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Chapter 1

Continuum Mechanics

Continuum mechanics is a branch of mechanics that deals with the analysis of the
kinematics and the mechanical behavior of materials modeled as a continuous mass rather
than as discrete particles. The French mathematician Augustin Louis Cauchy was the first
to formulate such models in the 19th century, but research in the area continues today.

Modeling an object as a continuum assumes that the substance of the object completely
fills the space it occupies. Modeling objects in this way ignores the fact that matter is
made of atoms, and so is not continuous; however, on length scales much greater than
that of inter-atomic distances, such models are highly accurate. Fundamental physical
laws such as the conservation of mass, the conservation of momentum, and the
conservation of energy may be applied to such models to derive differential equations
describing the behavior of such objects, and some information about the particular
material studied is added through a constitutive relation.

Continuum mechanics deals with physical properties of solids and fluids which are
independent of any particular coordinate system in which they are observed. These
physical properties are then represented by tensors, which are mathematical objects that
have the required property of being independent of coordinate system. These tensors can
be expressed in coordinate systems for computational convenience.

The concept of a continuum

Materials, such as solids, liquids and gases, are composed of molecules separated by
empty space. On a macroscopic scale, materials have cracks and discontinuities.
However, certain physical phenomena can be modeled assuming the materials exist as a
continuum, meaning the matter in the body is continuously distributed and fills the
entire region of space it occupies. A continuum is a body that can be continually sub-
divided into infinitesimal elements with properties being those of the bulk material.
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The validity of the continuum assumption may be verified by a theoretical analysis, in
which either some clear periodicity is identified or statistical homogeneity and ergodicity
of the microstructure exists. More specifically, the continuum hypothesis/assumption
hinges on the concepts of a representative volume element (RVE) (sometimes called
"representative elementary volume") and separation of scales based on the Hill-Mandel
condition. This condition provides a link between an experimentalist's and a theoretician's
viewpoint on constitutive equations (linear and nonlinear elastic/inelastic or coupled
fields) as well as a way of spatial and statistical averaging of the microstructure.

When the separation of scales does not hold, or when one wants to establish a continuum
of a finer resolution than that of the RVE size, one employs a statistical volume element
(SVE), which, in turn, leads to random continuum fields. The latter then provide a
micromechanics basis for stochastic finite elements (SFE). The levels of SVE and RVE
link continuum mechanics to statistical mechanics. The RVE may be assessed only in a
limited way via experimental testing: when the constitutive response becomes spatially
homogeneous.

Specifically for fluids, the Knudsen number is used to assess to what extent the
approximation of continuity can be made.

Mayjor areas of continuum mechanics

Elasticity
Describes materials that return to their rest shape
Solid mechanics after an applied stress.
The study of the physics Plasticity
Continuum Of continuous materials  Degcribes materials that
mechanics with a defined rest shape. permanently deform Rheology
The study of the after a sufficient applied |The study of materials
physics of stress. with both solid and
i i . . . fluid characteristics.
continuous materials gy, mechanics Non-Newtonian

The study of the physics  |fluids
of continuous materials
which take the shape of
their container.

Newtonian fluids
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Formulation of models

Ki(B)

Figure 1. Configuration of a continuum body

Continuum mechanics models begin by assigning a region in three dimensional
Euclidean space to the material body Bbeing modeled. The points within this region are
called particles or material points. Different configurations or states of the body
correspond to different regions in Euclidean space. The region corresponding to the

body's configuration at time Tis labeled Hf(B )

A particular particle within the body in a particular configuration is characterized by a
position vector

3
X =) xe
i=1 s
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where €iare the coordinate vectors in some frame of reference chosen for the problem.
This vector can be expressed as a function of the particle position Xin some reference
configuration, for example the configuration at the initial time, so that

x = K¢ (X)

This function needs to have various properties so that the model makes physical sense.
Fe(* Jneeds to be:

e continuous in time, so that the body changes in a way which is realistic,

o globally invertible at all times, so that the body cannot intersect itself,

e orientation-preserving, as transformations which produce mirror reflections are
not possible in nature.

For the mathematical formulation of the model, v ( ')is also assumed to be twice
continuously differentiable, so that differential equations describing the motion may be
formulated.

Forces in a continuum

Continuum mechanics deals with deformable bodies, as opposed to rigid bodies. A solid
is a deformable body that possesses shear strength, sc. a solid can support shear forces
(forces parallel to the material surface on which they act). Fluids, on the other hand, do
not sustain shear forces. For the study of the mechanical behavior of solids and fluids
these are assumed to be continuous bodies, which means that the matter fills the entire
region of space it occupies, despite the fact that matter is made of atoms, has voids, and is
discrete. Therefore, when continuum mechanics refers to a point or particle in a
continuous body it does not describe a point in the interatomic space or an atomic
particle, rather an idealized part of the body occupying that point.

Following the classical dynamics of Newton and Euler, the motion of a material body is
produced by the action of extemalli:‘applied forces which are assumed to be of two kinds:
surface forces F cand body forces X' B. Thus, the total force J applied to a body or to a
portion of the body can be expressed as:

F=Fp+F¢

Surface forces or contact forces, expressed as force per unit area, can act either on the
bounding surface of the body, as a result of mechanical contact with other bodies, or on
imaginary internal surfaces that bound portions of the body, as a result of the mechanical
interaction between the parts of the body to either side of the surface (Euler-Cauchy's
stress principle). When a body is acted upon by external contact forces, internal contact
forces are then transmitted from point to point inside the body to balance their action,
according to Newton's second law of motion of conservation of linear momentum and
angular momentum (for continuous bodies these laws are called the Euler's equations of
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motion). The internal contact forces are related to the body's deformation through
constitutive equations. The internal contact forces may be mathematically described by
how they relate to the motion of the body, independent of the body's material makeup.

The distribution of internal contact forces throughout the volume of the body is assumed
to be continuous. Therefore, there exists a contact force density or Cauchy traction field

T ( n, x, f‘}that represents this distribution in a particular configuration of the body at a
given time £. It is not a vector field because it depends not only on the position Xof a
particular material point, but also on the local orientation of the surface element as
defined by its normal vector 11.

Any differential area d.S'with normal vector Iof a given internal surface area 3,

bounding a portion of the body, experiences a contact force E'11-:Fr:‘alrising from the contact
between both portions of the body on each side of S, and it is given by

dF. = T™ ds

where T{n]is the surface traction, also called stress vector, traction, or traction vector,.
The stress vector is a frame-indifferent vector.

The total contact force on the particular internal surface Sis then expressed as the sum
(surface integral) of the contact forces on all differential surfaces d.5"

Fo = / T® 48
g

In continuum mechanics a body is considered stress-free if the only forces present are
those inter-atomic forces (ionic, metallic, and van der Waals forces) required to hold the
body together and to keep its shape in the absence of all external influences, including
gravitational attraction. Stresses generated during manufacture of the body to a specific
configuration are also excluded when considering stresses in a body. Therefore, the
stresses considered in continuum mechanics are only those produced by deformation of
the body, sc. only relative changes in stress are considered, not the absolute values of
stress.

Body forces are forces originating from sources outside of the body that act on the
volume (or mass) of the body. Saying that body forces are due to outside sources implies
that the interaction between different parts of the body (internal forces) are manifested
through the contact forces alone. These forces arise from the presence of the body in
force fields, e.g. gravitational field (gravitational forces) or electromagnetic field
(electromagnetic forces), or from inertial forces when bodies are in motion. As the mass
of a continuous body is assumed to be continuously distributed, any force originating
from the mass is also continuously distributed. Thus, body forces are specified by vector
fields which are assumed to be continuous over the entire volume of the body, i.e. acting
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on every point in it. Body forces are represented by a body force density b(xa 1;')(per unit
of mass), which is a frame-indifferent vector field.

In the case of gravitational forces, the intensity of the force depends on, or is proportional

to, the mass density ¥ (X! 1;')of the material, and it is specified in terms of force per unit
mass (bz') or per unit volume (i). These two specifications are related through the

material density by the equation F b = Pi. Similarly, the intensity of electromagnetic
forces depends upon the strength (electric charge) of the electromagnetic field.

The total body force applied to a continuous body is expressed as

ngfbdm:/pbdv
e 1_.-"

Body forces and contact forces acting on the body lead to corresponding moments of
force (torques) relative to a given point. Thus, the total applied torque /Vlabout the origin
is given by

M =Mpg + Mg

In certain situations, not commonly considered in the analysis of the mechanical behavior
or materials, it becomes necessary to include two other types of forces: these are body
moments and couple stresses (surface couples, contact torques). Body moments, or body
couples, are moments per unit volume or per unit mass applied to the volume of the body.
Couple stresses are moments per unit area applied on a surface. Both are important in the
analysis of stress for a polarized dielectric solid under the action of an electric field,
materials where the molecular structure is taken into consideration (e.g. bones), solids
under the action of an external magnetic field, and the dislocation theory of metals.

Materials that exhibit body couples and couple stresses in addition to moments produced
exclusively by forces are called polar materials. Non-polar materials are then those
materials with only moments of forces. In the classical branches of continuum mechanics
the development of the theory of stresses is based on non-polar materials.

Thus, the sum of all applied forces and torques (with respect to the origin of the
coordinate system) in the body can be given by

f:/adm:/TdS+/pde
Vv 5 1%

Mz/rdeS—|—/r><pde
5 158
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Kinematics: deformation and motion

Deformed

X = X(X,t) Conﬁg::{ra(ti%n), t=t
t

Undeformed
Configuration, t =0

Ko(B)

Path line

It P -

.-

;TN X
A\ SuX)=U(x) P

Figure 2. Motion of a continuum body.

A change in the configuration of a continuum body results in a displacement. The
displacement of a body has two components: a rigid-body displacement and a
deformation. A rigid-body displacement consist of a simultaneous translation and rotation
of the body without changing its shape or size. Deformation implies the change in shape

and/or size of the body from an initial or undeformed configuration 0 ( B )to a current or
deformed configuration /it (B)(Figure 2).

The motion of a continuum body is a continuous time sequence of displacements. Thus,
the material body will occupy different configurations at different times so that a particle
occupies a series of points in space which describe a pathline.

There is continuity during deformation or motion of a continuum body in the sense that:

e The material points forming a closed curve at any instant will always form a
closed curve at any subsequent time.
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o The material points forming a closed surface at any instant will always form a
closed surface at any subsequent time and the matter within the closed surface
will always remain within.

It is convenient to identify a reference configuration or initial condition which all
subsequent configurations are referenced from. The reference configuration need not be
one that the body will ever occupy. Often, the configuration at £ = Uis considered the

reference configuration , f0 ( B ) The components Xiof the position vector Xofa
particle, taken with respect to the reference configuration, are called the material or
reference coordinates.

When analyzing the deformation or motion of solids, or the flow of fluids, it is necessary
to describe the sequence or evolution of configurations throughout time. One description
for motion is made in terms of the material or referential coordinates, called material
description or Lagrangian description.

Lagrangian description

In the Lagrangian description the position and physical properties of the particles are
described in terms of the material or referential coordinates and time. In this case the
reference configuration is the configuration at t = (). An observer standing in the
referential frame of reference observes the changes in the position and physical properties
as the material body moves in space as time progresses. The results obtained are

independent of the choice of initial time and reference configuration, f0 ( B ) This
description is normally used in solid mechanics.

In the Lagrangian description, the motion of a continuum body is expressed by the

mapping function X ( ' )(Figure 2),
x = x(X,1)

which is a mapping of the initial configuration f0 ( B )onto the current configuration

kit (B), giving a geometrical correspondence between them, i.e. giving the position vector

X = T;€jthat a particle X, with a position vector Xin the undeformed or reference

configuration f0 ( B), will occupy in the current or deformed configuration it (B )at time
{. The components Tiare called the spatial coordinates.

Physical and kinematic properties Pt'i—--, 1.e. thermodynamic properties and velocity,
which describe or characterize features of the material body, are expressed as continuous

Fij.. = RJ(X' f‘).

o

The material derivative of any property Pﬂ'i—--of a continuum, which may be a scalar,
vector, or tensor, is the time rate of change of that property for a specific group of

functions of position and time, i.e.
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particles of the moving continuum body. The material derivative is also known as the
substantial derivative, or comoving derivative, or convective derivative. It can be thought
as the rate at which the property changes when measured by an observer traveling with
that group of particles.

In the Lagrangian description, the material derivative of Péi—--is simply the partial
derivative with respect to time, and the position vector Xis held constant as it does not
change with time. Thus, we have

d d
7P (X)) = 5P (X, 1))

The instantaneous position Xis a property of a particle, and its material derivative is the
instantaneous velocity Vof the particle. Therefore, the velocity field of the continuum is
given by

dx  Ox(X,t)
dt ~ ot

V=X

Similarly, the acceleration field is given by

d*x I x(X,t)
R >

a=v=X=

Continuity in the Lagrangian description is expressed by the spatial and temporal
continuity of the mapping from the reference configuration to the current configuration of
the material points. All physical quantities characterizing the continuum are described

this way. In this sense, the function X ( ')and Pﬂ'j ( ')are single-valued and continuous,
with continuous derivatives with respect to space and time to whatever order is required,
usually to the second or third.

Eulerian description

Continuity allows for the inverse of X ( ')to trace backwards where the particle currently

located at Xwas located in the initial or referenced configuration 0 ( B). In this case the
description of motion is made in terms of the spatial coordinates, in which case is called
the spatial description or Eulerian description, i.e. the current configuration is taken as the
reference configuration.

The Eulerian description, introduced by d'Alembert, focuses on the current configuration

Fit (B), giving attention to what is occurring at a fixed point in space as time progresses,
instead of giving attention to individual particles as they move through space and time.
This approach is conveniently applied in the study of fluid flow where the kinematic
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property of greatest interest is the rate at which change is taking place rather than the
shape of the body of fluid at a reference time.

Mathematically, the motion of a continuum using the Eulerian description is expressed by
the mapping function

X = x"'(x,1)

which provides a tracing of the particle which now occupies the position Xin the current

configuration fv¢ (B )to its original position Xin the initial configuration 0 ( B )

A necessary and sufficient condition for this inverse function to exist is that the
determinant of the Jacobian Matrix, often referred to simply as the Jacobian, should be
different from zero. Thus,

- 3133'
- 0X;

dxi
0X;

J:‘ #0

In the Eulerian description, the physical properties Pfi—--are expressed as

Fij.. = Pﬁj{x* f‘) - Pij—--[x_l (X! f‘)! f‘] - pfi---(x-‘ t}

o

where the functional form of Pfi—--in the Lagrangian description is not the same as the
form of Pij.-in the Eulerian description.

x,1)

The material derivative of fi—--(

d 0 J :
il (x:1)] = P (6,0 + ol (e, )]

using the chain rule, is then

The first term on the right-hand side of this equation gives the local rate of change of the

property Pij... (X-‘ lF')occurring at position X. The second term of the right-hand side is the
convective rate of change and expresses the contribution of the particle changing position
in space (motion).

Continuity in the Eulerian description is expressed by the spatial and temporal continuity
and continuous differentiability of the velocity field. All physical quantities are defined
this way at each instant of time, in the current configuration, as a function of the vector
position X.

WORLD TECHNOLOGIES




Displacement field

The vector joining the positions of a particle Pin the undeformed configuration and
deformed configuration is called the displacement vector “(X! f‘) = Ui€; in the
Lagrangian description, or U(X, f‘) = U,E; , in the Eulerian description.

A displacement field is a vector field of all displacement vectors for all particles in the
body, which relates the deformed configuration with the undeformed configuration. It is
convenient to do the analysis of deformation or motion of a continuum body in terms of

the displacement field, In general, the displacement field is expressed in terms of the
material coordinates as

u(X,t)=b+x(X,f) - X or u; = aigby + x; — o5 X
or in terms of the spatial coordinates as
U(x,t) =b+x— X(x,1) or Uy =b; 4+ anr; — X

where ©¥.Jiare the direction cosines between the material and spatial coordinate systems
with unit vectors F.sand €;, respectively. Thus

E;-ei=0a; =0

and the relationship between Miand Ujis then given by

U; — CLULT_; ar EJT_; = ¥ ;U
Knowing that
e; = o;;E;

then

U(X! f-} = U;e; — U:‘(%‘JEJ} =U;E; = U(X! f-}
It is common to superimpose the coordinate systems for the undeformed and deformed
configurations, which results in b = (), and the direction cosines become Kronecker
deltas, i.e.

Ej-e=05=10d;
Thus, we have

u(X 1) =x(X,1) - X or u; = 1 — 05X
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or in terms of the spatial coordinates as

U(x,t) =x — X(x,t) or Uy = b1 — X

Governing equations

Continuum mechanics deals with the behavior of materials that can be approximated as
continuous for certain length and time scales. The equations that govern the mechanics of
such materials include the balance laws for mass, momentum, and energy. Kinematic
relations and constitutive equations are needed to complete the system of governing
equations. Physical restrictions on the form of the constitutive relations can be applied by
requiring that the second law of thermodynamics be satisfied under all conditions. In the
continuum mechanics of solids, the second law of thermodynamics is satisfied if the
Clausius—Duhem form of the entropy inequality is satisfied.

