the fluid, 

ū is the average molecular speed ( ), 
μ is the dynamic viscosity. 

Effect of temperature on the viscosity of a gas 

Sutherland's formula can be used to derive the dynamic viscosity of an ideal gas as a 
function of the temperature: 

 

This in turn is equal to 

where which is a constant. 

in Sutherland's formula: 

• μ = dynamic viscosity in (Pa·s) at input temperature T, 
• μ0 = reference viscosity in (Pa·s) at reference temperature T0, 
• T = input temperature in kelvins, 
• T0 = reference temperature in kelvins, 
• C = Sutherland's constant for the gaseous material in question. 



_________________WORLD TECHNOLOGIES_________________

WT

Valid for temperatures between 0 < T < 555 K with an error due to pressure less than 
10% below 3.45 MPa. 

Sutherland's constant and reference temperature for some gases 

Gas 
C  

[K] 

T0  

[K] 

μ0  

[μPa s] 
air 120 291.15 18.27 
nitrogen 111 300.55 17.81 
oxygen 127 292.25 20.18 
carbon dioxide 240 293.15 14.8 
carbon monoxide 118 288.15 17.2 
hydrogen 72 293.85 8.76 
ammonia 370 293.15 9.82 
sulfur dioxide 416 293.65 12.54 
helium 79.4  273 19  

Viscosity of a dilute gas 

The Chapman-Enskog equation may be used to estimate viscosity for a dilute gas. This 
equation is based on a semi-theoretical assumption by Chapman and Enskog. The 
equation requires three empirically determined parameters: the collision diameter (σ), the 
maximum energy of attraction divided by the Boltzmann constant (є/к) and the collision 
integral (ω(T*)). 

 

with 

• T* = κT/ε — reduced temperature (dimensionless), 
• μ0 = viscosity for dilute gas (μPa.s), 
• M = molecular mass (g/mol), 
• T = temperature (K), 
• σ = the collision diameter (Å), 
• ε / κ = the maximum energy of attraction divided by the Boltzmann constant (K), 
• ωμ = the collision integral. 
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Liquids 

 
 

Three liquids with different Viscosities 

In liquids, the additional forces between molecules become important. This leads to an 
additional contribution to the shear stress though the exact mechanics of this are still 
controversial. Thus, in liquids: 

• Viscosity is independent of pressure (except at very high pressure); and 
• Viscosity tends to fall as temperature increases (for example, water viscosity goes 

from 1.79 cP to 0.28 cP in the temperature range from 0 °C to 100 °C. 
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The dynamic viscosities of liquids are typically several orders of magnitude higher than 
dynamic viscosities of gases. 

Viscosity of blends of liquids 

The viscosity of the blend of two or more liquids can be estimated using the Refutas 
equation. The calculation is carried out in three steps. 

The first step is to calculate the Viscosity Blending Number (VBN) (also called the 
Viscosity Blending Index) of each component of the blend: 

(1)    

where v is the kinematic viscosity in centistokes (cSt). It is important that the kinematic 
viscosity of each component of the blend be obtained at the same temperature. 

The next step is to calculate the VBN of the blend, using this equation: 

(2)    

where xX is the mass fraction of each component of the blend. 

Once the viscosity blending number of a blend has been calculated using equation (2), the 
final step is to determine the kinematic viscosity of the blend by solving equation (1) for 
v: 

(3)    

where VBNBlend is the viscosity blending number of the blend. 

Viscosity of selected substances 

The viscosity of air and water are by far the two most important materials for aviation 
aerodynamics and shipping fluid dynamics. Temperature plays the main role in 
determining viscosity. 
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Viscosity of air 

 
 
Pressure dependence of the dynamic viscosity of dry air at the temperatures of 300, 400 
and 500 K 

The viscosity of air depends mostly on the temperature. At 15.0 °C, the viscosity of air is 
1.78×10−5 kg/(m·s), 17.8 μPa.s or 1.78×10−5 Pa.s.. One can get the viscosity of air as a 
function of temperature from the Gas Viscosity Calculator 
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Viscosity of water 

 
 

Dynamic Viscosity of Water 

The dynamic viscosity of water is 8.90 × 10−4 Pa·s or 8.90 × 10−3 dyn·s/cm2 or 0.890 cP 
at about 25 °C. 
Water has a viscosity of 0.0091 poise at 25 °C, or 1 centipoise at 20 °C. 
As a function of temperature T (K): (Pa·s) = A × 10B/(T−C) 
where A=2.414 × 10−5 Pa·s ; B = 247.8 K ; and C = 140 K. 

Viscosity of liquid water at different temperatures up to the normal boiling point is listed 
below. 