The balance laws express the idea that the rate of change of a quantity (mass, momentum,
energy) in a volume must arise from three causes:

1. the physical quantity itself flows through the surface that bounds the volume,
2. there is a source of the physical quantity on the surface of the volume, or/and,

3. there is a source of the physical quantity inside the volume.

Let Q be the body (an open subset of Euclidean space) and let I be its surface (the
boundary of Q).

Let the motion of material points in the body be described by the map

x = x(X) = x(X)

where Xis the position of a point in the initial configuration and Xis the location of the
same point in the deformed configuration.

The deformation gradient is given by

ox

Balance laws

Let f (X! f‘}be a physical quantity that is flowing through the body. Let 9 (X, t}be
sources on the surface of the body and let h’(x.' l;')be sources inside the body. Let
H(X! l;'}be the outward unit normal to the surface J€2. Let ¥ (X! Ie')be the velocity of the
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physical particles that carry the physical quantity that is flowing. Also, let the speed at
which the bounding surface s moving be u, (in the direction 11).

Then, balance laws can be expressed in the general form

%{Lf(x,t) dv} :[39f(x,f-)[un(}(,f-)—v(x_‘f.)-n(x,t)] dA+/ g(x,t) dA+/ h(x,t) dV .

a0 ]

Note that the functions f (X! f‘), g (X! f‘), and h(x! IF')can be scalar valued, vector valued,
or tensor valued - depending on the physical quantity that the balance equation deals
with. If there are internal boundaries in the body, jump discontinuities also need to be
specified in the balance laws.

If we take the Lagrangian point of view, it can be shown that the balance laws of mass,
momentum, and energy for a solid can be written as

p+pV-v=0 Balance of Mass
pv—-V-o—-pb=0 Balance of Linear Momentum
oc=c" Balance of Angular Momentum
pe—oa: (Vv)+V -q—ps=0 Balance of Energy.

In the above equations (X! f‘)is the mass density (current), p is the material time
derivative of p, v(x, lF')is the particle velocity, Vis the material time derivative of V,
o (X! t)is the Cauchy stress tensor, b(X, It')is the body force density, E(X, t)is the
internal energy per unit mass, €is the material time derivative of e, q(xa lF')is the heat

flux vector, and ® (%, E)is an energy source per unit mass.

With respect to the reference configuration, the balance laws can be written as

p det(F) —py =0 Balance of Mass
X —V,-Pl —pyb=0 Balance of Linear Momentum
F-P=pP.F" Balance of Angular Momentum
o é—PT:F—l—Vg-q—pgsz[] Balance of Energy.

In the above, Pis the first Piola-Kirchhoff stress tensor, and py is the mass density in the
reference configuration. The first Piola-Kirchhoff stress tensor is related to the Cauchy
stress tensor by

P=Jo-F T where J = det(F)

We can alternatively define the nominal stress tensor /N which is the transpose of the
first Piola-Kirchhoff stress tensor such that
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N=P'=JF'!.¢4.

Then the balance laws become

p det(F) —pp=0 Balance of Mass
PX—V.-N—pb=20 Balance of Linear Momentum
F-N=NT.FT Balance of Angular Momentum
o é—N:F+vD-q—pg s=10 Balance of Energy.

The operators in the above equations are defined as such that

_— 3 ov; _ R 3 31,‘3-_ —_—— 3 3.93-3- -
v = Zl a_xjea@ej =vijei®e;; V-v= > oz, i V8= Zl T &= e
1= i— 52

where Vis a vector field, S'is a second-order tensor field, and €iare the components of an
orthonormal basis in the current configuration. Also,

3 ¢ 3 3
vv—zﬂE@E-—v--E-@E-- V-V—Zﬂ—v--- V-S—ZagfiE-—s---E-
o¥ — 8XJ i I T B 7 o - an‘_ 1,01 o . 3XJ T T Mg, i

ij=1 i=1 ij=1

where Vis a vector field, S'is a second-order tensor field, and Ez‘are the components of
an orthonormal basis in the reference configuration.

The inner product is defined as

3
A:B=) A B;=trace(AB”) .

i,j=1
The Clausius—Duhem inequality

The Clausius—Duhem inequality can be used to express the second law of
thermodynamics for elastic-plastic materials. This inequality is a statement concerning
the irreversibility of natural processes, especially when energy dissipation is involved.

Just like in the balance laws in the previous section, we assume that there is a flux of a
quantity, a source of the quantity, and an internal density of the quantity per unit mass.
The quantity of interest in this case is the entropy. Thus, we assume that there is an
entropy flux, an entropy source, and an internal entropy density per unit mass (1) in the
region of interest.

Let Q be such a region and let I e its boundary. Then the second law of
thermodynamics states that the rate of increase of | in this region is greater than or equal
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to the sum of that supplied to Q (as a flux or from internal sources) and the change of the
internal entropy density due to material flowing in and out of the region.

Let d€2move with a velocity u, and let particles inside Q have velocities V. Let Ilbe the
unit outward normal to the surface 2. Let p be the density of matter in the region, @be
the entropy flux at the surface, and » be the entropy source per unit mass. Then the
entropy inequality may be written as

d
—(/pndv)zfpn(uﬂ—v-n}dﬁ—l—/ t}dA—I—/pTdV.
dt \Jqo a0 a0 0

The scalar entropy flux can be related to the vector flux at the surface by the relation

§g=—v X) "I Under the assumption of incrementally isothermal conditions, we
have
q(x) 5
V=5 TS

where Qis the heat flux vector, s is a energy source per unit mass, and T is the absolute
temperature of a material point at Xat time ¢.

We then have the Clausius—Duhem inequality in integral form:

i(/ﬁndﬂ }/ p 1 (tn —v-n) dA—/ EdAJr/EdV
dt \Jo  Joe oo T o

We can show that the entropy inequality may be written in differential form as

. q\ »ps
>_v.(=2] + 22
puZ=V |\ 7|+

In terms of the Cauchy stress and the internal energy, the Clausius—Duhem inequality
may be written as

q-VT

T o . _
ple—Tn) —o:Vv< =
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Chapter 2

Fluid Mechanics

Fluid mechanics is the study of fluids and the forces on them. (Fluids include liquids,
gases, and plasmas.) Fluid mechanics can be divided into fluid kinematics, the study of
fluid motion, and fluid dynamics, the study of the effect of forces on fluid motion, which
can further be divided into fluid statics, the study of fluids at rest, and fluid kinetics, the
study of fluids in motion. It is a branch of continuum mechanics, a subject which models
matter without using the information that it is made out of atoms, that is, it models matter
from a macroscopic viewpoint rather than from a microscopic viewpoint. Fluid
mechanics, especially fluid dynamics, is an active field of research with many unsolved
or partly solved problems. Fluid mechanics can be mathematically complex. Sometimes
it can best be solved by numerical methods, typically using computers. A modern
discipline, called computational fluid dynamics (CFD), is devoted to this approach to
solving fluid mechanics problems. Also taking advantage of the highly visual nature of
fluid flow is particle image velocimetry, an experimental method for visualizing and
analyzing fluid flow.

Brief history

The study of fluid mechanics goes back at least to the days of ancient Greece, when
Archimedes investigated fluid statics and buoyancy and formulated his famous law
known now as the Archimedes Principle. Rapid advancement in fluid mechanics began
with Leonardo da Vinci (observation and experiment), Evangelista Torricelli (barometer),
Isaac Newton (viscosity) and Blaise Pascal (hydrostatics), and was continued by Daniel
Bernoulli with the introduction of mathematical fluid dynamics in Hydrodynamica
(1738). Inviscid flow was further analyzed by various mathematicians (Leonhard Euler,
d'Alembert, Lagrange, Laplace, Poisson) and viscous flow was explored by a multitude
of engineers including Poiseuille and Gotthilf Heinrich Ludwig Hagen. Further
mathematical justification was provided by Claude-Louis Navier and George Gabriel
Stokes in the Navier—Stokes equations, and boundary layers were investigated (Ludwig
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Prandtl), while various scientists (Osborne Reynolds, Andrey Kolmogorov, Geoffrey
Ingram Taylor) advanced the understanding of fluid viscosity and turbulence.

Relationship to continuum mechanics

Fluid mechanics is a subdiscipline of continuum mechanics, as illustrated in the
following table.

Elasticity
Describes materials that return to their rest shape

Solid mechanics after an applied stress.
The study of the physics of Plasticity

Conﬂnu}lm continuous materials with a |yegcribes materials that

mechanics

The studv of the defined rest shape. permanently deform Rheology .
ey after a sufficient applied |The study of materials

phys.lcs of stress. with both solid and

continuous . fluid characteristics.

materials Fluid mechanics Non-Newtonian

The study of the physics of |fluids
continuous materials which

take the shape of their Newtonian fluids
container.

In a mechanical view, a fluid is a substance that does not support shear stress; that is why
a fluid at rest has the shape of its containing vessel. A fluid at rest has no shear stress.

Assumptions

Like any mathematical model of the real world, fluid mechanics makes some basic
assumptions about the materials being studied. These assumptions are turned into
equations that must be satisfied if the assumptions are to be held true. For example,
consider an incompressible fluid in three dimensions. The assumption that mass is
conserved means that for any fixed closed surface (such as a sphere) the rate of mass
passing from outside to inside the surface must be the same as rate of mass passing the
other way. (Alternatively, the mass inside remains constant, as does the mass outside).
This can be turned into an integral equation over the surface.

Fluid mechanics assumes that every fluid obeys the following:

e Conservation of mass

e Conservation of energy

e Conservation of momentum

e The continuum hypothesis, detailed below.

Further, it is often useful (at subsonic conditions) to assume a fluid is incompressible —

that is, the density of the fluid does not change. Liquids can often be modelled as
incompressible fluids, whereas gases cannot.
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Similarly, it can sometimes be assumed that the viscosity of the fluid is zero (the fluid is
inviscid). Gases can often be assumed to be inviscid. If a fluid is viscous, and its flow
contained in some way (e.g. in a pipe), then the flow at the boundary must have zero
velocity. For a viscous fluid, if the boundary is not porous, the shear forces between the
fluid and the boundary results also in a zero velocity for the fluid at the boundary. This is
called the no-slip condition. For a porous media otherwise, in the frontier of the
containing vessel, the slip condition is not zero velocity, and the fluid has a discontinuous
velocity field between the free fluid and the fluid in the porous media (this is related to
the Beavers and Joseph condition).

The continuum hypothesis

Fluids are composed of molecules that collide with one another and solid objects. The
continuum assumption, however, considers fluids to be continuous. That is, properties
such as density, pressure, temperature, and velocity are taken to be well-defined at
"infinitely" small points, defining a REV (Reference Element of Volume), at the
geometric order of the distance between two adjacent molecules of fluid. Properties are
assumed to vary continuously from one point to another, and are averaged values in the
REV. The fact that the fluid is made up of discrete molecules is ignored.

The continuum hypothesis is basically an approximation, in the same way planets are
approximated by point particles when dealing with celestial mechanics, and therefore
results in approximate solutions. Consequently, assumption of the continuum hypothesis
can lead to results which are not of desired accuracy. That said, under the right
circumstances, the continuum hypothesis produces extremely accurate results.

Those problems for which the continuum hypothesis does not allow solutions of desired
accuracy are solved using statistical mechanics. To determine whether or not to use
conventional fluid dynamics or statistical mechanics, the Knudsen number is evaluated
for the problem. The Knudsen number is defined as the ratio of the molecular mean free
path length to a certain representative physical length scale. This length scale could be,
for example, the radius of a body in a fluid. (More simply, the Knudsen number is how
many times its own diameter a particle will travel on average before hitting another
particle). Problems with Knudsen numbers at or above unity are best evaluated using
statistical mechanics for reliable solutions.

Navier—Stokes equations

The Navier—Stokes equations (named after Claude-Louis Navier and George Gabriel
Stokes) are the set of equations that describe the motion of fluid substances such as
liquids and gases. These equations state that changes in momentum (force) of fluid
particles depend only on the external pressure and internal viscous forces (similar to
friction) acting on the fluid. Thus, the Navier—Stokes equations describe the balance of
forces acting at any given region of the fluid.
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The Navier—Stokes equations are differential equations which describe the motion of a
fluid. Such equations establish relations among the rates of change of the variables of
interest. For example, the Navier—Stokes equations for an ideal fluid with zero viscosity
states that acceleration (the rate of change of velocity) is proportional to the derivative of
internal pressure.

This means that solutions of the Navier—Stokes equations for a given physical problem
must be sought with the help of calculus. In practical terms only the simplest cases can be
solved exactly in this way. These cases generally involve non-turbulent, steady flow
(flow does not change with time) in which the Reynolds number is small.

For more complex situations, such as global weather systems like El Niflo or lift in a
wing, solutions of the Navier—Stokes equations can currently only be found with the help
of computers. This is a field of sciences by its own called computational fluid dynamics.

General form of the equation

The general form of the Navier—Stokes equations for the conservation of momentum is:

Dv

P4 pf
Dt?Jr,o

P

where

o Pis the fluid density,
D

o Dtis the substantive derivative (also called the material derivative),

e Vis the velocity vector,

o fisthe body force vector, and

« [Pis a tensor that represents the surface forces applied on a fluid particle (the stress
tensor).

Unless the fluid is made up of spinning degrees of freedom like vortices, IPis a symmetric
tensor. In general, (in three dimensions) Phas the form:

Oz Tzy Tzs

P = Tyz Oyy  Tys
Tox Tay Oz
where

e (Tare normal stresses,
e Tare tangential stresses (shear stresses).
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The above is actually a set of three equations, one per dimension. By themselves, these
aren't sufficient to produce a solution. However, adding conservation of mass and
appropriate boundary conditions to the system of equations produces a solvable set of
equations.

Newtonian versus non-Newtonian fluids

A Newtonian fluid (named after Isaac Newton) is defined to be a fluid whose shear
stress is linearly proportional to the velocity gradient in the direction perpendicular to the
plane of shear. This definition means regardless of the forces acting on a fluid, it
continues to flow. For example, water is a Newtonian fluid, because it continues to
display fluid properties no matter how much it is stirred or mixed. A slightly less rigorous
definition is that the drag of a small object being moved slowly through the fluid is
proportional to the force applied to the object. (Compare friction). Important fluids, like
water as well as most gases, behave — to good approximation — as a Newtonian fluid
under normal conditions on Earth.

By contrast, stirring a non-Newtonian fluid can leave a "hole" behind. This will gradually
fill up over time — this behaviour is seen in materials such as pudding, oobleck, or sand
(although sand isn't strictly a fluid). Alternatively, stirring a non-Newtonian fluid can
cause the viscosity to decrease, so the fluid appears "thinner" (this is seen in non-drip
paints). There are many types of non-Newtonian fluids, as they are defined to be
something that fails to obey a particular property — for example, most fluids with long
molecular chains can react in a non-Newtonian manner.

Equations for a Newtonian fluid

The constant of proportionality between the shear stress and the velocity gradient is
known as the viscosity. A simple equation to describe Newtonian fluid behaviour is

dv
T = —M@

where

7 is the shear stress exerted by the fluid ("drag")
u is the fluid viscosity — a constant of proportionality

dv

dyis the velocity gradient perpendicular to the direction of shear.

For a Newtonian fluid, the viscosity, by definition, depends only on temperature and
pressure, not on the forces acting upon it. If the fluid is incompressible and viscosity is
constant across the fluid, the equation governing the shear stress (in Cartesian
coordinates) is
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where

1; is the shear stress on the i* face of a fluid element in the /” direction
vi is the velocity in the i direction

. th g . .
x; 1s the j direction coordinate.

If a fluid does not obey this relation, it is termed a non-Newtonian fluid, of which there
are several types.

Among fluids, two rough broad divisions can be made: ideal and non-ideal fluids. An
ideal fluid really does not exist, but in some calculations, the assumption is justifiable. An
Ideal fluid is non viscous- offers no resistance whatsoever to a shearing force.

One can group real fluids into Newtonian and non-Newtonian. Newtonian fluids agree

with Newton's law of viscosity. Non-Newtonian fluids can be either plastic, bingham
plastic, pseudoplastic, dilatant, thixotropic, rheopectic, viscoelatic.
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Chapter 3

Stress (Mechanics)

Figure 1.1 Stress in a loaded deformable material body assumed as a continuum.
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Figure 1.2 Axial stress in a prismatic bar axially loaded

WORLD TECHNOLOGIES




e T m

m T

F

o Tavg

n n
n N ~_ N n
o’
F
F F

Figure 1.3 Normal stress in a prismatic (straight member of uniform cross-sectional area)
bar. The stress or force distribution in the cross section of the bar is not necessarily
uniform. However, an average normal stress Tavgcan be used
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Figure 1.4 Shear stress in a prismatic bar. The stress or force distribution in the cross
section of the bar is not necessarily uniform. Nevertheless, an average shear stress Tavgis
a reasonable approximation.
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In continuum mechanics, stress is a measure of the internal forces acting within a
deformable body. Quantitatively, it is a measure of the average force per unit area of a
surface within the body on which internal forces act. These internal forces are produced
between the particles in the body as a reaction to external forces applied on the body.
Because the loaded deformable body is assumed to behave as a continuum, these internal
forces are distributed continuously within the volume of the material body, and result in
deformation of the body's shape. Beyond certain limits of material strength, this can lead
to a permanent change of shape or physical failure.

However, treating physical force as a "one dimensional entity", as it is often done in
mechanics, creates a few problems. Any model of continuum mechanics which explicitly
expresses force as a variable generally fails to merge and describe deformation of matter
and solid bodies, because the attributes of matter and solids are three dimensional.
Classical models of continuum mechanics assume an average force and fail to properly
incorporate "geometrical factors", which are important to describe stress distribution and
accumulation of energy during the continuum.

The dimension of stress is that of pressure, and therefore the SI unit for stress is the
pascal (symbol Pa), which is equivalent to one newton (force) per square meter (unit
area), that is N/m?. In Imperial units, stress is measured in pound-force per square inch,
which is abbreviated as psi.

Introduction

Stress is a measure of the average force per unit area of a surface within a deformable
body on which internal forces act. It is a measure of the intensity of the internal forces
acting between particles of a deformable body across imaginary internal surfaces. These
internal forces are produced between the particles in the body as a reaction to external
forces applied on the body. External forces are either surface forces or body forces.
Because the loaded deformable body is assumed to behave as a continuum, these internal
forces are distributed continuously within the volume of the material body, i.e. the stress
distribution in the body is expressed as a piecewise continuous function of space
coordinates and time.

Normal , shear stresses and virial stresses

For the simple case of a body axially loaded, e.g., a prismatic bar subjected to tension or
compression by a force passing through its centroid (Figures 1.2 and 1.3) the stress @, or
intensity of internal forces, can be obtained by dividing the total normal force F, n,
determined from the equilibrium of forces, by the cross-sectional area .dof the prism it is
acting upon. The normal force can be a tensile force if acting outward from the plane, or
compressive force if acting inward to the plane. In the case of a prismatic bar axially
loaded, the stress (Tis represented by a scalar called engineering stress or nominal stress
that represents an average stress (Uﬂ‘-’E) over the area, meaning that the stress in the cross
section is uniformly distributed. Thus, we have
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A different type of stress is obtained when transverse forces Fare applied to the
prismatic bar as shown in Figure 1.4. Considering the same cross-section as before, from
static equilibrium the internal force has a magnitude equal to Fiand in opposite direction
parallel to the cross-section. Fiis called the shear force. Dividing the shear force F. sby
the area A of the cross section we obtain the shear stress. In this case the shear stress Tis
a scalar quantity representing an average shear stress (Tﬂ‘-’E) in the section, i.e. the stress
in the cross-section is uniformly distributed. In materials science and in engineering
aspects the average of the ""scalar"" shear force (Tﬂ‘-’E) are true for crystallized materials
during brittle fracture and operates through the fractured cross-section or stress plane.

F

Tavg = /7 =T
E J.{

In Figure 1.3, the normal stress is observed in two planes 712 — f72and 7@ — Ttof the
axially loaded prismatic bar. The stress on plane 72 — 71, which is closer to the point of
application of the load F, varies more across the cross-section than that of plane
M — 1. However, if the cross-sectional area of the bar is very small, i.e. the bar is
slender, the variation of stress across the area is small and the normal stress can be
approximated by Tavg. On the other hand, the variation of shear stress across the section
of a prismatic bar cannot be assumed to be uniform.

Virial stress is a measure of stress on an atomic scale. It is given by

1 : , 1 , ,
ks (k _ (k _ (4 (k)y plké
ri =g > | -m®( ') (u — @) A 5 2 (] ) — 2 fikO
ketl £l
where
o kand fare atoms in the domain,
e Qs the volume of the domain,
o m" is the mass of atom k,
(k)
. tfi is the /™ component of the velocity of atom £,
o Yiisthe jth component of the average velocity of atoms in the volume,
(k)
o T isthe i™ component of the position of atom &, and
(k)
. i s the i"" component of the force between atom k and 3

At zero kelvin, all velocities are zero so we have
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This can be thought of as follows. The t;; component of stress is the force in the 1
direction divided by the area of a plane perpendicular to that direction. Consider two
adjacent volumes separated by such a plane. The 11-component of stress on that interface
is the sum of all pairwise forces between atoms on the two sides....

Stress modeling (Cauchy)

In general, stress is not uniformly distributed over the cross-section of a material body,
and consequently the stress at a point in a given region is different from the average stress
over the entire area. Therefore, it is necessary to define the stress not over a given area
but at a specific point in the body (Figure 1.1). According to Cauchy, the stress at any
point in an o‘tc)’ject, assumed to behave as a continuum, is completely defined by the nine

components “ Ziof a second-order tensor of type (0,2) known as the Cauchy stress tensor,
[

11 O12 013 Tz U.'I:y Tg= T T.*z:y Tes
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The Cauchy stress tensor obeys the tensor transformation law under a change in the
system of coordinates. A graphical representation of this transformation law is the Mohr's
circle of stress distribution.

The Cauchy stress tensor is used for stress analysis of material bodies experiencing small
deformations where the differences in stress distribution in most cases can be neglected.
For large deformations, also called finite deformations, other measures of stress, such as
the first and second Piola-Kirchhoff stress tensors, the Biot stress tensor, and the
Kirchhoff stress tensor, are required.

According to the principle of conservation of linear momentum, if a continuous body is

in static equilibrium it can be demonstrated that the components of the Cauchy stress
tensor in every material point in the body satisfy the equilibrium equations (Cauchy’s
equations of motion for zero acceleration). At the same time, according to the principle of
conservation of angular momentum, equilibrium requires that the summation of moments
with respect to an arbitrary point is zero, which leads to the conclusion that the stress
tensor is symmetric, thus having only six independent stress components instead of the
original nine.

There are certain invariants associated with the stress tensor, whose values do not depend

upon the coordinate system chosen or the area element upon which the stress tensor
operates. These are the three eigenvalues of the stress tensor, which are called the
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principal stresses. Solids, liquids, and gases have stress fields. Static fluids support
normal stress but will flow under shear stress. Moving viscous fluids can support shear
stress (dynamic pressure). Solids can support both shear and normal stress, with ductile
materials failing under shear and brittle materials failing under normal stress. All
materials have temperature dependent variations in stress-related properties, and non-
Newtonian materials have rate-dependent variations.

Stress analysis

Stress analysis means the determination of the internal distribution of stresses in a
structure. It is needed in engineering for the study and design of structures such as
tunnels, dams, mechanical parts, and structural frames, under prescribed or expected
loads. To determine the distribution of stress in a structure, the engineer needs to solve a
boundary-value problem by specifying the boundary conditions. These are displacements
and forces on the boundary of the structure.

Constitutive equations, such as Hooke’s Law for linear elastic materials, describe the
stress-strain relationship in these calculations.

When a structure is expected to deform elastically (and resume its original shape), a
boundary-value problem based on the theory of elasticity is applied, with infinitesimal
strains, under design loads.

When the applied loads permanently deform the structure, the theory of plasticity is used.

The stress analysis can be simplified when the physical dimensions and the distribution
of loads allow the structure to be treated as one-dimensional or two-dimensional. For a
two-dimensional analysis a plane stress or a plane strain condition can be assumed.
Alternatively, experimental determination of stresses can be carried out.

Approximate computer-based solutions for boundary-value problems can be obtained
through numerical methods such as the Finite Element Method, the Finite Difference
Method, and the Boundary Element Method. Analytical or closed-form solutions can be
obtained for simple geometries, constitutive relations, and boundary conditions.

Theoretical background

Continuum mechanics deals with deformable bodies, as opposed to rigid bodies. The
stresses considered in continuum mechanics are only those produced by deformation of
the body, sc. only relative changes in stress are considered, not the absolute values. A
body is considered stress-free if the only forces present are those inter-atomic forces
(ionic, metallic, and van der Waals forces) required to hold the body together and to keep
its shape in the absence of all external influences, including gravitational attraction.
Stresses generated during manufacture of the body to a specific configuration are also
excluded.
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Following the classical dynamics of Newton and Euler, the motion of a material body is
produced by the action of externally applied forces which are assumed to be of two kinds:
surface forces and body forces.

Surface forces, or contact forces, can act either on the bounding surface of the body, as a
result of mechanical contact with other bodies, or on imaginary internal surfaces that
bound portions of the body, as a result of the mechanical interaction between the parts of
the body to either side of the surface (Euler-Cauchy's stress principle). When a body is
acted upon by external contact forces, internal contact forces are then transmitted from
point to point inside the body to balance their action, according to Newton's second law
of motion of conservation of linear momentum and angular momentum (for continuous
bodies these laws are called the Euler's equations of motion). The internal contact forces
are related to the body's deformation through constitutive equations.

The concept of stress can then be thought as a measure of the intensity of the internal
contact forces acting between particles of the body across imaginary internal surfaces. In
other words, stress is a measure of the average quantity of force exerted per unit area of
the surface on which these internal forces act. The intensity of contact forces is related,
specifically in an inverse proportion, to the area of contact. For example, if a force
applied to a small area is compared to a distributed load of the same resultant magnitude
applied to a larger area, one finds that the effects or intensities of these two forces are
locally different because the stresses are not the same.

Body forces are forces originating from sources outside of the body that act on the
volume (or mass) of the body. Saying that body forces are due to outside sources implies
that the internal forces are manifested through the contact forces alone. These forces arise
from the presence of the body in force fields, (e.g., a gravitational field). As the mass of a
continuous body is assumed to be continuously distributed, any force originating from the
mass is also continuously distributed. Thus, body forces are assumed to be continuous
over the entire volume of the body.

The density of internal forces at every point in a deformable body are not necessarily
equal, i.e. there is a distribution of stresses throughout the body. This variation of internal
forces throughout the body is governed by Newton's second law of motion of
conservation of linear momentum and angular momentum, which normally are applied to
a mass particle but are extended in continuum mechanics to a body of continuously
distributed mass. For continuous bodies these laws are called Euler’s equations of
motion. If a body is represented as an assemblage of discrete particles, each governed by
Newton’s laws of motion, then Euler’s equations can be derived from Newton’s laws.
Euler’s equations can, however, be taken as axioms describing the laws of motion for
extended bodies, independently of any particle structure.
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Euler—Cauchy stress principle

L1

Figure 2.1a Internal distribution of contact forces and couple stresses on a differential
(1.5 of the internal surface S'in a continuum, as a result of the interaction between the two
portions of the continuum separated by the surface

I1

Figure 2.1b Internal distribution of contact forces and couple stresses on a differential
.S of the internal surface S'in a continuum, as a result of the interaction between the two
portions of the continuum separated by the surface
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Figure 2.1c Stress vector on an internal surface S with normal vector n. Depending on the
orientation of the plane under consideration, the stress vector may not necessarily be
perpendicular to that plane, i.e. parallel to 11, and can be resolved into two components:
one component normal to the plane, called normal stress @n, and another component
parallel to this plane, called the shearing stress T.

The Euler—Cauchy stress principle states that upon any surface (real or imaginary) that
divides the body, the action of one part of the body on the other is equivalent
(equipollent) to the system of distributed forces and couples on the surface dividing the
body, and it is represented by a vector field T™, called the stress vector, defined on the
surface S and assumed to depend continuously on the surface's unit vector n.

To explain this principle, we consider an imaginary surface S passing through an internal
material point P dividing the continuous body into two segments, as seen in Figure 2.1a
or 2.1b (some authors use the cutting plane diagram and others use the diagram with the
arbitrary volume inside the continuum enclosed by the surface S). The body is subjected
to external surface forces F and body forces b. The internal contact forces being
transmitted from one segment to the other through the dividing plane, due to the action of
one portion of the continuum onto the other, generate a force distribution on a small area
AS, with a normal unit vector n, on the dividing plane S. The force distribution is
equipollent to a contact force AF and a couple stress AM, as shown in Figure 2.1a and
2.1b. Cauchy’s stress principle asserts that as AS becomes very small and tends to zero
the ratio AF/AS becomes dF/dS and the couple stress vector AM vanishes. In specific
fields of continuum mechanics the couple stress is assumed not to vanish; however, as
stated previously, in classical branches of continuum mechanics we deal with non-polar
materials which do not consider couple stresses and body moments. The resultant vector
dF/dS is defined as the stress vector or traction vector given by T™ = T\™ ¢; at the point
P associated with a plane with a normal vector n:
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This equation means that the stress vector depends on its location in the body and the
orientation of the plane on which it is acting.

Depending on the orientation of the plane under consideration, the stress vector may not
necessarily be perpendicular to that plane, i.e. parallel to n, and can be resolved into two
components:

o one normal to the plane, called normal stress

_ o AR _dF,
n = SR AS T ds”

where dF, is the normal component of the force dF to the differential area dS

o and the other parallel to this plane, called the shear stress

I AF, dF;

7= lm =

As—0 AS ds

where dFj is the tangential component of the force dF to the differential surface
area dS. The shear stress can be further decomposed into two mutually
perpendicular vectors.

Cauchy’s postulate

According to the Cauchy Postulate, the stress vector T™ remains unchanged for all
surfaces passing through the point P and having the same normal vector n at P, i.e.
having a common tangent at P. This means that the stress vector is a function of the
normal vector n only, and it is not influenced by the curvature of the internal surfaces.

Cauchy’s fundamental lemma

A consequence of Cauchy’s postulate is Cauchy’s Fundamental Lemma, also called the
Cauchy reciprocal theorem, which states that the stress vectors acting on opposite sides
of the same surface are equal in magnitude and opposite in direction. Cauchy’s

fundamental lemma is equivalent to Newton's third law of motion of action and reaction,
and it is expressed as

_T{ﬂ]' _ T{—ﬂ]'_
Cauchy’s stress theorem — stress tensor

The state of stress at a point in the body is then defined by all the stress vectors T™
associated with all planes (infinite in number) that pass through that point. However,
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according to Cauchy’s fundamental theorem, also called Cauchy’s stress theorem, merely
by knowing the stress vectors on three mutually perpendicular planes, the stress vector on
any other plane passing through that point can be found through coordinate
transformation equations.

Cauchy’s stress theorem states that there exists a second-order tensor field 6(x, t), called
the Cauchy stress tensor, independent of n, such that T is a linear function of n:

T™ =¢.n or ]}{n] = 0.

This equation implies that the stress vector T™ at any point P in a continuum associated
with a plane with normal vector n can be expressed as a function of the stress vectors on
the planes perpendicular to the coordinate axes, i.e. in terms of the components o;; of the
stress tensor ©.

To prove this expression, consider a tetrahedron with three faces oriented in the
coordinate planes, and with an infinitesimal area d4 oriented in an arbitrary direction
specified by a normal vector n (Figure 2.2). The tetrahedron is formed by slicing the
infinitesimal element along an arbitrary plane n. The stress vector on this plane is
denoted by T™. The stress vectors acting on the faces of the tetrahedron are denoted as
T€), T®), and T ), and are by definition the components o;; of the stress tensor 6. This
tetrahedron is sometimes called the Cauchy tetrahedron. From equilibrium of forces, i.e.
Euler’s first law of motion (Newton’s second law of motion), we have

T dA — T g4, — T d4, - T da, = p (%d&) a,

Figure 2.2. Stress vector acting on a plane with normal vector n.

A note on the sign convention: The tetrahedron is formed by slicing a parallelepiped
along an arbitrary plane n. So, the force acting on the plane n is the reaction exerted by
the other half of the parallelepiped and has an opposite sign.
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where the right-hand-side of the equation represents the product of the mass enclosed by
the tetrahedron and its acceleration: p is the density, a is the acceleration, and / is the
height of the tetrahedron, considering the plane n as the base. The area of the faces of the
tetrahedron perpendicular to the axes can be found by projecting d4 into each face (using
the dot product):

d.:*ll = (Il . El) dA = mnq d.ﬁl,
dAd; = (n-e;)dA =ny dA,
d.ﬁlg = (Il . E;_J,) dA = Mg d.ﬁl,

and then substituting into the equation to cancel out dA4:

T _ ey, ey, _ ey, — (g) o

To consider the limiting case as the tetrahedron shrinks to a point, # must go to 0
(intuitively, the plane n is translated along n toward O). As a result, the right-hand-side of
the equation approaches 0, so

Tin) — T{ﬂ]nl + T{ﬂ]ﬂg 4+ T{ealﬂg_
Tles) 4€3

L2

Figure 2.3 Components of stress in three dimensions
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Assuming a material element (Figure 2.3) with planes perpendicular to the coordinate
axes of a Cartesian coordinate system, the stress vectors associated with each of the
element planes, i.e. T}, T, and T®’ can be decomposed into a normal component and
two shear components, i.e. components in the direction of the three coordinate axes. For
the particular case of a surface with normal unit vector oriented in the direction of the x;-
axis, the normal stress is denoted by o;, and the two shear stresses are denoted as o1, and
013.