Temperature  

[°C] 

Viscosity  

[mPa·s] 
10 1.308 
20 1.002 
30 0.7978 
40 0.6531 
50 0.5471 
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60 0.4668 
70 0.4044 
80 0.3550 
90 0.3150 
100 0.2822 

Viscosity of various materials 

 
 
Example of the viscosity of milk and water. Liquids with higher viscosities will not make 
such a splash when poured at the same velocity. 
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Honey being drizzled. 

 



_________________WORLD TECHNOLOGIES_________________

WT  
 

Peanut butter is a semi-solid and can therefore hold peaks. 

Some dynamic viscosities of Newtonian fluids are listed below: 

Viscosity of selected gases at 100 kPa, [μPa·s] 
Gas at 0 °C (273 K) at 27 °C (300 K) 

air 17.4 18.6 
hydrogen 8.4 9.0 
helium  20.0 
argon  22.9 
xenon 21.2 23.2 
carbon dioxide  15.0 
methane  11.2 
ethane  9.5 

 

Viscosity of liquids at 25 °C 
Liquid (): Viscosity  Viscosity  
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[Pa·s] [cP=mPa·s] 
acetone 3.06×10−4 0.306 
benzene 6.04×10−4 0.604 
blood (37 
°C) (3–4)×10−3 3–4 

castor oil 0.985 985 
corn syrup 1.3806 1380.6 
ethanol 1.074×10−3 1.074 
ethylene 
glycol 1.61×10−2 16.1 

glycerol 1.2 (at 20 
°C) 1200 

HFO-380 2.022 2022 
mercury 1.526×10−3 1.526 
methanol 5.44×10−4 0.544 
Motor oil 
SAE 10 (20 
°C) 

0.065 65 

Motor oil 
SAE 40 (20 
°C) 

0.319 319 

nitrobenzene 1.863×10−3 1.863 
liquid 
nitrogen @ 
77K 

1.58×10−4 0.158 

propanol 1.945×10−3 1.945 
olive oil .081 81 
pitch 2.3e8 2.3e11 
quark–gluon 
plasma 5e11 5e14 

sulfuric acid 2.42×10−2 24.2 
water 8.94×10−4 0.894 
 
Viscosity of fluids with variable compositions 

Fluid 
Viscosity  

[Pa·s] 

Viscosity  

[cP] 
honey 2–10 2,000–10,000 
molasses 5–10 5,000–10,000 
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molten glass 10–1,000 10,000–1,000,000 
chocolate syrup 10–25 10,000–25,000 
molten chocolate* 45–130  45,000–130,000 
ketchup* 50–100 50,000–100,000 
peanut butter* c. 250 c. 250,000 
shortening* c. 250 250,000 

* These materials are highly non-Newtonian. 

Viscosity of solids 

On the basis that all solids such as granite flow to a small extent in response to small 
shear stress, some researchers have contended that substances known as amorphous 
solids, such as glass and many polymers, may be considered to have viscosity. This has 
led some to the view that solids are simply "liquids" with a very high viscosity, typically 
greater than 1012 Pa·s. This position is often adopted by supporters of the widely held 
misconception that glass flow can be observed in old buildings. This distortion is the 
result of the undeveloped glass making process of earlier eras, and not due to the 
viscosity of glass. 

However, others argue that solids are, in general, elastic for small stresses while fluids 
are not. Even if solids flow at higher stresses, they are characterized by their low-stress 
behavior. This distinction is muddled if measurements are continued over long time 
periods, such as the Pitch drop experiment. Viscosity may be an appropriate characteristic 
for solids in a plastic regime. The situation becomes somewhat confused as the term 
viscosity is sometimes used for solid materials, for example Maxwell materials, to 
describe the relationship between stress and the rate of change of strain, rather than rate 
of shear. 

These distinctions may be largely resolved by considering the constitutive equations of 
the material in question, which take into account both its viscous and elastic behaviors. 
Materials for which both their viscosity and their elasticity are important in a particular 
range of deformation and deformation rate are called viscoelastic. In geology, earth 
materials that exhibit viscous deformation at least three times greater than their elastic 
deformation are sometimes called rheids. 
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Viscosity of amorphous materials 

 
 

Common glass viscosity curves. 

Viscous flow in amorphous materials (e.g. in glasses and melts) is a thermally activated 
process: 

 

where Q is activation energy, T is temperature, R is the molar gas constant and A is 
approximately a constant. 

The viscous flow in amorphous materials is characterized by a deviation from the 
Arrhenius-type behavior: Q changes from a high value QH at low temperatures (in the 
glassy state) to a low value QL at high temperatures (in the liquid state). Depending on 
this change, amorphous materials are classified as either 

• strong when: QH − QL < QL or 
• fragile when: QH − QL ≥ QL. 

The fragility of amorphous materials is numerically characterized by the Doremus’ 
fragility ratio: 
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and strong material have RD < 2 whereas fragile materials have RD ≥ 2. 

The viscosity of amorphous materials is quite exactly described by a two-exponential 
equation: 

 

with constants A1, A2, B, C and D related to thermodynamic parameters of joining bonds 
of an amorphous material. 

Not very far from the glass transition temperature, Tg, this equation can be approximated 
by a Vogel-Fulcher-Tammann (VFT) equation. 

If the temperature is significantly lower than the glass transition temperature, T < Tg, then 
the two-exponential equation simplifies to an Arrhenius type equation: 

 

with: 

 

where Hd is the enthalpy of formation of broken bonds (termed configuron s) and Hm is 
the enthalpy of their motion. When the temperature is less than the glass transition 
temperature, T < Tg, the activation energy of viscosity is high because the amorphous 
materials are in the glassy state and most of their joining bonds are intact. 

If the temperature is highly above the glass transition temperature, T > Tg, the two-
exponential equation also simplifies to an Arrhenius type equation: 

 

with: 

 

When the temperature is higher than the glass transition temperature, T > Tg, the 
activation energy of viscosity is low because amorphous materials are melt and have 
most of their joining bonds broken which facilitates flow. 
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Eddy viscosity 

In the study of turbulence in fluids, a common practical strategy for calculation is to 
ignore the small-scale vortices (or eddies) in the motion and to calculate a large-scale 
motion with an eddy viscosity that characterizes the transport and dissipation of energy in 
the smaller-scale flow. Values of eddy viscosity used in modeling ocean circulation may 
be from 5x104 to 106 Pa·s depending upon the resolution of the numerical grid. 

The linear viscous stress tensor 

Viscous forces in a fluid are a function of the rate at which the fluid velocity is changing 
over distance. The velocity at any point r is specified by the velocity field v(r). The 
velocity at a small distance dr from point r may be written as a Taylor series: 

 

where dv / dr is shorthand for the dyadic product of the del operator and the velocity: 

 

This is just the Jacobian of the velocity field. 

Viscous forces are the result of relative motion between elements of the fluid, and so are 
expressible as a function of the velocity field. In other words, the forces at r are a 
function of v(r) and all derivatives of v(r) at that point. In the case of linear viscosity, the 
viscous force will be a function of the Jacobian tensor alone. For almost all practical 
situations, the linear approximation is sufficient. 

If we represent x, y, and z by indices 1, 2, and 3 respectively, the i,j component of the 
Jacobian may be written as ∂i vj where ∂i is shorthand for ∂/∂xi. Note that when the first 
and higher derivative terms are zero, the velocity of all fluid elements is parallel, and 
there are no viscous forces. 

Any matrix may be written as the sum of an antisymmetric matrix and a symmetric 
matrix, and this decomposition is independent of coordinate system, and so has physical 
significance. The velocity field may be approximated as: 
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where Einstein notation is now being used in which repeated indices in a product are 
implicitly summed. The second term from the right is the asymmetric part of the first 
derivative term, and it represents a rigid rotation of the fluid about r with angular velocity 
ω where: 

 

For such a rigid rotation, there is no change in the relative positions of the fluid elements, 
and so there is no viscous force associated with this term. The remaining symmetric term 
is responsible for the viscous forces in the fluid. Assuming the fluid is isotropic (i.e. its 
properties are the same in all directions), then the most general way that the symmetric 
term (the rate-of-strain tensor) can be broken down in a coordinate-independent (and 
therefore physically real) way is as the sum of a constant tensor (the rate-of-expansion 
tensor) and a traceless symmetric tensor (the rate-of-shear tensor): 

 

where δij is the unit tensor. The most general linear relationship between the stress tensor 
σ and the rate-of-strain tensor is then a linear combination of these two tensors: 

 

where ς is the coefficient of bulk viscosity (or "second viscosity") and μ is the coefficient 
of (shear) viscosity. 

The forces in the fluid are due to the velocities of the individual molecules. The velocity 
of a molecule may be thought of as the sum of the fluid velocity and the thermal velocity. 
The viscous stress tensor described above gives the force due to the fluid velocity only. 
The force on an area element in the fluid due to the thermal velocities of the molecules is 
just the hydrostatic pressure. This pressure term (−p δij) must be added to the viscous 
stress tensor to obtain the total stress tensor for the fluid. 

 

The infinitesimal force dFi on an infinitesimal area dAi is then given by the usual 
relationship: 
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Chapter- 6 

Compressible Flow 

 

 

 
Compressible flow is the area of fluid mechanics that deals with fluids in which the fluid 
density varies significantly in response to a change in pressure. Compressibility effects 
are typically considered significant if the Mach number (the ratio of the flow velocity to 
the local speed of sound) of the flow exceeds 0.3, or if the fluid undergoes very large 
pressure changes. The most distinct differences between the compressible and 
incompressible flow models are that the compressible flow model allows for the 
existence of shock waves and choked flow. 