Tl = TF”& + Tg{eﬂeQ + Tefeﬂea = 011€) + 012€3 + T13€3,
Tle2) — Tfeﬂa + Tgieﬂez —+ Telsegjea = 021€) + 022€3 + O23€3,

T'es) = Tfeajel + Tg{eajez + Tgseﬂjea = 031€1 + 032€3 + Oa3€3,
In index notation this is
(e;) _ rplei) _
T = r} Ej = Jz'jej-

The nine components o;; of the stress vectors are the components of a second-order
Cartesian tensor called the Cauchy stress tensor, which completely defines the state of
stress at a point and is given by

el
T{ ) 011 T12 T3 Orz Ozy Oz Or Tzy Tz
— — 2 — — —
o =0 = T | = gy 09 93| = Oyz Oyy Oy | = |Tyz Oy Tye |,
T (e3) O31 O3z a3 Tog Oy Tz Tex Tay Os

where o011, 02>, and o33 are normal stresses, and o1», 013, 021, 023, 031, and o3, are shear
stresses. The first index i indicates that the stress acts on a plane normal to the x;-axis, and
the second index j denotes the direction in which the stress acts. A stress component is
positive if it acts in the positive direction of the coordinate axes, and if the plane where it
acts has an outward normal vector pointing in the positive coordinate direction.

Thus, using the components of the stress tensor

Tin) = letly, 4 Tle2ly, 1+ Tlealp,

3
— Z Ty,
i=1

= (o€ ) n;
i€

U-;'jﬂ-;’&j

or, equivalently,
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Alternatively, in matrix form we have

11 O12 013
[Tl{n:' T Ténq =[n1 ny ng)-|om 0 o
T31 Oaz Oa33

The Voigt notation representation of the Cauchy stress tensor takes advantage of the
symmetry of the stress tensor to express the stress as a six-dimensional vector of the
form:

T T
Cf:[fifl 0z O3 04 05 Uﬁ] E[Uu Oz O3z O3 Ox Iifu] .

The Voigt notation is used extensively in representing stress-strain relations in solid
mechanics and for computational efficiency in numerical structural mechanics software.

Transformation rule of the stress tensor

It can be shown that the stress tensor is a contravariant second order tensor, which is a
statement of how it transforms under a change of the coordinate system. From an x;-
system to an x;-system, the components o;; in the initial system are transformed into the
components ¢;;' in the new system according to the tensor transformation rule (Figure
2.4):

¢

i T
0ij = @Gim@jnOmn OT O =AcA",

where A is a rotation matrix with components a;;. In matrix form this is
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011 U}? o 13 i1 G2 043 011 012 013 11 fo1 dx
Tyy Ogp Ogg| = |21 (g2 23 021 Og2 Oa3 (1 gz (32
’ [
Ta1 Og3p Oan flz1 Czp (33 31 32 Oaa fl1a (o3 (laa

cos lagy 3

Figure 2.4 Transformation of the stress tensor

Expanding the matrix operation, and simplifying some terms by taking advantage of the
symmetry of the stress tensor, gives

P2 2 2
01 = Q11011 + Q13099 + 013033 + 2011012019 + 2011013013 + 2012013093,

2 2 2
Og = 91011 + (gp092 + (g3 033 + 209102201 + 201093013 + 2022023033,

2 3 2
U;g = 31011 + Q39099 + Q33033 + 2a31a30019 + 2a31a33013 + 2a32a33003,
019 =011091011 + Q12022023 + Q13023033

) + (H-11H2‘z + 5-125’21)'512 + (ﬂ-12'5123 + H-13H22)023 + (H-11ﬁ23 + ﬂ-13'5121]f713,
Tnq =f21031711 + o33z Toy + (23033033

) + (H21H-32 + ﬂq‘zﬂ-al)fflz + (Hwﬂ-aa + ﬂqaﬂ-sz)ﬁza + (ﬁzlﬂ-aa + ﬁ*zsﬂ-sl)ﬁla:
013 =011031011 + (12032092 + 130033033

+ (ﬁ-n flaz + ﬁ-12ﬂ-31)5 12 + (ﬁ-lzﬁ-aa + ﬁ-laﬂ-se)ﬁza + (ﬂ-n a3z + ﬁ-laﬁ-al)ff 13-
The Mohr circle for stress is a graphical representation of this transformation of stresses.
Normal and shear stresses
The magnitude of the normal stress component o, of any stress vector T™ acting on an

arbitrary plane with normal vector n at a given point, in terms of the components o;; of
the stress tensor o, is the dot product of the stress vector and the normal vector:
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on=T" .n
=T"™n,

= 0311 5.

The magnitude of the shear stress component z,,, acting in the plane spanned by the two
vectors T™ and n, can then be found using the Pythagorean theorem:

=/ (T®) — g2
_ \/T_{nj T

1 1 n?

where

(T{n])g — T:L“J]';_{n] — (Jt'jnj) (J'.;'F.:ﬂ'k) = Jﬁjgiknjﬂk'

WORLD TECHNOLOGIES




Equilibrium equations and symmetry of the stress
tensor

T

X1

Figure 4. Continuum body in equilibrium

When a body is in equilibrium the components of the stress tensor in every point of the
body satisfy the equilibrium equations,

0jij + £ =0

For example, for a hydrostatic fluid in equilibrium conditions, the stress tensor takes on
the form:

WORLD TECHNOLOGIES




0y = —pbi;

where p is the hydrostatic pressure, and é'iiis the kronecker delta.

At the same time, equilibrium requires that the summation of moments with respect to an
arbitrary point is zero, which leads to the conclusion that the stress tensor is symmetric,
1e.

Jij = Oji

However, in the presence of couple-stresses, i.e. moments per unit volume, the stress
tensor is non-symmetric. This also is the case when the Knudsen number is close to one,
ﬁn - 1, or the continuum is a non-Newtonian fluid, which can lead to rotationally
non-invariant fluids, such as polymers.

Principal stresses and stress invariants

At every point in a stressed body there are at least three planes, called principal planes,
with normal vectors I, called principal directions, where the corresponding stress vector
is perpendicular to the plane, i.e., parallel or in the same direction as the normal vector 1,
and where there are no normal shear stresses Tn. The three stresses normal to these
principal planes are called principal stresses.

The components Tijof the stress tensor depend on the orientation of the coordinate
system at the point under consideration. However, the stress tensor itself is a physical
quantity and as such, it is independent of the coordinate system chosen to represent it.
There are certain invariants associated with every tensor which are also independent of
the coordinate system. For example, a vector is a simple tensor of rank one. In three
dimensions, it has three components. The value of these components will depend on the
coordinate system chosen to represent the vector, but the length of the vector is a physical
quantity (a scalar) and is independent of the coordinate system chosen to represent the
vector. Similarly, every second rank tensor (such as the stress and the strain tensors) has
three independent invariant quantities associated with it. One set of such invariants are
the principal stresses of the stress tensor, which are just the eigenvalues of the stress
tensor. Their direction vectors are the principal directions or eigenvectors.

A stress vector parallel to the normal vector Ilis given by:

T™ = \n=0o,n

where Ais a constant of proportionality, and in this particular case corresponds to the
magnitudes @nof the normal stress vectors or principal stresses.

(n) _ —
Knowing that ;7 = TijTtjand T = 9475, we have
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-T,;{ﬂ] — )\ﬂz'
Iift'jﬂ i= /1\?‘1.,;
0; jn'j — /-'\’Rug =10
(03 — Adij) j =0
This is a homogeneous system, i.e. equal to zero, of three linear equations where M are

the unknowns. To obtain a nontrivial (non-zero) solution for j the determinant matrix
of the coefficients must be equal to zero, i.e. the system is singular. Thus,

11 — A T12 T13
7 1 — - —
|U'j }t53| o Ton A Ton 0
31 T3z Oa3 — A

Expanding the determinant leads to the characteristic equation
|03j — Adij| = =X + LN — LA+ 13=0
where

Iy =011+ 099 + 033

= Okk
I, = a2 T23 011 013 T11 T2
32 OT33 031 OTa3 T21 O3z2
_ 2 2 2
= 0110322 + 022033 + 011033 — 019 — O3 — O3
1
= 5 (0ii0j; = 0ij05:)

13 = dﬂt-(lift'j)
_ 2 2 2
= 011099033 + 2019093031 — T15033 — Og3011 — 013022

The characteristic equation has three real roots A, i.e. not imaginary due to the symmetry

of the stress tensor. The three roots A1 = 0y, Ay = 72, and Az = Ozare the
eigenvalues or principal stresses, and they are the roots of the Cayley—Hamilton theorem.
The principal stresses are unique for a given stress tensor. Therefore, from the
characteristic equation it is seen that the coefficients I 1, I 2and I 3, called the first,
second, and third stress invariants, respectively, have always the same value regardless
of the orientation of the coordinate system chosen.
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For each eigenvalue, there is a non-trivial solution for Mjin the equation

(Ut'j - Aﬁij ) ny = D. These solutions are the principal directions or eigenvectors
defining the plane where the principal stresses act. The principal stresses and principal
directions characterize the stress at a point and are independent of the orientation of the
coordinate system.

If we choose a coordinate system with axes oriented to the principal directions, then the
normal stresses will be the principal stresses and the stress tensor is represented by a
diagonal matrix:

0q 0 0
Ut'j = 0 05 0
0 0 )

The principal stresses may be combined to form the stress invariants, I 1, I 2, and I3 The
first and third invariant are the trace and determinant respectively, of the stress tensor.
Thus,

I =01+03+03
Iy = o109 + 0903 + 0304
Iy = 01090,

Because of its simplicity, working and thinking in the principal coordinate system is often
very useful when considering the state of the elastic medium at a particular point.

Principal stresses are often expressed in the following equation for evaluating stresses in
the x and y directions or axial and bending stresses on a part. The principal normal
stresses can then be used to calculate the Von Mises stress and ultimately the safety
factor and margin of safety.

O, + 0 Op — Oy \ 2
oy = TE Ty (oY

Using just the part of the equation under the square root is equal to the maximum and
minimum shear stress for plus and minus. This is shown as:

2
_ Oz — Oy
Tmaz y Tmin — :I:\X(T) + T.:’E?y
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Maximum and minimum shear stresses

The maximum shear stress or maximum principal shear stress is equal to one-half the
difference between the largest and smallest principal stresses, and acts on the plane that
bisects the angle between the directions of the largest and smallest principal stresses, i.e.
the plane of the maximum shear stress is oriented 45%from the principal stress planes.
The maximum shear stress is expressed as

1

Tmax — 2 |Uma}c — Tmin

Assuming 91 2 03 2 Oathen

1

Tmax — § |U1 — Ua|

The normal stress component acting on the plane for the maximum shear stress is non-
zero and it is equal to

1

o, = = (01 + 03)

2

Stress deviator tensor

The stress tensor Zijcan be expressed as the sum of two other stress tensors:

1. amean hydrostatic stress tensor or volumetric stress tensor or mean normal stress

tensor, p 53'3', which tends to change the volume of the stressed body; and
2. adeviatoric component called the stress deviator tensor, 8ij. which tends to
distort it.

So:
Oij = Sij + Pdij,
where Pis the mean stress given by

_U;;;;_U11+UEE+C733_1I
P== - 3 Tt

Note that convention in solid mechanics differs slightly from what is listed above. In
solid mechanics, pressure is generally defined as negative one-third the trace of the stress
tensor.
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The deviatoric stress tensor can be obtained by subtracting the hydrostatic stress tensor
from the stress tensor:

g kR
Sij = 045 — T 71
511 512 813 J11 T12 013 p 00
Sp1 Sga Soa| = |01 O 09| — |0 p O
831 S32 833 [ O31 O3z Oaa 00 p
11 — P J12 T13
= Ta1 O — P Taa
| 031 732 Taz — P

Invariants of the stress deviator tensor

As it is a second order tensor, the stress deviator tensor also has a set of invariants, which
can be obtained using the same procedure used to calculate the invariants of the stress
tensor. It can be shown that the principal directions of the stress deviator tensor Sijare the
same as the principal directions of the stress tensor Tij. Thus, the characteristic equation
is

557 — Adij| = A* = J10 — Jod — J3 =0,

where J 1, J. 2and J, Jare the first, second, and third deviatoric stress invariants,
respectively. Their values are the same (invariant) regardless of the orientation of the
coordinate system chosen. These deviatoric stress invariants can be expressed as a
function of the components of Sijor its principal values 51, 82, and $3, or alternatively, as
a function of Pijor its principal values @1, 72, and @3. Thus,

Ji1 = s =0,
Jy = %stjsﬁ-
= —8189 — 8983 — 8351
[(Uu — Uzz)g + (020 — 533)2 + (033 — ’511)2] + Ufz + Ué?a + ng
[(Ul — Uz}z + (o2 — Ua)g + (03 — Ul)z]
31t — I,
J3 = det(s;;)

1
35155 jkSki

=l = ]

518353
_27m 1
= 2?11 - SI1IQ + I5.
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Because Skk = D, the stress deviator tensor is in a state of pure shear.

A quantity called the equivalent stress or von Mises stress is commonly used in solid
mechanics. The equivalent stress is defined as

0= V3T =/} (01— 02)? + (02— 02)2 + (03 — 017

Octahedral stresses

x3(03)

Figure 6. Octahedral stress planes

Considering the principal directions as the coordinate axes, a plane whose normal vector
makes equal angles with each of the principal axes (i.e. having direction cosines equal to
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| 1/! \/5') is called an octahedral plane. There are a total of eight octahedral planes
(Figure 6). The normal and shear components of the stress tensor on these planes are
called octahedral normal stress Toctand octahedral shear stress Toct, respectively.

Knowing that the stress tensor of point O (Figure 6) in the principal axes is

dq 0 0
E.'f't'j = 0 2] 0
0 0 )

the stress vector on an octahedral plane is then given by:

(m) _
Toct = 0ijn:€;
= 01181 + TaNgey + 03Nz

= %(5181 + g9e9 + 03€3)

The normal component of the stress vector at point O associated with the octahedral
plane is

Ooct = T"1;

I‘I;‘jﬂt'ﬂj
= 01NN + TaNaNg + OzNghg

= %(Ul + 0y +03) = %11

which is the mean normal stress or hydrostatic stress. This value is the same in all eight
octahedral planes. The shear stress on the octahedral plane is then

et =\ TT — 02
= [3(01 + 05+ 03) — 5(01 + 02 + 0

= % [(Jl — 0_2)2 + (Uz — 53)2 + (53 — 0_1)2]1#"2 = %\/2_{% — 6_{2 = \/%Jg

)2] 1/2

Alternative measures of stress

The Cauchy stress tensor is not the only measure of stress that is used in practice. Other
measures of stress include the first and second Piola—Kirchhoff stress tensors, the Biot
stress tensor, and the Kirchhoff stress tensor.
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Piola—Kirchhoff stress tensor

In the case of finite deformations, the Piola—Kirchhoff stress tensors are used to express
the stress relative to the reference configuration. This is in contrast to the Cauchy stress
tensor which expresses the stress relative to the present configuration. For infinitesimal
deformations or rotations, the Cauchy and Piola—Kirchhoff tensors are identical. These
tensors take their names from Gabrio Piola and Gustav Kirchhoff.

Whereas the Cauchy stress tensor, Frelates stresses in the current configuration, the
deformation gradient and strain tensors are described by relating the motion to the
reference configuration; thus not all tensors describing the state of the material are in
either the reference or current configuration. Having the stress, strain and deformation all
described either in the reference or current configuration would make it easier to define
constitutive models (for example, the Cauchy Stress tensor is variant to a pure rotation,
while the deformation strain tensor is invariant; thus creating problems in defining a
constitutive model that relates a varying tensor, in terms of an invariant one during pure
rotation; as by definition constitutive models have to be invariant to pure rotations). The
1** Piola—Kirchhoff stress tensor, JPis one possible solution to this problem. It defines a
family of tensors, which describe the configuration of the body in either the current or the
reference state.

The 1 Piola—Kirchhoff stress tensor, Prelates forces in the present configuration with
areas in the reference ("material") configuration.

P=Jo-F'
where F'is the deformation gradient and ./ = det F'is the Jacobian determinant.

In terms of components with respect to an orthonormal basis, the first Piola—Kirchhoff
stress is given by

0X
Pp=Joy Fp, = J ou, —SIL
k

Because it relates different coordinate systems, the 1% Piola—Kirchhoff stress is a two-
point tensor. In general, it is not symmetric. The 1* Piola—Kirchhoff stress is the 3D

generalization of the 1D concept of engineering stress.

If the material rotates without a change in stress state (rigid rotation), the components of
the 1* Piola—Kirchhoff stress tensor will vary with material orientation.

The 1 Piola—Kirchhoff stress is energy conjugate to the deformation gradient.
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2" piola—Kirchhoff stress tensor

Whereas the 1* Piola—Kirchhoff stress relates forces in the current configuration to areas
in the reference configuration, the 2™ Piola—Kirchhoff stress tensor S'relates forces in the
reference configuration to areas in the reference configuration. The force in the reference
configuration is obtained via a mapping that preserves the relative relationship between
the force direction and the area normal in the current configuration.

-1 =T
S=JF -a-F .
In index notation with respect to an orthonormal basis,

0X; 0X
Sip=J F'Fil o =J —0 —=

A Tkm
d’l?;; d’l?m
This tensor is symmetric.
If the material rotates without a change in stress state (rigid rotation), the components of

the 2™ Piola—Kirchhoff stress tensor will remain constant, irrespective of material
orientation.
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Chapter 4

Deformation (Mechanics)

Deformation in continuum mechanics is the transformation of a body from a reference
configuration to a current configuration. A configuration is a set containing the positions
of all particles of the body. Contrary to the common definition of deformation, which
implies distortion or change in shape, the continuum mechanics definition includes rigid
body motions where shape changes do not take place (, footnote 4, p. 48).

The cause of a deformation is not pertinent to the definition of the term. However, it is
usually assumed that a deformation is caused by external loads, body forces (such as
gravity or electromagnetic forces), or temperature changes within the body.

Strain is a description of deformation in terms of relative displacement of particles in the
body.

Different equivalent choices may be made for the expression of a strain field depending
on whether it is defined in the initial or in the final placement and on whether the metric
tensor or its dual is considered.

In a continuous body, a deformation field results from a stress field induced by applied
forces or is due to changes in the temperature field inside the body. The relation between
stresses and induced strains is expressed by constitutive equations, e.g., Hooke's law for
linear elastic materials. Deformations which are recovered after the stress field has been
removed are called elastic deformations. In this case, the continuum completely recovers
its original configuration. On the other hand, irreversible deformations remain even after
stresses have been removed. One type of irreversible deformation is plastic deformation,
which occurs in material bodies after stresses have attained a certain threshold value
known as the elastic limit or yield stress, and are the result of slip, or dislocation
mechanisms at the atomic level. Another type of irreversible deformation is viscous
deformation, which is the irreversible part of viscoelastic deformation.

In the case of elastic deformations, the response function linking strain to the deforming
stress is the compliance tensor of the material.
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Strain

A strain is a normalized measure of deformation representing the displacement between
particles in the body relative to a reference length.

A general deformation of a body can be expressed in the form % (X)where Xis
the reference position of material points in the body. Such a measure does not distinguish
between rigid body motions (translations and rotations) and changes in shape (and size)
of the body. A deformation has units of length.

We could, for example, define strain to be

d oF
g = dX(X X)_d_}(_l,

Hence strains are dimensionless and are usually expressed as a decimal fraction, a
percentage or in parts-per notation. Strains measure how much a given deformation
differs locally from a rigid-body deformation.

A strain is in general a tensor quantity. Physical insight into strains can be gained by
observing that a given strain can be decomposed into normal and shear components. The
amount of stretch or compression along a material line elements or fibers is the normal
strain, and the amount of distortion associated with the sliding of plane layers over each
other is the shear strain, within a deforming body. This could be applied by elongation,
shortening, or volume changes, or angular distortion.

The state of strain at a material point of a continuum body is defined as the totality of all
the changes in length of material lines or fibers, the normal strain, which pass through
that point and also the totality of all the changes in the angle between pairs of lines
initially perpendicular to each other, the shear strain, radiating from this point. However,
it is sufficient to know the normal and shear components of strain on a set of three
mutually perpendicular directions.

If there is an increase in length of the material line, the normal strain is called fensile

strain, otherwise, if there is reduction or compression in the length of the material line, it
is called compressive strain.

Strain measures

Depending on the amount of strain, or local deformation, the analysis of deformation is
subdivided into three deformation theories:

o Finite strain theory, also called large strain theory, large deformation theory,

deals with deformations in which both rotations and strains are arbitrarily large. In
this case, the undeformed and deformed configurations of the continuum are
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significantly different and a clear distinction has to be made between them. This is
commonly the case with elastomers, plastically-deforming materials and other
fluids and biological soft tissue.

o Infinitesimal strain theory, also called small strain theory, small deformation
theory, small displacement theory, or small displacement-gradient theory where
strains and rotations are both small. In this case, the undeformed and deformed
configurations of the body can be assumed identical. The infinitesimal strain
theory is used in the analysis of deformations of materials exhibiting elastic
behavior, such as materials found in mechanical and civil engineering
applications, e.g. concrete and steel.

e Large-displacement or large-rotation theory, which assumes small strains but
large rotations and displacements.

In each of these theories the strain is then defined differently. The engineering strain is
the most common definition applied to materials used in mechanical and structural
engineering, which are subjected to very small deformations. On the other hand, for some
materials, e.g. elastomers and polymers, subjected to large deformations, the engineering
definition of strain is not applicable, e.g. typical engineering strains greater than 1%, thus
other more complex definitions of strain are required, such as stretch, logarithmic strain,
Green strain, and Almansi strain.

Engineering strain

The Cauchy strain or engineering strain is expressed as the ratio of total deformation to
the initial dimension of the material body in which the forces are being applied. The
engineering normal strain or engineering extensional strain or nominal strain e of a
material line element or fiber axially loaded is expressed as the change in length AL per
unit of the original length L of the line element or fibers. The normal strain is positive if
the material fibers are stretched or negative if they are compressed. Thus, we have

AL (-L
‘=T T71L

where £is the engineering normal strain, L is the original length of the fiber and fis the
final length of the fiber.

The engineering shear strain is defined as the change in the angle between two material
line elements initially perpendicular to each other in the undeformed or initial
configuration.

Stretch ratio
The stretch ratio or extension ratio is a measure of the extensional or normal strain of a
differential line element, which can be defined at either the undeformed configuration or

the deformed configuration. It is defined as the ratio between the final length € and the
initial length L of the material line.

WORLD TECHNOLOGIES




A= —
L
The extension ratio is related to the engineering strain by
{—L
e = =A-1
L

This equation implies that the normal strain is zero, so that there is no deformation when
the stretch is equal to unity.

The stretch ratio is used in the analysis of materials that exhibit large deformations, such
as elastomers, which can sustain stretch ratios of 3 or 4 before they fail. On the other
hand, traditional engineering materials, such as concrete or steel, fail at much lower
stretch ratios.

True strain

The logarithmic strain ¢, also called natural strain, true strain or Hencky strain.
Considering an incremental strain (Ludwik)

af
de = 7

the logarithmic strain is obtained by integrating this incremental strain:
6f
[
L4
{
e=In|l—=]=InA
L

= In(1 +€)
—e—e/24€3/3—---

where e is the engineering strain. The logarithmic strain provides the correct measure of
the final strain when deformation takes place in a series of increments, taking into
account the influence of the strain path.

Green strain

The Green strain is defined as:

WORLD TECHNOLOGIES




1{2-L?\ 1,
%—5(—5—)—?*—”

Almansi strain

The Euler-Almansi strain is defined as

. el _1@ 30
Fro\ e )2 A2

Normal strain

1, (2, ) ———>!

«—u (x+dx,y)—»

X

Two-dimensional geometric deformation of an infinitesimal material element.

As with stresses, strains may also be classified as 'normal strain' and 'shear strain' (i.e.
acting perpendicular to or along the face of an element respectively). For an isotropic

material that obeys Hooke's law, a normal stress will cause a normal strain. Normal
strains produce dilations.
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Consider a two-dimensional infinitesimal rectangular material element with dimensions

dz x dy, which after deformation, takes the form of a rhombus. From the geometry of
the adjacent figure we have

length( AB) = dx

and

iy, O\ Oy, \’
length(ab) = dr + o dr | + S—Ida:

B iy A\ Oy,
=du 1+231:+(5‘1:) +(d—$)

For very small displacement gradients the squares of the derivatives are negligible and
we have

O,
ox

The normal strain in the X-direction of the rectangular element is defined by

length(ab) ~ dx + dx

_ extension _ length(ab) — length(AB)  Ou,
® " original length length( AB) - Ox

L

Similarly, the normal strain in the ¥-direction, and z-direction, becomes

_ Oy _ du

Ey = 1 'E:_s_
Yooy 0z

Shear strain

Shear strain

SI symbol: yore
SI unit: 1, or radian
Derivations from other quantities: vy=1/G

The engineering shear strain is defined as (yy,) is the change in angle between lines
ACand AB. Therefore,

Tzy = a+ 3
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From the geometry of the figure, we have

tana = %d$ = %
! T feal) _ e
dxr + E:“d:t 1+ Erl
s 1 dhiz
=y 4
tan 3 = % %

Fuy 1. T
dy—l—a—;dy 1—|—W”f

For small displacement gradients we have

du e,

el el

Ox dy
For small rotations, i.e. Ctand Bare € lwe have tana ~ «, tan 3~ 3 Therefore,

9, du
o~ —‘u"g s 3 — :
e dy
thus
du, Ou,
—_— &. i

By interchanging 'and ¥and Yzand U*y, it can be shown that 1zy — Tyz

Similarly, for the ¥-z and -z planes, we have

L o Ou. Ou,
F:rryl - F:rrl‘y - ¢ + ay 1 T:E - f:rr.T,: - aI + az

The tensorial shear strain components of the infinitesimal strain tensor can then be
expressed using the engineering strain definition, 7, as

Szz Lzy Czs Szx F:’rzy/Q 733/2
E= |Cyz Syy Syz| = Tyz/2  Cyy  Vyo/2
€z Ezy Cxs Yox/2 Voyl2  Ess
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Metric tensor

A strain field associated with a displacement is defined, at any point, by the change in
length of the tangent vectors representing the speeds of arbitrarily parametrized curves
passing through that point.

A basic geometric result, due to Fréchet, von Neumann and Jordan, states that, if the
lengths of the tangent vectors fulfill the axioms of a norm and the parallelogram law, then
the length of a vector is the square root of the value of the quadratic form associated, by
the polarization formula, with a positive definite bilinear map called the metric tensor.

Description of deformation

Deformation is the change in the metric properties of a continuous body, meaning that a
curve drawn in the initial body placement changes its length when displaced to a curve in
the final placement. If all the curves do not change length, it is said that a rigid body
displacement occurred.

It is convenient to identify a reference configuration or initial geometric state of the
continuum body which all subsequent configurations are referenced from. The reference
configuration need not to be one the body actually will ever occupy. Often, the
configuration at ¢ = 0 is considered the reference configuration, ko(B). The configuration
at the current time t is the current configuration.

For deformation analysis, the reference configuration is identified as undeformed
configuration, and the current configuration as deformed configuration. Additionally,
time is not considered when analyzing deformation, thus the sequence of configurations
between the undeformed and deformed configurations are of no interest.

The components X; of the position vector X of a particle in the reference configuration,
taken with respect to the reference coordinate system, are called the material or reference
coordinates. On the other hand, the components x; of the position vector x of a particle in
the deformed configuration, taken with respect to the spatial coordinate system of
reference, are called the spatial coordinates

There are two methods for analysing the deformation of a continuum. One description is
made in terms of the material or referential coordinates, called material description or
Lagrangian description. A second description is of deformation is made in terms of the
spatial coordinates it is called the spatial description or Eulerian description.

There is continuity during deformation of a continuum body in the sense that:

o The material points forming a closed curve at any instant will always form a
closed curve at any subsequent time.
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o The material points forming a closed surface at any instant will always form a
closed surface at any subsequent time and the matter within the closed surface
will always remain within.

Affine deformation

A deformation is called an affine deformation, if it can be described by an affine
transformation. Such a transformation is composed of a linear transformation (such as
rotation, shear, extension and compression) and a rigid body translation. Affine
deformations are also called homogeneous deformations.

Therefore an affine deformation has the form

x(X,t) = F(t)- X + c(t)
where Xis the position of a point in the deformed configuration, Xis the position in a
reference configuration, 7 is a time-like parameter, JF'is the linear transformer and Cis the
translation. In matrix form, where the components are with respect to an orthonormal

basis,

r1( X1, Xo, X3, 1) Fi(t) Fiat) Fua(t)| | X c1 (t)
:rg(Xl,Xg,Xg,f) = Fgll:f) Fgg(f) Fgg(f) Xg + Eg(f’-)
Ig(Xl,Xg,Xg,f-) Fgl(f) Fgg(f) Fgg(f’) Xg Cg(f-)

The above deformation becomes non-affine or inhomogeneous if F=F (X.- It'}or

c=c(X,1)

Rigid body motion
A rigid body motion is a special affine deformation that does not involve any shear,
extension or compression. The transformation matrix F'is proper orthogonal in order to
allow rotations but no reflections.
A rigid body motion can be described by

x(X,t) = Q(t) - X + c(t)
where

Q-Q"=Q"- Q=1

In matrix form,
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r1( X1, Xy, X3, 1) Qu(t) Qua(t) Qualt)| | Xa ci(t)
To( Xy, Xo, X, 1) | = |Qu(t) Qunlt) Qult)| [ Xo| + [c2(t)
ra( Xy, Xg, Xa, 1) Qa1(t) Qaalt) Qaa(t)| [Xa ca(t)

Displacement
Deformed
X = X(X,t) Configuration, t =t
Undeformed Kt(:B)

Configuration, t =0
Ko( B) Path line

~

] - - -

.-

ST X
A\ S uX)=U(x)" 2
Pl

Figure 1. Motion of a continuum body.

A change in the configuration of a continuum body results in a displacement. The
displacement of a body has two components: a rigid-body displacement and a
deformation. A rigid-body displacement consist of a simultaneous translation and rotation
of the body without changing its shape or size. Deformation implies the change in shape

and/or size of the body from an initial or undeformed configuration 0 ( B )to a current or
deformed configuration /¥t (B)(Figure 1).

If after a displacement of the continuum there is a relative displacement between
particles, a deformation has occurred. On the other hand, if after displacement of the
continuum the relative displacement between particles in the current configuration is
zero, then there is no deformation and a rigid-body displacement is said to have occurred.
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The vector joining the positions of a particle P in the undeformed configuration and
deformed configuration is called the displacement vector u(X,?) = u;e; in the Lagrangian
description, or U(x,f) = U,E; in the Eulerian description.

A displacement field is a vector field of all displacement vectors for all particles in the
body, which relates the deformed configuration with the undeformed configuration. It is
convenient to do the analysis of deformation or motion of a continuum body in terms of

the displacement field, In general, the displacement field is expressed in terms of the
material coordinates as

u(X,t) =b(X,t) +x(X,t) - X or u; =y gby +x; — o X
or in terms of the spatial coordinates as
U(x,t) =b(x,t) + x — X(x,1) or Uy=b;+anr; —X;

where a,; are the direction cosines between the material and spatial coordinate systems
with unit vectors E; and e;, respectively. Thus

E;-e=a; =0

and the relationship between u; and U; is then given by

H; = CEE'JLT_; or L‘TJ = ¥ ;U
Knowing that
e; = o;;E;

then
u(X,t) = we; = ui(oys;E;) = U;E; = U(x, )

It is common to superimpose the coordinate systems for the undeformed and deformed
configurations, which results in b = 0, and the direction cosines become Kronecker
deltas:

Ej-e =05 =10
Thus, we have
u(X,t) =x(X,t) - X or u, =1 — 0 X5 =1 — X,
or in terms of the spatial coordinates as

U(X,f):X—X(X,f) ar L'TJ :5_13';133'—){_;:1:_;—)(_;
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Displacement gradient tensor

The partial differentiation of the displacement vector with res%ect to the material

coordinates yields the material displacement gradient tensor ¥ XU, Thus we have:

U(X! f‘) - X(X! t) - X U; = T; — JéJXJ =T — Xt’
Vxu=Vxx-1I or du; Oy 5
Vxu=F — 1 OX OXx o °

where F'is the deformation gradient tensor.

Similarly, the partial differentiation of the displacement vector with respect to the spatial
coordinates yields the spatial displacement gradient tensor VxU. Thus we have,

U(x,t) = x — X(x,1) Uy =bdgri—X;=2;—-X;
viu=1-V,X or ou; 5 0X;
V,U=I—F! dry " Oxy

Examples of deformations

Homogeneous (or affine) deformations are useful in elucidating the behavior of materials.
Some homogeneous deformations of interest are

e uniform extension
e pure dilation

o simple shear
[ ]

pure shear

Plane deformations are also of interest, particularly in the experimental context.
Plane deformation
A plane deformation, also called plane strain, is one where the deformation is restricted

to one of the planes in the reference configuration. If the deformation is restricted to the
plane described by the basis vectors €11 €2, the deformation gradient has the form

F =Fiie; @e; + Flpe; @ ey + Fojey D ey + Fpey D ey +e3 @ ey
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In matrix form,

Fiy Fip 0
F=|Fy Fyn 0
0 0 1

From the polar decomposition theorem, the deformation gradient can be decomposed into
a stretch and a rotation. Since all the deformation is in a plane, we can write

cost! sinf O |A 0 0O
F=R-U=|—smmf cosfl 0[]0 X 0
0 0o 1|0 0 1

where 0 is the angle of rotation and A;,), are the principal stretches.