Definition 

Compressible flow describes the behaviour of fluids that experience significant variations 
in density. For flows in which the density does not vary significantly, the analysis of the 
behaviour of such flows may be simplified greatly by assuming a constant density. This 
is an idealization, which leads to the theory of incompressible flow. However, in the 
many cases dealing with gases (especially at higher velocities) and those cases dealing 
with liquids with large pressure changes, the significant variations in density can occur, 
and the flow should be analysed as a compressible flow if accurate results are to be 
obtained. 

Allowing for a change in density brings an additional variable into the analysis. In 
contrast to incompressible flows, which can usually be solved by considering only the 
equations from conservation of mass and conservation of momentum. Usually, the 
principle of conservation of energy is included. However, this introduces another variable 
(temperature), and so a fourth equation (such as the ideal gas equation) is required to 
relate the temperature to the other thermodynamic properties in order to fully describe the 
flow. 

When defining what is meant by a compressible flow, it is useful to compare the density 
to a reference value, such as the stagnation density, ρ0, which is the density of the fluid if 
it were to be slowed down isentropically to stationary. As a general rule of thumb, if the 
change in density relative to the stagnation density is greater than 5%, then the fluid 
should be analysed as a compressible flow. For an ideal gas with a ratio of specific heats 
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of 1.4, this occurs at a Mach number greater than approximately 0.3. Below this value, 
however, whether or not a specific case should be treated as compressible or 
incompressible depends largely on the level of accuracy that is required . 

Compressible Flow Phenomena 

Two of the most distinctive phenomena which occur in compressible are the possibility 
of choked flow and the presence of acoustic waves, which may also be referred to as 
either compression or expansion waves, depending on whether the lead to an increase or 
decrease in pressure. 

Shock Waves 

Shock waves are one of the most common examples of compressible flow phenomena. A 
shock is characterised by a discontinuous change in the thermodynamic properties. In one 
dimensional flows, shock waves can form when a series of compression waves coalesce, 
or when a membrane separating two regions of differing pressure is suddenly removed. 
This is the technique often used to produce shock waves in shock tubes. 

In two and three dimensional supersonic flows, oblique shock waves occur as a result of a 
change in direction of the flow. A classic example of these shock waves are those shock 
waves that form off the nose of a supersonic aircraft. 

Aerodynamics 

Aerodynamics is a subfield of fluid dynamics and gas dynamics, and is primarily 
concerned with obtaining the forces that air exerts on an object. For Mach numbers 
greater than about 0.3, density changes are significant, and the flow should be considered 
compressible for an accurate representation of reality. 

Subsonic Aerodynamics 

Due to the complexities of compressible flow theory, it is often easier to calculate the 
incompressible flow characteristics first, and then employ a correction factor to obtain the 
actual flow properties. Several correction factors exist with varying degrees of 
complexity and accuracy. 

Prandtl–Glauert transformation 

The Prandtl-Glauert transformation is found by linearizing the potential equations 
associated with compressible, inviscid flow. The Prandtl–Glauert transformation or 
Prandtl–Glauert rule (also Prandtl–Glauert–Ackeret rule) is an approximation function 
which allows comparison of aerodynamical processes occurring at different Mach 
numbers. It was discovered that the linearized pressures in such a flow were equal to 
those found from incompressible flow theory multiplied by a correction factor. This 
correction factor is given below. : 
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where 

• cp is the compressible pressure coefficient 
• cp0 is the incompressible pressure coefficient 
• M is the Mach number. 

This correction factor works well for all Mach numbers between 0.3 and 0.7. It should be 
noted that since this correction factor is derived from linearized equations, the pressures 
calculated is always less in magnitude than the actual pressures within the fluid. 

Karman-Tsien correction factor 

The Karman-Tsien transformation is a nonlinear correction factor to find the pressure 
coefficient of a compressible, inviscid flow. It is an empirically derived correction factor 
that tends to slightly overestimate the magnitude of the fluid's pressure. In order to 
employ this correction factor, the incompressible, inviscid fluid pressure must be known 
from previous investigation. 

 

where 

• cp is the compressible pressure coefficient 
• cp0 is the incompressible pressure coefficient 
• M is the Mach number. 

This correction factor is valid for M<0.8. 

Supersonic Aerodynamics 

As with subsonic aerodynamics, a compressibility correction factor can be derived by 
linearising the governing equations. The supersonic correction factor is similar to the 
Prandtl-Glauert transformation, but the terms under the square root sign are reversed. 

 

where 

• cp is the compressible pressure coefficient 
• cp0 is the incompressible pressure coefficient 
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• M is the Mach number. 

This is considered a valid approximation for Mach numbers greater than 1.3. 