Isochoric plane deformation

If the deformation is isochoric (volume preserving) then dEt‘(F ) — 1and we have
FiiFp— FioF =1
Alternatively,
M =1
Simple shear
A simple shear deformation is defined as an isochoric plane deformation in which there
are a set of line elements with a given reference orientation that do not change length and

orientation during the deformation.

If €1is the fixed reference orientation in which line elements do not deform during the
deformation then A; = 1 and F.e =e Therefore,

Fhe i+ Fhey=e == Fy=1; F;=10
Since the deformation is isochoric,

FiiFo — FiaFy =1 = Fp=1

Define 7 = F 12, Then, the deformation gradient in simple shear can be expressed as
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—_ 0 =

Now,
F.ey=Fpei+Fpey=e1+e; = F:(e;0e)="7e;Q@e2+e,0€
Since € @ €; = Iye can also write the deformation gradient as

F=1+7e®e
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Chapter 5

Finite Strain Theory

In continuum mechanics, the finite strain theory—also called large strain theory, or
large deformation theory—deals with deformations in which both rotations and strains
are arbitrarily large, i.e. invalidates the assumptions inherent in infinitesimal strain
theory. In this case, the undeformed and deformed configurations of the continuum are
significantly different and a clear distinction has to be made between them. This is
commonly the case with elastomers, plastically-deforming materials and other fluids and
biological soft tissue.

Displacement
Deformed
X = X(X,t) Configuration, t =t
Undeformed Kt(:B)

Configuration, t =0

o(B)

Path line

] - _—

=

ST X
A SuX)=U(x) P

P

Figure 1. Motion of a continuum body.
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A change in the configuration of a continuum body results in a displacement. The
displacement of a body has two components: a rigid-body displacement and a
deformation. A rigid-body displacement consists of a simultaneous translation and
rotation of the body without changing its shape or size. Deformation implies the change

in shape and/or size of the body from an initial or undeformed configuration /0 ( B )to a

current or deformed configuration ( B )(Figure 1).

If after a displacement of the continuum there is a relative displacement between
particles, a deformation has occurred. On the other hand, if after displacement of the
continuum the relative displacement between particles in the current configuration is zero
i.e. the distance between particles remains unchanged, then there is no deformation and a
rigid-body displacement is said to have occurred.

The vector joining the positions of a particle Fin the undeformed configuration and
deformed configuration is called the displacement vector “(X: t) = Ui€4in the
Lagrangian description, or U(X: t) = U;E; in the Eulerian description.

A displacement field is a vector field of all displacement vectors for all particles in the
body, which relates the deformed configuration with the undeformed configuration. It is
convenient to do the analysis of deformation or motion of a continuum body in terms of

the displacement field. In general, the displacement field is expressed in terms of the
material coordinates as

u(X,t) =b(X,t) + x(X,t) - X or w; = ayrby + 2 — 00 Xy
or in terms of the spatial coordinates as
U(x,t) = b(x,t) + x — X(x,t) or Uy =b;+ anr; — X;

where @.Tiare the direction cosines between the material and spatial coordinate systems
with unit vectors F.sand €;, respectively. Thus

E;-ei=an=oq

and the relationship between Uiand Uis then given by

u; = a; Uy or Uy = aju;
Knowing that
e; = a;;Ej;

then

I_I[:X] t) = U;e; = Hx‘,;(fl'.ir;EJ) = '[z'rjEJ = -[_]-()C:I t)
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It is common to superimpose the coordinate systems for the undeformed and deformed
configurations, which results in b = (), and the direction cosines become Kronecker
deltas, i.e.

Ej-e=05=20
Thus, we have

u(X,t) =x(Xt) - X or u, =x; —0,;.X;
or in terms of the spatial coordinates as

U(x,t) = x — X(x, t) or Ur=dnx; — X5
Displacement gradient tensor

The partial differentiation of the displacement vector with res%ect to the material

coordinates yields the material displacement gradient tensor ¥ XU, Thus we have,

U(X!t)zx(x!t)_}{ W:Iz’_jéJXJ:I*&_Xt’
Vxu=Vxx-1 or du;  Ox; 5
Vxu=F -1 X O0Xx

where F'is the deformation gradient tensor.

Similarly, the partial differentiation of the displacement vector with respect to the spatial

coordinates yields the spatial displacement gradient tensor VxU. Thus we have,

U(x,t) = x — X(x,1) Uy=dgz;i — Xy =25 - X;
ViU=1-V,X or U, 5 0X
vV,U=T1-F! dr, ¢ Oy
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Deformation gradient tensor

F =Vy(X,)
x = x(X1)

Undeformed
configuration

K[]( B)

u(X+dX) = u(X)+du
» E /
g

Deformed
configuration

K(B)

Figure 2. Deformation of a continuum body.

Consider a particle or material point FPwith position vector X = X1 in the
undeformed configuration (Figure 2). After a displacement of the body, the new position
of the particle indicated by Pin the new configuration is given by the vector position

X = Ti®j The coordinate systems for the undeformed and deformed configuration can

be superimposed for convenience.

Consider now a material point Qneighboring P, with position vector
X+ AX = (X 1+ AX; )IJ'. In the deformed configuration this particle has a new

position @given by the position vector X | Ax. Assuming that the line segments
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A Xand AxXjoining the particles Pand @in both the undeformed and deformed
configuration, respectively, to be very small, then we can express them as dXand dx.
Thus from Figure 2 we have

X + dx =X + dX + u(X + dX)
dx =X —x +dX + u(X + dX)
= dX + u(X + dX) — u(X)
=dX + du

where dis the relative displacement vector, which represents the relative
displacement of Qwith respect to Fin the deformed configuration.

For an infinitesimal element tﬂ{, and assuming continuity on the displacement field, it is
possible to use a Taylor series expansion around point F, neglecting higher-order terms,
to approximate the components of the relative displacement vector for the neighboring

particle “was

u(X + dX) = u(X) + du ”f:“”dg"*
ar ;

u(X) + Vxu - dX ~u; + 3;{‘* dX;
J

Q

Thus, the previous equation dx = dX + ducan be written as

dx = dX + du
=dX + Vxu-dX
= (I+ Vxu)dX
= FdX

The material deformation gradient tensor F(X! t) = F iK€ & Ik is a second-order
tensor that represents the gradient of the mapping function or functional relation

X[X! t), which describes the motion of a continuum. The material deformation gradient
tensor characterizes the local deformation at a material point with position vector X, i.e.
deformation at neighbouring points, by transforming (linear transformation) a material

line element emanating from that point from the reference configuration to the current or

deformed configuration, assuming continuity in the mapping function X(X1 t), ie.
differentiable function of Xand time ¥, which implies that cracks and voids do not open
or close during the deformation. Thus we have,
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ix — X ax oz,
— VX, t)dX O 0Xk

— F(X,t)dX dzj = Fix Xk

d Xk

The deformation gradient tensor F (X, t) = F iK€ @ Ix is related to both the
reference and current configuration, as seen by the unit vectors €jand Ix , therefore it is a
two-point tensor.

Due to the assumption of continuity of X[X! t), Fhas the inverse H = F_l, where
His the spatial deformation gradient tensor. Then, by the implicit function theorem

(Lubliner), the Jacobian determinant J (X: t)must be nonsingular, i.e.

J(X,t) = det F(X, t) # 0

Transformation of a surface and volume element

To transform quantities that are defined with respect to areas in a deformed configuration
to those relative to areas in a reference configuration, and vice versa, we use the Nanson's
relation, expressed as

dan=JdAFT.N

where s an area of a region in the deformed configuration, d.Ais the same area in the
reference configuration, and Ilis the outward normal to the area element in the current
configuration while Nis the outward normal in the reference configuration, F'is the
deformation gradient, and J =detF.
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Polar decomposition of the deformation gradient tensor

Deformed
configuration

K B)

Undeformed
configuration

Kol B)

X0

E;II:., U

B

/'/G L

x, X

Figure 3. Representation of the polar decomposition of the deformation gradient

The deformation gradient F', like any second-order tensor, can be decomposed, using the
polar decomposition theorem, into a product of two second-order tensors (Truesdell and
Noll, 1965): an orthogonal tensor and a positive definite symmetric tensor, i.e.

F=RU=VR

. . -1 T
where the tensor Ris a proper orthogonal tensor, i.e. R =R anddet R = A 1,
representing a rotation; the tensor Ulis the right stretch tensor; and V the left stretch
tensor. The terms right and left means that they are to the right and left of the rotation

tensor R, respectively. Uand Vare both positive definite, i.e. X - U-x > Oang
x-V-x > D, and symmetric tensors, i.e. U= UTand V= VT, of second order.
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This decomposition implies that the deformation of a line element dXin the undeformed

configuration onto dXin the deformed configuration, i.e. dx = F dX, may be obtained
f
either by first stretching the element by U, ie. dx = UdX, followed by a rotation

Ricdx=R dxf; or equivalently, by applying a rigid rotation Rfirst, i.e.
r I
dx’ = RdX, followed later by a stretching Vi ie dx = Vdx

It can be shown that,
V=R -U-RT

so that Uand Vhave the same eigenvalues or principal stretches, but different

eigenvectors or principal directions *¥iand Y4, respectively. The principal directions are
related by

In; — :F}.N-I .

This polar decomposition is unique as F'is non-symmetric.

Deformation tensors

Several rotation-independent deformation tensors are used in mechanics. In solid
mechanics, the most popular of these are the right and left Cauchy-Green deformation
tensors.

Since a pure rotation should not induce any stresses in a deformable body, it is often
convenient to use rotation-independent measures of deformation in continuum
mechanics. As a rotation followed by its inverse rotation leads to no change

(]:_'L]:_'LT —R'R= 1) we can exclude the rotation by multiplying F'by its transpose.

The Right Cauchy-Green deformation tensor

In 1839, George Green introduced a deformation tensor known as the right Cauchy-
Green deformation tensor or Green's deformation tensor, defined as:

Oxy. Oxy
0X;0X;

C=F'F=1" or Cry=Fur Fry=

Physically, the Cauchy-Green tensor gives us the square of local change in distances due

to deformation, i.e. dxz =dX - CdX

Invariants of Care often used in the expressions for strain energy density functions. The
most commonly used invariants are
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I =tr(C)=Cry =22 + X2+ A2
15 =1 (tr C) — tr(C*)] = L [(C1s)? — CrxCrer] = NA2 + XoAS + A3 AT
IS == det(C) = N2A2)\L.

The Finger deformation tensor

The IUPAC recommends that the inverse of the right Cauchy-Green deformation tensor,

i.e., C_l, be called the Finger tensor. However, that nomenclature is not universally
accepted in applied mechanics.

dX; 0X;

1l _ p-1p-T _
f=0C =FF ar ffj_—aIk &r,k

The Left Cauchy-Green or Finger deformation tensor

Reversing the order of multiplication in the formula for the right Green-Cauchy
deformation tensor leads to the left Cauchy-Green deformation tensor which is defined
as:

B=FI" =V" or By = X X,

The left Cauchy-Green deformation tensor is often called the Finger deformation tensor,
named after Josef Finger (1894).

Invariants of Bare also used in the expressions for strain energy density functions. The
conventional invariants are defined as

I ;= tr(B) = By = A} + A2 + A
I == % [(tr B)? — tr(B?)] = £ (B} — Bji.Bij) = A1As + A2A% + A3A]
I;:=det B=J> = \]2\;

where J = det Fis the determinant of the deformation gradient.

For nearly incompressible materials, a slightly different set of invariants is used:
(I, =J72PL , L=J%L; J=1).
The Cauchy deformation tensor

Earlier in 1828 , Augustin Louis Cauchy introduced a deformation tensor defined as the
inverse of the left Cauchy-Green deformation tensor, B . This tensor has also been
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called the Piola tensor and the Finger tensor in the rheology and fluid dynamics
literature.

B~ T d:-;(H ", J(K
_ 1 —FTF 1 o
© ' I 5::*:1- 53{,

Spectral representation

If there are three distinct principal stretches )‘1', the spectral decompositions of Cand Bis
given by

3 3
C=) MN;®N;, and B=)» Mn®n
i=1 i=1
Furthermore,

3 3
U= AN,@N;; V=) Anon

i=1 i=1
3 3

R=) neN;; F=) An@N,
i=1 i=1

Observe that
3 3

V=RUR"=) NR(N;eN)R"=) N (RN)® RN,
i=1 i=1

Therefore the uniqueness of the spectral decomposition also implies that i = R N;

The left stretch (V) is also called the spatial stretch tensor while the right stretch (U) is
called the material stretch tensor.

The effect of Facting on Niis to stretch the vector by Aiand to rotate it to the new
orientation 4, i.e.,

FN;,=X\(RN;)=A n

In a similar vein,
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Derivatives of stretch

Derivatives of the stretch with respect to the right Cauchy-Green deformation tensor are
used to derive the stress-strain relations of many solids, particularly hyperelastic
materials. These derivatives are

o 1 NN _
aC 2\ i® oM

R” (m;@n)R; i=1,2,3

and follow from the observations that

0C

Physical interpretation of deformation tensors

Let X = X " Ebe a Cartesian coordinate system defined on the undeformed body and
letX = T Fjipe another system defined on the deformed body. Let a curve X ( S)in

the undeformed body be parametrized using * < [U! 1]. Its image in the deformed body
is X(X(s))

The undeformed length of the curve is given by

X x| pr|exax]
'X_L ds ds 'S_L ds Cds|

After deformation, the length becomes

E_ldxdxd_ldxd}( dXdXd
'z_ﬁ ds ds 'S_L aX ds ) \axX as |

—| ds

T
UdX dx dx | dX
_/ﬂ ds |\dX) dX| ds

Note that the right Cauchy-Green deformation tensor is defined as

T
dx dx

C=F' F=|—| -—
dX dX
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L[, x|
—f PN

which indicates that changes in length are characterized by C.

Finite strain tensors

The concept of strain is used to evaluate how much a given displacement differs locally
from a rigid body displacement (Ref. Lubliner). One of such strains for large
deformations is the Lagrangian finite strain tensor, also called the Green-Lagrangian
strain tensor or Green - St-Venant strain tensor, defined as

1 1/ Ox; Ox; .
E—-—(C-1 Bxp— ==L 21§
5 ) or KL= g (E}XH 9X, ““‘)

or as a function of the displacement gradient tensor
1 T T
E = 5 [(?xﬂ) —|—‘?xu—|—(‘?xu} 'vxl_l]

or

1 (OUk | oUp  OUpy 0Up
dXp 0Xg 0Xg0Xp
The Green-Lagrangian strain tensor is a measure of how much Cldiffers from L. It can be

shown that this tensor is a special case of a general formula for Lagrangian strain tensors
(Hill 1968):

1
2m

Em = 5 (U™ -1

For different values of #riwe have:

1
Eq = §(U2 ) Green-Lagrangian strain tensor

Eq) = (U-1) Biot strain tensor

Egp =mhU Logarithmic strain, Natural strain, True strain, or Hencky strain

WORLD TECHNOLOGIES




The Eulerian-Almansi finite strain tensor, referenced to the deformed configuration, i.e.
Eulerian description, is defined as

il::[ - C) or e — i - Ej){jlnf EjXMr
f =9\ oz, o,

e =

or as a function of the displacement gradients we have

1 (Eiui Ou; Oy Eiu.;,.)

cl - ¢ f f f -
T2\ fx i Oz  Ox; Oz

Stretch ratio

The stretch ratio is a measure of the extensional or normal strain of a differential line
element, which can be defined at either the undeformed configuration or the deformed
configuration.

The stretch ratio for the differential element dX = d.X N(Figure) in the direction of
the unit vector INat the material point P, in the undeformed configuration, is defined as

dxr
ﬂ-{N] = X

where dTis the deformed magnitude of the differential element dX.

Similarly, the stretch ratio for the differential element dx = dx N(Figure), in the
direction of the unit vector Nat the material point P, in the deformed configuration, is
defined as

1 dX
f‘i{n] B dx -

The normal strain €Nin any direction Ncan be expressed as a function of the stretch
ratio,

dr — dX

eny = ——— =Am) — 1.

(™) Fie (™)
This equation implies that the normal strain is zero, i.e. no deformation, when the stretch
is equal to unity. Some materials, such as elastometers can sustain stretch ratios of 3 or 4
before they fail, whereas traditional engineering materials, such as concrete or steel, fail
at much lower stretch ratios, perhaps of the order of 1.001 (reference?)
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Physical interpretation of the finite strain tensor

The diagonal components Excrof the Lagrangian finite strain tensor are related to the
normal strain, e.g.

1
By = eqy) gﬂfhj

where ©(I1)is the normal strain or engineering strain in the direction I

The off-diagonal components Excrof the Lagrangian finite strain tensor are related to
shear strain, e.g.

1 .
Eyy = 5\/21511 | 1\/2}322 1 sin @49

where P12is the change in the angle between two line elements that were originally
perpendicular with directions Liand IE, respectively.