Transonic Aerodynamics 

Transonic flow typically occurs in flows with Mach numbers between 0.8 and 1.2. Under 
these conditions, some of the flow is supersonic and some is subsonic. At these 
velocities, the correction factors derived using linearized theory breaks down due to a 
singularity that occurs at a Mach number of 1. In addition, severe instabilities caused by 
the formation of local shock waves and the existence of of both subsonic and supersonic 
flow (which behave completely differently) makes the solution of the governing 
equations rather difficult. However, the analysis of compressible flows in the transonic 
regime has led to some developments which help reduce the increases in drag caused by 
compressibility effects, including the use of swept wings and the Whitcomb area rule. 

Internal Flows 

If the flow of a fluid the fluid is confined by a surface, it is referred to as an internal flow. 
This includes the flow of fluids through pipes and ducts, and often arise in industrial and 
manufacturing processes, and is vital in the analysis of propulsion systems. 

One example is in die casting or injection molding processes. This involves injecting a 
liquid material (such as a thermosetting plastic for injection molding or molten metal for 
die casting) at very high pressures into a cavity. The air that is already in the cavity is 
displaced very rapidly, and compressibility needs to be considered in the design of the die 
if problems with air entrapment are to be avoided. 

Effect of area changes 

Compressible flows play a big role in determining the behaviour of nozzles. Subsonic and 
supersonic flow react differently to changes in cross sectional area. While subsonic flow 
flowing through a converging duct (narrowing down from a wide diameter to a smaller 
diameter in the direction of the flow) will experience an increase in velocity, a supersonic 
flow through an identical duct will experience a decrease in velocity. In general, flow 
through a converging nozzle will always tend towards Mach 1. If the area convergence is 
great enough that the sound speed is reached, a phenomenon known as "choking" occurs. 
In this case, the flow is choked, and either the flow rate of the fluid entering the pipe is 
limited, or shock waves form in the nozzle such that the Mach number at the point of 
minimum area (called the throat) remains unity. Similarly, subsonic flow through a 
diverging nozzle will always be slowed, and supersonic flow will accelerate. The Mach 
number of the flow can be directly related to the area by the relation 
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where A and M are the area and Mach number at a point in the nozzle, γ is the ratio of 
specific heats, and A * is the area that would cause the flow velocity to reach a Mach 
number of 1 (i.e. the area at the throat, provided that the nozzle is choked). 

Thus, for a subsonic flow to be accelerated to supersonic velocities, the nozzle needs to 
have a converging section in which the flow is subsonic, a throat, at which the flow 
velocity is the local speed of sound, and a diverging section with supersonic flow. Such 
an arrangement is called a de Laval nozzle, and is commonly used in propulsion systems 
such as rocket and supersonic jet engines. 

Note that Mach 1 can be a very high speed for a hot gas, since the speed of sound varies 
as the square root of absolute temperature. Thus the speed reached at a nozzle throat can 
be far higher than the speed of sound under standard atmospheric conditions. This fact is 
used extensively in rocketry where hypersonic flows are required, and where propellant 
mixtures are deliberately chosen to further increase the sonic speed. 

Effect of friction 

Friction has a similar effect as an area change on compressible flow. In a pipe of constant 
cross sectional area in which the walls exert a frictional force on the flow, the flow 
velocity will tend toward the speed of sound. In other words, subsonic flow through a 
pipe with friction will accelerate, and supersonic flow will decelerate. If the pipe length is 
long enough that the flow velocity would pass through unity, then the flow chokes such 
that the flow exiting the pipe is at Mach 1. As with the nozzle, this is achieved either 
through the flow rate at the inlet being limited, or the formation of shock waves in the 
pipe (for supersonic flows). For the adiabatic flow of an ideal gas model, the effects of 
friction may be calculated using the Fanno flow model. For a constant friction factor, the 
model is given by 

 

 

where f is the Fanning friction factor, L * is the required pipe length passed the point 
being considered that would result in the flow choking, and Dh is the hydraulic diameter 
of the pipe. 
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Effect of heat transfer 

Adding heat to a fluid flowing at subsonic velocities in a pipe will cause the flow to 
accelerate, and adding heat to supersonic flow in a pipe will cause the flow to decelerate. 
As with the cases of friction and area change discussed above, adding more heat than that 
required to reach a Mach number of 1 will result in the flow choking. 

For an ideal gas in a constant area pipe, the effect of heat addition to the pipe may be 
calculated using the Rayleigh flow model, which describes how the Mach number varies 
with changes in the stagnation temperature. The stagnation temperature at a point is the 
temperature that the fluid would reach if it were to be slowed isentropically to stationary. 
As heat is added to the system, the stagnation temperature increases. The Rayleigh flow 
model is given by 

 

where T0 and represent the stagnation temperatures at the point under consideration, 
and at the point at which the Mach number is 1 respectively. 

Shock Tubes 

In addition to measurements of rates of chemical kinetics, shock tubes have been used to 
measure dissociation energies and molecular relaxation rates, investigate shock wave 
behaviour, and they have been used in aerodynamic tests. The fluid flow in the driven gas 
(the gas behind the shock wave) can be used much as a wind tunnel, allowing higher 
temperatures and pressures replicating the conditions in the turbine sections of jet 
engines. However, test times are limited to a few milliseconds, either by the arrival of the 
contact surface or the reflected shock wave. 

They have been further developed into shock tunnels, with an added nozzle and dump 
tank. The resultant high temperature hypersonic flow can be used to simulate atmospheric 
re-entry of spacecraft or hypersonic craft, again with limited testing times. 
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Chapter- 7 

Incompressible Flow 

 

 

 
In fluid mechanics or more generally continuum mechanics, incompressible (isochoric) 
flow refers to flow in which the material density is constant within an infinitesimal 
volume that moves with the velocity of the fluid. An equivalent statement that implies 
incompressible flow is that the divergence of the fluid velocity is zero. 

Incompressible flow does not imply that the fluid itself is compressible. It is shown in the 
derivation below that even compressible fluids can undergo incompressible flow. 
Incompressible fluids must have a constant density everywhere, while incompressible 
flow only requires that the density remain constant within a parcel of fluid which moves 
with the fluid velocity. 

Derivation 

The fundamental requirement for incompressible flow is that the density, ρ, is constant 
within an infinitesimal volume, dV, which moves at the velocity of the fluid, v. 
Mathematically, this constraint implies that the material derivative (discussed below) of 
the density must vanish to ensure incompressible flow. Before introducing this constraint, 
we must apply the conservation of mass to generate the necessary relations. The mass is 
calculated by a volume integral of the density, ρ: 

. 

The conservation of mass requires that the time derivative of the mass inside a control 
volume be equal to the mass flux, J, across its boundaries. Mathematically, we can 
represent this constraint in terms of a surface integral: 

. 
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The negative sign in the above expression ensures that outward flow results in a decrease 
in the mass with respect to time, using the convention that the surface area vector points 
outward. Now, using the divergence theorem we can derive the relationship between the 
flux and the partial time derivative of the density: 

, 

therefore: 

. 

The partial derivative of the density with respect to time need not vanish to ensure 
incompressible flow. When we speak of the partial derivative of the density with respect 
to time, we are referring to this rate of change within a control volume of fixed position. 
By allowing the partial time derivative of the density to be non-zero, we are not 
restricting ourselves to incompressible fluids because the density is allowed to change as 
observed from a fixed position as fluid flows through the control volume. This approach 
maintains generality, and not requiring that the partial time derivative of the density 
vanishes illustrates that compressible fluids can still undergo incompressible flow. What 
we are interested in now is the change in density of a control volume which moves along 
with the fluid velocity, v. The flux is related to the fluid velocity through the following 
function: 

. 

So that the conservation of mass implies that: 

. 

The previous relation (where we have used the appropriate product rule) is known as the 
continuity equation. Now, we need the following relation about the total derivative of the 
density (where we apply the chain rule): 

. 

So if we choose a control volume that is moving at the same rate as the fluid (i.e. 
(dx/dt,dy/dt,dz/dt)=v), then this expression simplifies to the material derivative: 



_________________WORLD TECHNOLOGIES_________________

WT

. 

And so using the continuity equation derived above, we see that: 

. 

A change in the density over time would imply that the fluid had either compressed or 
expanded (or that the mass contained in our constant volume, dV, had changed), which 
we have prohibited. We must then require that the material derivative of the density 
vanishes, and equivalently (for non-zero density) so must the divergence of the fluid 
velocity: 

. 

And so beginning with the conservation of mass and the constraint that the density within 
a moving volume of fluid remains constant, it has been shown that an equivalent 
condition required for incompressible flow is that the divergence of the fluid velocity 
vanishes. 

Relation to compressibility factor 

In some fields, a measure of the incompressibility of a flow is the change in density as a 
result of the pressure variations. This is best expressed in terms of the compressibility 
factor 

 

If the compressibility factor is acceptably small, the flow is considered to be 
incompressible. 

Relation to solenoidal field 

An incompressible flow is described by a velocity field which is solenoidal. But a 
solenoidal field, besides having a zero divergence, also has the additional connotation of 
having non-zero curl (i.e., rotational component). 

Otherwise, if an incompressible flow also has a curl of zero, so that it is also irrotational, 
then the velocity field is actually Laplacian. 
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Difference between incompressible flow and material 

As defined earlier, an incompressible (isochoric) flow is the one in which 

. 