Under certain circumstances, i.e. small displacements and small displacement rates, the
components of the Lagrangian finite strain tensor may be approximated by the
components of the infinitesimal strain tensor

Deformation tensors in curvilinear coordinates

A representation of deformation tensors in curvilinear coordinates is useful for many
problems in continuum mechanics such as nonlinear shell theories and large plastic

_ 1 2
deformations. Let X = X(E €, gg}be a given deformation where the space is '
characterized by the coordinates (&',£%,&). The tangent vector to the coordinate curve & at
Xis given by
dx
g‘i - a 53'

The three tangent vectors at Xform a basis. These vectors are related the reciprocal basis
vectors by

ga"gjzﬁf

Let us define a field
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X X
sz T 353 agj_gt g_j‘

The Christoffel symbols of the first kind can be expressed as

Tije = 51(@i - &)+ (85 - 8r) i — (8 - &) 4l

To see how the Christoffel symbols are related to the Right Cauchy-Green deformation
tensor let us define two sets of bases

X
Gi= g

: : dx : -
G;-G' =4 ; gﬁ::r‘ﬂ_f"; gi-g =0;

The deformation gradient in curvilinear coordinates

Using the definition of the gradient of a vector field in curvilinear coordinates, the
deformation gradient can be written as

0 _ _
F:vxxza_;@:'Gt:gi@Gt

The right Cauchy-Green tensor in curvilinear coordinates

The right Cauchy-Green deformation tensor is given by
C=F"-F=(Gog) (g2G)=(g 8)(G®G)

If we express C in terms of components with respect to the basis {Gt.} we have
C=C; GeG

Therefore
Cij = 8i - 8 = Gij

and the Christoffel symbol of the first kind may be written in the following form.

L = 3[Ci 4 Ciri=Cijal = 5[(Gi- C-Gy) j+(Gy C-Gy) 3= (Gi- C-Gy)
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Some relations between deformation measures and Christoffel symbols

_ 1 2 3
Let us consider a one-to-one mapping from X= {X X5 X }to

_ 1 2 3
X = {I Ly T }and let us assume that there exist two positive definite, symmetric
second-order tensor fields Gand that satisfy

G. — axX* g9x”

i gt xS
Then,
0Gy _ (0°X® 0X7  0X* J°X7 | 90X 0X7 Ogas
drk  \ Ozidzk Oxi oxrt  Jxd dx* Yo grt Jxd Oz
Noting that

agalj . BXH"{ ag'&.j
ork — gxk X7

and g.s = gp. We have

0G;; [ 9*°X* aX°  9*X* 9X’ X AX? X7 Dgas
dxk  \ dxidxk Oxi + 9039z or ) 97 o dxi Oxdi Pzt 9X
3Gt-;,. . t‘IT‘EXG 8X5 82.}{& 8){5 aXﬂ 8X'5 aXn"r agalj
Jxi  \ dzidxi Ox* + dzidzk o ) T8 + Oxi  Oxk Oxi O0Xv
G [ X 9X° N 9*°X* 9x”° N OX™ AX® OX7 Dgag

C \9ridxi Oz* | D0zt Oad Yors dxi  dx* drt dX7

ox?
Define
1 (0Gy = 0GuH  0Gy
o Tie = = | o ik _
(@) 1k 2(31:3 T o ag.:k)
T :1 aga'j.f + ag..i'jr . aﬂa;}
F)Fedr =3\ 0X3 " 9Xe Xy
Hence

o 0XT0xX7oxv . X 0X7
@ik = Tap Pai Pk YT T faigei Ggk TP
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Define

G = 1G] 5 [97] = [gas] ™
Then

i i [ j
(il — Oz'  Ox? g°°
dXa« 9X5
Define the Christoffel symbols of the second kind as
Iln: -
9l =G @ik i (0lag =07 0)lasy
Then
CdX*® 0X7 axX7 - PX 9xF
oI = Gm* . - Tasgn +G™ —— —— g,
@)% 00 0ad g Xen T Dxidxd Dok P
dz™  Ox* IX= X7 9X7 Jz™  Oa* FXe 9X7
= q* - - x)Lasy + 97 a7 Gap
dxXv dxe dxt  Ori  Ox* T aXy 9Xe dridxd gzt
_ BIm o aXc: aX.j r ax'm 5,3 vp aQXa
~axv 09 T B XV et pxy % 9 priggy 9o
_ axm . axa BXS r N axm 3 BQXQ
“oxv Y Tar fw YT oxv I rigi 90
_ d2™ 90X 9X°P o Jdz™ 5 92X
T OXY 92t 9ad T XV " 9uidad

Therefore

9z™ 9X* 9X* . g PX°
IX* Bur 9o 8T gxe Grioai
The invertibility of the mapping implies that

oxX* . OX* g™ 0X* 0X° .\ OXH da™ PXC
gz U T gam 9Xv Pxi Pud O T Gpm §Xe dridai
L OX 9XP y §2 X

v Qxt Qi XV ed T Ve Guipyi

IR CI) CHEN D'

T Ori Ppi K es + daxidxi

@l =

We can also formulate a similar result in terms of derivatives with respect to x. Therefore

WORLD TECHNOLOGIES




#xXr  ax+ . 9X* 9X” o
dxidzi  Oxm W T drt  Qxi _{X] ap
9™ _ ga™ u ort  Ox?

— _or T
oXegX?  gX# X% a3 dXe §xX >3 (=)L 4

Compatibility conditions

The problem of compatibility in continuum mechanics involves the determination of
allowable single-valued continuous fields on bodies. These allowable conditions leave
the body without unphysical gaps or overlaps after a deformation. Most such conditions
apply to simply-connected bodies. Additional conditions are required for the internal
boundaries of multiply connected bodies.

Compatibility of the deformation gradient

The necessary and sufficient conditions for the existence of a compatible F'field over a
simply connected body are

VxF=0
Compatibility of the right Cauchy-Green deformation tensor

The necessary and sufficient conditions for the existence of a compatible C field over a
simply connected body are

§ o D § : §
R, = W[mf@] - Whmfapl + e x0Ths — x0T x0lh, =0

We can show these are the mixed components of the Riemann-Christoftfel curvature

tensor. Therefore the necessary conditions for C -compatibility are that the Riemann-
Christoffel curvature of the deformation is zero.

Compatibility of the left Cauchy-Green deformation tensor
No general sufficiency conditions are known for the left Cauchy-Green deformation

tensor in three-dimensions. Compatibility conditions for two-dimensional Bfields have
been found by Janet Blume.
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Chapter 6

Peridynamics

A ductile fracture of an Al-Mg-Si alloy. A fracture is a mathematical singularity to which
the classical equations of continuum mechanics cannot be applied directly —
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Peridynamics offers a numerical method.

Peridynamics is a formulation of continuum mechanics that is oriented toward
deformations with discontinuities, especially fractures.

Purpose of peridynamics

The peridynamic theory is based on integral equations, in contrast with the classical
theory of continuum mechanics, which is based on partial differential equations. Since
partial derivatives do not exist on crack surfaces and other singularities, the classical
equations of continuum mechanics cannot be applied directly when such features are
present in a deformation. The integral equations of the peridynamic theory can be applied
directly, because they do not require partial derivatives.

The ability to apply the same equations directly at all points in a mathematical model of a
deforming structure helps the peridynamic approach avoid the need for the special
techniques of fracture mechanics. For example, in peridynamics, there is no need for a
separate crack growth law based on a stress intensity factor.

Definition and basic terminology

The basic equation of peridynamics is the following equation of motion:
p(z)ii(x, 1) = f Fu(@8) — u(z, 1), 2" — @, 2)dVy + bz, 1)
R

where x is a point in a body R, ¢ is time, u is the displacement vector field, and p is the
mass density in the undeformed body. x' is a dummy variable of integration.

The vector valued function f'is the force density that x' exerts on x. This force density
depends on the relative displacement and relative position vectors between x' and x. The
dimensions of f'are force per volume squared. The function f'is called the "pairwise force
function" and contains all the constitutive (material-dependent) properties. It describes
how the internal forces depend on the deformation.

The interaction between any x and x' is called a "bond." The physical mechanism in this

interaction need not be specified. It is usually assumed that f vanishes whenever x' is
outside a neighborhood of x (in the undeformed configuration) called the horizon.
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Horizon of x

N

The term "peridynamic," an adjective, was proposed in the year 2000 and comes from the
prefix peri, which means all around, near, or surrounding; and the root dyna, which
means force or power. The term "peridynamics," a noun, is a shortened form of the
phrase peridynamic model of solid mechanics.

Pairwise force functions

Using the abbreviated notation u = u(x,?) and u' = u(x',f) Newton's third law places the
following restriction on f:

flu—u',xz—2' 2"y =—flu' —u,2" —z, )
for any x,x',u,u'. This equation states that the force density vector that x exerts on x' equals
minus the force density vector that x' exerts on x. Balance of angular momentum requires
that f be parallel to the vector connecting the deformed position of x to the deformed
position of x":

(" +u) - (x+u)) x flu' —u,a" —x,2) = 0.

A pairwise force function is specified by a graph of | /| versus bond elongation e, defined
by

e = (@' +) - (¢ +u)| — |2 — 2.

A schematic of a pairwise force function for the bond connecting two typical points is
shown in the following figure:
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Bond force 4

Bond breakage

<

L
Bond elongation

Damage

Damage is incorporated in the pairwise force function by allowing bonds to break when
their elongation exceeds some prescribed value. After a bond breaks, it no longer sustains
any force, and the endpoints are effectively disconnected from each other. When a bond
breaks, the force it was carrying is redistributed to other bonds that have not yet broken.
This increased load makes it more likely that these other bonds will break. The process of
bond breakage and load redistribution, leading to further breakage, is how cracks grow in
the peridynamic model.
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Peridynamic states

Computer model of the necking of an aluminum rod under tension. Colors indicate
temperature increase due to plastic heating. Calculation performed with the Emu
computer code using peridynamic states.

The theory described above assumes that each peridynamic bond responds independently
of all the others. This is an oversimplification for most materials and leads to restrictions
on the types of materials that can be modeled. In particular, this assumption implies that
any isotropic linear elastic solid is restricted to a Poisson ratio of 1/4.

To address this lack of generality, the idea of "peridynamic states" was introduced. This
allows the force density in each bond to depend on the stretches in all the bonds
connected to its endpoints, in addition to its own stretch. For example, the force in a bond
could depend on the net volume changes at the endpoints. The effect of this volume
change, relative to the effect of the bond stretch, determines the Poisson ratio. With
peridynamic states, any material that can be modeled within the standard theory of
continuum mechanics can be modeled as a peridynamic material, while retaining the
advantages of the peridynamic theory for fracture.
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Chapter 7

Tensor Derivative (Continuum
Mechanics)

The derivatives of scalars, vectors, and second-order tensors with respect to second-order
tensors are of considerable use in continuum mechanics. These derivatives are used in the
theories of nonlinear elasticity and plasticity, particularly in the design of algorithms for
numerical simulations.

The directional derivative provides a systematic way of finding these derivatives.

Derivatives with respect to vectors and second-order
tensors

The definitions of directional derivatives for various situations are given below. It is
assumed that the functions are sufficiently smooth that derivatives can be taken.

Derivatives of scalar valued functions of vectors

Let f (v)be a real valued function of the vector ¥. Then the derivative of f (V)with
respect to V(or at V) in the direction Uis the vector defined as

{;_i u=Df(v)[u] = [% fv+a “)] oo

for all vectors 11.

Properties:

= +

01 o (2 08)
nief(v) = fi(¥) + f2(V)ihen OV v v
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gd);ff(") g}(\’) J2(V)then
Tou=(2u) pm+ a0 (22-u)

of _0fi 9f

1t f (V) = (V) hpen OV Ofz OV

Derivatives of vector valued functions of vectors

Let f(v}be a vector valued function of the vector V. Then the derivative of f(v}with
respect to V(or at V) in the direction 1is the second order tensor defined as

g u= Df(v)[u] = [% f(v+a u)L:G
for all vectors 11.

Properties:

1)Iff("') = £1(v) + f2(V)ihen OV v Ov

H1rE(V) = £1(v) X £2(V)hen

%f.u: (% u) x fo(v) + £ (v) x %u
of _0h (0f

3y 1ieE(v) = fi(f2(V) Jpen OV Of, \ Ov

Z|

Derivatives of scalar valued functions of second-order tensors

Let f ( S }be a real valued function of the second order tensor &. Then the derivative of
F(S)with respect to S (or at 5) in the direction T 'is the second order tensor defined as

of

il
T = DASITI = | L (S +a )|

fa=1]
for all second order tensors I .

Properties:
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of (aﬁ 8fz) _
9 p- (YL %2
e f(S) = f1(S) + f2(S)hen IS 25 a8

n1rf(8) = fi(S) f2(S)nen

g_j;:T (3{; T) £2(8) + fu(S) (

Ofs

as T

af df1 (dfz_ )
— T = T

3y 185 (8) = f1(f2(S) hhen 05 dfs

Derivatives of tensor valued functions of second-order tensors

Let F (S )be a second order tensor valued function of the second order tensor 5. Then

the derivative of F ( S )With respect to & (or at 5) in the direction T'is the fourth order
tensor defined as

dF

d
55 - T=DF(8)T] = [EF(S—FQT)]

=1}
for all second order tensors 1 .

Properties:

OF p_ (O OE)
it F(S) = F1(8) + Fa(S)pen 05 08 a8 )

»1irF(S) = F1(S) - F2(S)hen

o T= (as .T) F3(S) + Fy(S) (ds _T>
OF .. _ 0O, (a E-T)
31t F(S) = F1(F2(S))pen 05 OF, \ 08 °
of . O :(ng T)
s 1ef(8) = [i(F2(S) )hen S OF, "\ 0S

Gradient of a tensor field

The gradient, ?T, of a tensor field T (X)in the direction of an arbitrary constant vector
Cis defined as:

d
VT -c= ET(X Fac)

=1}
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The gradient of a tensor field of order 7 is a tensor field of order n + 1.

Cartesian coordinates

Note: the Einstein summation convention of summing on repeated indices is used
below.

If €1, €2, €aare the basis vectors in a Cartesian coordinate system, with coordinates of
points denoted by (x1,x2,x3), then the gradient of the tensor field Tis given by

Since the basis vectors do not vary in a Cartesian coordinate system we have the
following relations for the gradients of a scalar field ¢, a vector field ¥, and a second-
order tensor field S

0
Vo= g ©
d(v;e;) dv;
v"\f—a—mj@eﬂz‘—axi Ej@'ez'
IS e ) 51
VS = ("?;”:e"?@eh}@ef:‘—"ﬂvej@ek@ei
ox; ox;

Curvilinear coordinates

1 2 3
If& : 8 B are the contravariant basis vectors in a curvilinear coordinate system, with
coordinates of points denoted by (£',E%,£%), then the gradient of the tensor field T'is given
by.

oT
3

From this definition we have the following relations for the gradients of a scalar field ¢, a
vector field v, and a second-order tensor field 5.

VT =

@ g
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O

i

Vo= o€ g
v 8oy (o) wow= (S wry) wor
VS = 6(Sj“§®gk} ®g = (3;5 — S T — Si Fik) geg ®g
_ . .
where the Christoffel symbol ~ jis defined using
Jgi e _ 08 O8"

]__"!" . = - " ]__':_ = =g —
ij 8k D€ i~ g &k g DEI

Cylindrical polar coordinates

In cylindrical coordinates, the gradient is given by
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- 0¢ 10¢ oo
Ve *’+a_‘°‘
v av?‘ av d‘v
V= ar er®er+ W_L er®e-ﬂ+a_er®e:.
Oy 1 [ Ovg o Oy o
+ o es®er+ 0 + v | ep e+ 7 ey e,
. “ 1dv. - dv. 5
T 0l Tt gy egat e ge
a8, S, -
§="r Spr + S ﬁ
v o %@%@%Jrr{dg — (Ser + Te)] 5, r&ed®e
15 eyt |2 (5~ )| e @ Ber+ e @ep e
ar L= g €y I rr oa)| ©r 4 4 Dz (= 8 z
an‘; 1_381": S?‘:
or er®e;®er+;_ 90 —Ss;] 9z e @e, e,
D Spy 1 [ 9S,, 0Ser
+ = e e ®e + — ‘3 + (S, — Sge) eﬂ®er®es+,—ges®ef®e;
r| d0 dz
as, 1 [OSge a5,
+ 8;‘3 '39@99@3&4-; Y, (Sfﬂ+SBr):| €y X ey X ey + 3:3 €y X ey X e.
¢ i 1 i T ¢
dg:v r _aés‘;v"i_‘gm_ ey X e, @'eﬂ+d§ eg e @e.
aS;r l-a‘g:r S- | @ @
-+ ar T‘_ 83 - :B_ E;@E-r@e‘g—l— 8z e. (= e,
a5. 1798. | a5.
a?jg T_a—;JrS;f_ ez®63®ee+a—;e;®ee®e;
aS:.: 138’:; ® ® aS:.: ® ®
+ 3?‘ €. ®e: ®er+r 86. e, e ey + az e e, e,

Divergence of a tensor field

The divergence of a tensor field T(X)is defined using the recursive relation

(V

T)-c=

V-(c-T);

V.-v=tr(Vv)

where Cis an arbitrary constant vector and Vis a vector field. If T'is a tensor field of
order n > 1 then the divergence of the field is a tensor of order n — 1.
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Cartesian coordinates

Note: the Einstein summation convention of summing on repeated indices is used
below.

In a Cartesian coordinate system we have the following relations for the divergences of a
vector field Vand a second-order tensor field 5.

3133-

v.v: 3:1‘1-
dSik
vS: 81:: L=1)

Curvilinear coordinates

In curvilinear coordinates, the divergences of a vector field ¥and a second-order tensor
field Sare

[ v,

V- -v= FLE.—U;;F,:;

G3

1/33’3-,:; l l ke
V- S=|——-5%T;-5T| g
l\dfz'

Cylindrical polar coordinates

In cylindrical polar coordinates

‘11" 1 Ju 1.
v_vzdt, N (%_er)_f_dt,

or ' r 0z
anr anﬂ 8"91";
-8 = .
v or &t or o+ or e
1 8897 1 8883 1 888;
+;{ % +(Sw—5’ss)] e«.—-I-;{ 9 + (S0 + Ser) e+ 15 + 52| e
aS:r ( S:B ‘S::
* 0z e+ 0z o+ 0z -

Curl of a tensor field

The curl of an order-n > 1 tensor field T(X)is also defined using the recursive relation
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(VxT)-c=Vx(c-T); (Vxv)-c=V-(vxc)
where Cis an arbitrary constant vector and Vis a vector field.

Curl of a first-order tensor (vector) field

Consider a vector field Vand an arbitrary constant vector €. In index notation, the cross
product is given by

V X €= € Vj O €
where e;j; is the permutation symbol. Then,
V- (vxe)=ejvjicr= (e viiep) c=(Vxv)-c
Therefore
V XV = ey Vj; €
Curl of a second-order tensor field
For a second-order tensor &
-8 =Cpn Smj €
Hence, using the definition of the curl of a first-order tensor field,
V x (- 8) =€iji Cn Smji € = (€ijr Smii € ®en)-c=(Vx 8)-c
Therefore, we have
V X 8 = ¢eijp Smji er @ en
Identities involving the curl of a tensor field
The most commonly used identity involving the curl of a tensor field, T, is
V x(VT)=0

This identity hold for tensor fields of all orders. For the important case of a second-order
tensor, 9, this identity implies that

VxS8=0 B Smi,j_Smj,i:U
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Derivative of the determinant of a second-order tensor

The derivative of the determinant of a second order tensor Ais given by

d 1T
74 det(4) = det(4) [A7]".

In an orthonormal basis, the components of Acan be written as a matrix A In that case,
the right hand side corresponds the cofactors of the matrix.

Derivatives of the invariants of a second-order tensor

The principal invariants of a second order tensor are

IL(A) = 1A
I(A) = % [(trA)? — trA’]

I(A) = det(A)

The derivatives of these three invariants with respect to .Aare

oI,
—:1

DA

o1, .

—=5L1-A

gA !

Il

g—j =det(A)[A"=L1-AT(L1-A")=(A -1, A+ 1)"

Derivative of the second-order identity tensor

Let Ibe the second order identity tensor. Then the derivative of this tensor with respect to
a second order tensor Ais given by

01
E.TZU-TZD

This is because Iis independent of A.

Derivative of a second-order tensor with respect to itself

Let Abe a second order tensor. Then
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dA 0
—T=1—(A T =T=1:T
0A [E}a( " )]rx—ﬂ
Therefore,
04
0A

Here kis the fourth order identity tensor. In index notation with respect to an orthonormal
basis

| = Ei,:;i: ESJ,{ e; @Ej'g'ek: @ ey
This result implies that
0AT
— . T=1".T=T1"7
JdA
where
1" =6 0ue Qe e, Qe

Therefore, if the tensor Ais symmetric, then the derivative is also symmetric and we get

0A oy 1 T
g =10 =5 1)

where the symmetric fourth order identity tensor is

1) — (dix 051 + 0u dj) €, @ e; Qe e

]

b | =

Derivative of the inverse of a second-order tensor
Let Aand T'be two second order tensors, then

9 (A7) T=-A".-T- A"
oA

In index notation with respect to an orthonormal basis
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EjAt_Jl —1 —1 aA‘I__}l —1 -1
AL T = —Aye T Agj = DAL = —A;, A.Ej

We also have

EiiA (A7) T=-AT.T AT
In index notation

Srljm T = —‘4-;;:;1 Th ﬂ-zt-l = aﬂjﬂ - —‘4&1 ‘43';;1
If the tensor .Ais symmetric then

A 1, . _1 g

E}A:-;, - ) (A:';;:l ﬂjﬁl | 4’1:'11 jljk:l)
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Chapter 8

Compatibility (Mechanics)

In continuum mechanics, a compatible deformation (or strain) tensor field in a body is
that unique field that is obtained when the body is subjected to a continuous, single-
valued, displacement field. Compatibility is the study of the conditions under which
such a displacement field can be guaranteed. Compatibility conditions are particular cases
of integrability conditions and were first derived for linear elasticity by Barré de Saint-
Venant in 1864 and proved rigorously by Beltrami in 1886.

In the continuum description of a solid body we imagine the body to be composed of a
set of infinitesimal volumes or material points. Each volume is assumed to be connected
to its neighbors without any gaps or overlaps. Certain mathematical conditions have to be
satisfied to ensure that gaps/overlaps do not develop when a continuum body is
deformed. A body that deforms without developing any gaps/overlaps is called a
compatible body. Compatibility conditions are mathematical conditions that determine
whether a particular deformation will leave a body in a compatible state.

In the context of infinitesimal strain theory, these conditions are equivalent to stating that

the displacements in a body can be obtained by integrating the strains. Such an
integration is possible if the Saint-Venant's tensor (or incompatibility tensor)

R( E)Vanishes in a simply-connected body where £is the infinitesimal strain tensor and
R =V x(Vxe).

For finite deformations the compatibility conditions take the form
R=VxF=0

where F'is the deformation gradient.
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Compatibility conditions for infinitesimal strains

The compatibility conditions in linear elasticity are obtained by observing that there are
six strain-displacement relations that are functions of only three unknown displacements.
This suggests that the three displacements may be removed from the system of equations
without loss of information. The resulting expressions in terms of only the strains provide
constraints on the possible forms of a strain field.

2-dimensions

For two-dimensional, plane strain problems the strain-displacement relations are

8'&21 1 31::1 aug . Bug

ENn = 47— Ea=g|ma—+ 5| 7 E22 = -
x4 2 |dzy  O1y d;

Combining these relations gives us the two-dimensional compatibility condition for
strains

82511 32512 82522 o

¥ - ¥ ¥ —|_ ¥ -
O dr1dzry 023

0

The only displacement field that is allowed by a compatible plane strain field is a plane
displacement field, i.e., 1 = u(xy,Ts)

3-dimensions

In three dimensions, in addition to two more equations of the form seen for two
dimensions, there are three more equations of the form

82533 6‘ 3533 6531_ 361_3

[ [ - [ [ —l_ [ [
6:1:1 dIg dIg ch:l dIg dIg

Therefore there are six different compatibility conditions. We can write these conditions
in index notation as

Cikr €jis Sijkl = 0
where e;j is the permutation symbol. In direct tensor notation

Vx(Vxe)=0
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where the curl operator can be expressed in a orthonormal coordinate system as
V X € = ejjperjier @ ey

The second-order tensor
R =V x (v 4 E) . R,-S ‘= Eikr €jis Eij ki

is known as the incompatibility tensor.

Compatibility conditions for finite strains

For solids in which the deformations are not required to be small, the compatibility
conditions take the form

VxF=0

where F'is the deformation gradient. In terms of components with respect to a Cartesian
coordinate system we can write these compatibility relations as

OFn
X,

0

€ABC

This condition is necessary if the deformation is to be continuous and derived from the

mapping % = X(X, f‘). The same condition is also sufficient to ensure compatibility in
a simply connected body.

Compatibility condition for the right Cauchy-Green deformation tensor

The compatibility condition for the right Cauchy-Green deformation tensor can be
expressed as

d 7,
¥ L ¥ ~ oy I F B’
R&,jp '_ axr [Fa,j] - oX 53 [rap] + F,up Fn..j o I‘plj rap =0
Iy, R
where ~ iJis the Christoffel symbol of the second kind. The quantity ~ “Zikrepresents the
mixed components of the Riemann-Christoffel curvature tensor.

The general compatibility problem

The problem of compatibility in continuum mechanics involves the determination of
allowable single-valued continuous fields on simply connected bodies. More precisely,
the problem may be stated in the following manner .
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Figure 1. Motion of a continuum body.

Consider the deformation of a body shown in Figure 1. If we express all vectors in terms

of the reference coordinate system { {Els E,, ES} J O}, the displacement of a point in
the body is given by

u=x—-X; u=1-X
Also

du Ox
Vu=5x7 VX7 5x

What conditions on a given second-order tensor field A(X)on a body are necessary and

sufficient so that there exists a unique vector field ¥V t:X)’[ha‘c satisfies
Vv=A = v 4 ::13'“-';
Necessary conditions

For the necessary conditions we assume that the field Vexists and satisfies v;; = 4;. Then
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Vi gk = fL.;'j,Fc v Uikj = 44-3';;,3'
Since changing the order of differentiation does not affect the result we have
Vijk = Vikj
Hence
Aij,k = Aik,j
From the well known identify for the curl of a tensor we get the necessary condition
VxA=0

Sufficient conditions

B
H\
i
%
%
\
Q \
X !
B I
/
x'\.
A U7 o)
A
X
A
I

Figure 2. Integration paths used in proving the sufficiency conditions for compatibility.

To prove that this condition is sufficient to guarantee existence of a compatible second-
order tensor field, we start with the assumption that a field Aexists such that

V x A =0.wewill integrate this field to find the vector field Valong a line between
points 4 and B, i.e.,
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v(xg)_v(x,i)zﬁzﬁ v ax= [ A(X) - dX

K

If the vector field Vis to be single-valued then the value of the integral should be
independent of the path taken to go from A4 to B.

From Stokes theorem, the integral of a second order tensor along a closed path is given
by

Adﬂz/n-(?xA)da.
a0 0
Using the assumption that the curl of Ais zero, we get

Ads=0 = A-dX + A-dX =0
a0 AB BA

Hence the integral is path independent and the compatibility condition is sufficient to
ensure a unique Vfield, provided that the body is simply connected.

Compatibility of the deformation gradient

The compatibility condition for the deformation gradient is obtained directly from the
above proof by observing that

X

Then the necessary and sufficient conditions for the existence of a compatible F'field
over a simply connected body are

VxF=0
Compatibility of infinitesimal strains

The compatibility problem for small strains can be stated as follows.

Given a symmetric second order tensor field Ewhen is it possible to construct a vector
field usuch that

1 T
€= E[Vu + (Vu) |
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Necessary conditions
Suppose that there exists Wsuch that the expression for €holds. Now
Vu=e+4+w

where
1 T
w = ﬁ[vu — (Vu)’]

Therefore, in index notation,

1
S (Wign — i) = 5(Wige + Weji — Uik — Unji) = Cikj — Sjkg

2 2

Vw =wijp =
If Wis continuously differentiable we have w;; iy = w; . Hence,
Cikjt — Ejkit — Citjk T Ejrak = U
In direct tensor notation
Vx(Vxe)=0

The above are necessary conditions. If Wis the infinitesimal rotation vector then
V x € = VW. Hence the necessary condition may also be written as

V x(Vw)=0
Sufficient conditions

Let us now assume that the condition V x (V X ‘E} = Ois satisfied in portion of a
body. Is this condition sufficient to guarantee the existence of a continuous, single-valued
displacement field 1?

The first step in the process is to show that this condition implies that the infinitesimal
rotation tensor Wis uniquely defined. To do that we integrate vWalong the path X ato

XE, ie.,
XE XB

w(Xp) —w(X)= [ Vw-dX=[ (Vxe) dX

X4 X4
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Note that we need to know a reference W( X-i)to fix the rigid body rotation. The field

W ( X}is uniquely determined only if the contour integral along a closed contour between
X.iand Xhis Z€ro, 1.€.,

Xp
f (Vxe)-dX=0
Xa
But from Stokes' theorem for a simply-connected body and the necessary condition for
compatibility

Xpg

f (V x €)-dX = n-(VxVxeda=0
Xa QaB

Therefore the field Wis uniquely defined which implies that the infinitesimal rotation
tensor Wwhs also uniquely defined, provided the body is simply connected.

In the next step of the process we will consider the uniqueness of the displacement field
. As before we integrate the displacement gradient

Xp Xg
u(Xg) —u(X,) = / Vu-dX = (€ + w) - dX
M4 X4
From Stokes' theorem and using the relations V X € = Vw = —V X Qwe have
Xp
f (e +w)-dX = n-(Vxe+Vxw)da=0
X4 Q4B

Hence the displacement field Wis also determined uniquely. Hence the compatibility
conditions are sufficient to guarantee the existence of a unique displacement field Win a
simply-connected body.

Compatibility for Right Cauchy-Green Deformation
field

The compatibility problem for the Right Cauchy-Green deformation field can be posed as
follows.

Problem: Let C(X)be a positive definite symmetric tensor field defined on the

reference configuration. Under what conditions on C does there exist a deformed
configuration marked by the position field X( X)such that
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Necessary conditions

Suppose that a field X(X}exists that satisfies condition (1). In terms of components with
respect to a rectangular Cartesian basis

dr? Ot
OXapX3

= C{zl.j

From finite strain theory we know that Cyp = g.p. Hence we can write

5 07 0 _
ij 3Xﬂ 3X5 —Qa;i

For two symmetric second-order tensor field that are mapped one-to-one we also have the
relation

o dX* 9X"°
i Pt Pai I

From the relation between of G;; and ggg that 8;; = Gj;, we have
ko _
(z) I; i 0

Then, from the relation

32;1:111 aIm . aIt- ai:j -
O0Xe0 X5 - oXn {X]]'_'&..j - W X3 {-T]]'_'ij
we have
OF: - ox
W:pﬁiﬂri& N Ixa

From finite strain theory we also have

ad CQ.J

1 ( agm; 39.37 89‘0,3

colas =3 {5x5 + axe ~ aX“f) s 0las =07 ) Tapy i Gasg =Cass g

Therefore
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CH roC,.,  0Csz,  0C,3
e — oy Sy o,
X ag ™ T (ax& T axe T axn
and we have
aFTE . Fm 'FH dC&“{ 4+ acjﬁ.f . acn..i
0X? 2 X4 0Xe oOX7

Again, using the commutative nature of the order of differentiation, we have

I oFTn 9 QF™

0
AXB9Xr  OXrPX? = oxXr x)lag+E7 aXp[(X ol = dX.j oo et £ de[(X [

or

")

m 0
B C}X [{X Q.j] Fm Fp..j {XF +F

Fm rP‘-P (X) FQS+F naxstl

peceiNe L
After collecting terms we get

3 0 . . 0 .
F ({x:u e 0oz + —aXP[{xJFa; — s oolh, — TX;[{XJHP]) =0
T

From the definition of F’:f we observe that it is invertible and hence cannot be zero.
Therefore,

Y 8 i 8 "‘.f Ty
Feos = gxaleolas] = gxmloola] + ool coles — aols cole, =0

We can show these are the mixed components of the Riemann-Christoffel curvature
tensor. Therefore the necessary conditions for C -compatibility are that the Riemann-
Christoffel curvature of the deformation is zero.
Sufficient conditions
The proof of sufficiency is a bit more involved. We start with the assumption that
¥

R&,ﬂp =0 RS C{xl.j

We have to show that there exist Xand Xsuch that
dxt Oz
dX>gX?5

- Calj
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From a theorem by T.Y.Thomas we know that the system of equations

o, X

SX-‘j - t'j.f {X)FEzI.j

has unique solutions F aover simply connected domains if

{X]]'_‘gl._i —(xX) r;& : Rgl.jp =0

i
The first of these is true from the defining of = jkand the second is assumed. Hence the

F*

.. . . . ) .
assumed condition gives us a unique * athat is C* continuous.

Next consider the system of equations
ox’ .
Vo =
dXe “
Since F ais C* and the body is simply connected there exists some solution x'(X%) to the
above equations. We can show that the x' also satisfy the property that

o
G

det

#0

We can also show that the relation

ort _, Oxf

_ §ii
axe 9 ax5 0

implies that

o dx*  9a*
gal.i - fﬂlnj - aXﬁ an

If we associate these quantities with tensor fields we can show that 0 Xis invertible and
the constructed tensor field satisfies the expression for C'.
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