This is equivalent to saying that 

 

i.e. the material derivative of the density is zero. Thus if we follow a material element, its 
mass density will remain constant. Note that the material derivative consists of two terms. 

The first term describes how the density of the material element changes with time. 
This term is also known as the unsteady term. The second term, describes the 
changes in the density as the material element moves from one point to another. This is 
the convection or the advection term. For a flow to be incompressible the sum of these 
terms should be zero. 

On the other hand, a homogeneous, incompressible material is defined as one which 
has constant density throughout. For such a material, ρ = constant. This implies that, 

and 
independently. 

From the continuity equation it follows that 

 

Thus homogeneous materials always undergo flow that is incompressible, but the 
converse is not true. 

It is common to find references where the author mentions incompressible flow and 
assumes that density is constant. Even though this is technically incorrect, it is an 
accepted practice. One of the advantages of using the incompressible material assumption 
over the incompressible flow assumption is in the momentum equation where the 

kinematic viscosity ( ) can be assumed to be constant. The subtlety above is 
frequently a source of confusion. Therefore many people prefer to refer explicitly to 
incompressible materials or isochoric flow when being descriptive about the mechanics. 
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Related flow constraints 

In fluid dynamics, a flow is considered to be incompressible if the divergence of the 
velocity is zero. However, related formulations can sometimes be used, depending on the 
flow system to be modelled. Some versions are described below: 

1. Incompressible flow: . This can assume either constant density (strict 
incompressible) or varying density flow. The varying density set accepts solutions 
involving small perturbations in density, pressure and/or temperature fields, and 
can allow for pressure stratification in the domain. 

2. Anelastic flow: . Principally used in the field of atmospheric 
sciences, the anelastic constraint extend incompressible flow validity to stratified 
density and/or temperature as well as pressure. This allow the thermodynamic 
variables to relax to an 'atmospheric' base state seen in the lower atmosphere 
when used in the field of meteorology, for example. This condition can also be 
used for various astrophysical systems. 

3. Low Mach-number flow / Pseudo-incompressibility: . The low 
Mach-number constraint can be derived from the compressible Euler equations 
using scale analysis of non-dimensional quantities. The restraint, like the previous 
in this section, allows for the removal of acoustic waves, but also allows for large 
perturbations in density and/or temperature. The assumption is that the flow 
remains within a Mach number limit (normally less than 0.3) for any solution 
using such a constraint to be valid. Again, in accordance with all incompressible 
flows the pressure deviation must be small in comparison to the pressure base 
state. 

These methods make differing assumptions about the flow, but all take into account the 
general form of the constraint for general flow dependent functions α 
and β. 

Numerical approximations of incompressible flow 

The stringent nature of the incompressible flow equations means that specific 
mathematical techniques have been devised to solve them. Some of these methods 
include: 

1. The projection method (both approximate and exact) 
2. Artificial compressibility technique (approximate) 
3. Compressibility pre-conditioning 



_________________WORLD TECHNOLOGIES_________________

WT

Chapter- 8 

Rayleigh Number 

 

 
 

In fluid mechanics, the Rayleigh number for a fluid is a dimensionless number 
associated with buoyancy driven flow (also known as free convection or natural 
convection). When the Rayleigh number is below the critical value for that fluid, heat 
transfer is primarily in the form of conduction; when it exceeds the critical value, heat 
transfer is primarily in the form of convection. 

The Rayleigh number is named after Lord Rayleigh and is defined as the product of the 
Grashof number, which describes the relationship between buoyancy and viscosity within 
a fluid, and the Prandtl number, which describes the relationship between momentum 
diffusivity and thermal diffusivity. Hence the Rayleigh number itself may also be viewed 
as the ratio of buoyancy forces and (the product of) thermal and momentum diffusivities. 

For free convection near a vertical wall, this number is 

 

where 

• x = Characteristic length (in this case, the distance from the leading edge) 
• Rax = Rayleigh number at position x 
• Grx = Grashof number at position x 
• Pr = Prandtl number 
• g = acceleration due to gravity 
• Ts = Surface temperature (temperature of the wall) 
• T∞ = Quiescent temperature (fluid temperature far from the surface of the object) 
• ν = Kinematic viscosity 
• α = Thermal diffusivity 
• β = Thermal expansion coefficient 

In the above, the fluid properties Pr, ν, α and β are evaluated at the film temperature, 
which is defined as 
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For most engineering purposes, the Rayleigh number is large, somewhere around 106 and 
108. 

In geophysics the Rayleigh number is of fundamental importance: it indicates the 
presence and strength of convection within a fluid body such as the Earth's mantle. The 
mantle is a solid that behaves as a fluid over geological time scales. The Rayleigh number 
for the Earth's mantle, due to internal heating alone, RaH is given by 

 

where H is the rate of radiogenic heat production, k is the thermal conductivity, and D is 
the depth of the mantle. 

A Rayleigh number for bottom heating of the mantle from the core, RaT can also be 
defined: 

 Where ΔTsa is the superadiabatic temperature difference 
between the reference mantle temperature and the Core–mantle boundary and c is the 
specific heat capacity, which is a function of both pressure and temperature. 

 
High values for the Earth's mantle indicates that convection within the Earth is vigorous 
and time-varying, and that convection is responsible for almost all the heat transported 
from the deep interior to the surface. 
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Chapter- 9 

Shell Balance and Simple Shear 

 

 

 
Shell balance 
In fluid mechanics, it may be necessary to determine how a fluid velocity changes across 
the flow. This can be done with a shell balance. 

A shell is a differential element of the flow. By looking at the momentum and forces on 
one small portion, it is possible to integrate over the flow to see the larger picture of the 
flow as a whole. The balance is determining what goes into and out of the shell. 
Momentum enters and leaves the shell through fluid entering and leaving the shell and 
through shear stress. In addition, there are pressure and gravity forces on the shell. The 
goal of a shell balance is to determine the velocity profile of the flow. The velocity 
profile is an equation to calculate the velocity based on a specific location in the flow. 
From this, it is possible to find a velocity for any point across the flow. 

Applications 

Shell Balances can be used for many situations. For example, flow in a pipe, flow of 
multiple fluids around each other, or flow due to pressure difference. Although terms in 
the shell balance and boundary conditions will change, the basic set up and process is the 
same. This system is useful to analyze any fluid flow that holds true for the requirements 
listed below. 

Requirements 

In order for a shell balance to work, the flow must: 

1. Be laminar flow 
2. Be without bends or curves in the flow 
3. Steady State 
4. Have two boundary conditions 
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Boundary Conditions are used to find constants of integration. 

1. Fluid - Solid Boundary: No-slip condition , the velocity of a liquid at a solid is 
equal to the velocity of the solid 

2. Liquid - Gas Boundary: Shear Stress = 0 
3. Liquid - Liquid Boundary: Equal velocity and shear stress on both liquids 

Performing shell balances 

The following is an outline of how to perform a basic shell balance. 
If fluid is flowing between two horizontal surfaces, each with area A touching the fluid, a 
differential shell of height Δy can be drawn between the them as shown in the diagram 
below. 

 

In this example, the top surface is moving at velocity U and the bottom surface is 
stationary 
density of fluid = ρ 
viscosity of fluid = μ 
velocity in x direction = Vx , shown by the diagonal line above. This is what a shell 
balance is solving for. 

Conservation of Momentum is the Key of a Shell Balance 

rate of momentum in - rate of momentum out + sum of all forces = 0 

To perform a shell balance, follow the following basic steps: 

1. Find Momentum from Shear Stress 

(Momentum from Shear Stress Into System) - (Momentum from Shear Stress Out of 
System) 

Momentum from Shear Stress goes into the shell at y and leaves the system at y + Δy. 

Shear stress = τyx, area = A, momentum = τyxA 

2. Find momentum from flow 
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Momentum flows into the system at x = 0 and out at x = L 

The flow is steady state. Therefore, the momentum flow at x = 0 is equal to the moment 
of flow at x = L. Therefore, these cancel out. 

3. Find gravity force on the shell 

4. Find pressure forces 

5. Plug into conservation of momentum and solve for τyx 

6. Apply Newton's law of viscosity for a Newtonian fluid 

τyx = -μ(dVx/dy) 

7. Integrate to find equation for velocity and use Boundary Conditions to find constants 
of integration 

Boundary 1: Top Surface: y = 0 and Vx = U 

Boundary 2: Bottom Surface: y = D and Vx = 0 

For examples of performing shell balances, visit the resourses listed below. 

 
Simple shear 

 
Simple shear 
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In fluid mechanics, simple shear is a special case of deformation where only one 
component of velocity vectors has a non-zero value: 

 

 

And the gradient of velocity is constant and perpendicular to the velocity itself: 

, 

where is the shear rate and: 

 

The deformation gradient tensor Γ for this deformation has only one non-zero term: 

 

Simple shear with the rate is the combination of pure shear strain with the rate of and 

rotation with the rate of : 

 

Important examples of simple shear include laminar flow through long channels of 
constant cross-section (Poiseuille flow), and elastomeric bearing pads in base isolation 
systems to allow critical buildings to survive earthquakes undamaged. 
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Simple shear in solid mechanics 

In solid mechanics, a simple shear deformation is defined as an isochoric plane 
deformation in which there are a set of line elements with a given reference orientation 
that do not change length and orientation during the deformation. 

If is the fixed reference orientation in which line elements do not deform during the 
deformation and is the plane of deformation, then the deformation gradient in 
simple shear can be expressed as 

 

We can also write the deformation gradient as 
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